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On the paving size of a subfactor®
SORIN Popra

In memory of Vaughan Jones and Mihai Pimsner

Abstract: Given an inclusion of II; factors N C M with finite
Jones index, [M : N] < oo, we prove that for any F' C M finite and
e > 0, there exists a partition of 1 with r < [16e72] -[4[M : N]e~?]
projections py,...,p, € N such that || Y/_, pizp; — Enam ()] <
ellz — Ennm ()|, Yo € F (where [§] denotes the least integer
> (). We consider a series of related invariants for N C M, gener-
ically called paving size.

Introduction

A result in [P97] shows that an inclusion of separable II; factors N C M has
the so-called relative Dizmier property, co{uzu* | uw € U(N)} NN N M # ()
(where the closure is here in operator norm), for all = € M, if and only if its
Jones index is finite, [M : N] < oco.

Thus, if [M : N] < oo then given any x € M and any ¢ > 0, there exist
unitary elements uy, ..., u, € U(N) such that ||+ 37, uzuf — Exny(2)]| <
e. Using this recursively, it follows that if [M : N] < oo then for any F' C M
finite and any & > 0 there exist vy, ..., vn € U(N) such that ||-L 377" vzvf —
EN/(‘]M(.I)H <e VxeF.

We attempt to identify in this paper the optimal number n of unitaries
necessary to “e-flatten” this way an element x (more generally a finite set F'),
exploring its dependence on € and on [M : N]. Our main result establishes
an upper bound of magnitude n < 64[M : N]e=%, valid for any finite set
F C (M), arbitrarily large.

The corresponding n unitaries uy,...,u, € N that we construct are in
fact powers v¥, 0 < k < n — 1, of a period n unitary element v € U(N). Since
an averaging by such {v*}; satisfies %ZZ;(I) vPrv™F = S0 piap;, where
p; € P(N) is a partition of 1 with spectral projections of v, our result gives
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also an upper bound for the minimal size of a partition of 1 with projections
P1,-..,Pn € N with the property that || Y1 piepi — Ennm ()| < e, Va € F.
More precisely we get the following:

Theorem. Let N C M be an inclusion of 111 factors with finite Jones inder,
[M : N] < co. For any F C M finite and any € > 0, there exists a partition
of 1 with r < [16e=2] -[4[M : N]e~2] projections ey, ..., e, in N such that

<e¢llz — Ennm(z)||, VzekF.

T
Z eirve; — Ennn(x)
i=1

If x € M has zero expectation onto N’ N M, then an expression of the
form >, pixp;, with p; € P(N) a partition of 1 with projections in N that
diminishes to € the operator norm of x is called an e-paving of x over N. Taking
minimal size n of partitions that can e-pave a given x € M (or F' C M), then
the supremum of such n over all x € (M); (or over all F' C (M) finite),
gives numerical invariants for N C M that we generically call paving size of
N C M. The above result gives the upper bound 64[M : N]e=* for all such
invariants. Their exact calculation is an interesting problem. We comment on
this and other related questions in Section 2 of the paper (see the definitions,
remarks and Corollary 2.5 in that section). This includes a discussion of the
L2-version of paving size invariants, in Remark 2.9.

To prove the above result we first use (Theorem in [P92]) to obtain a
partition of 1 with n < 16e72 projections f; = (fim)m € N (where N¥ is
the ultrapower of N with respect to some non-principal ultrafilter on N) such
that { f;}; is free independent to the given finite set F' C MS(N'NM). By (3.5
in [PV15]), this implies || >0, fizfi|| < &/2, Vz € F, and so for any § > 0,
which one can take arbitrarily small independently of any other constants
involved (0 < &2/(4][M : N]|F|)? will do), there is m large enough such that
| (X2; fim@ fim)(1—az)|| < €/240, where g, € P(M) are projections of trace <
0, Yz € F. Due to the finiteness of Jones’ basic construction algebra (M, ey)
[J82], En(¢.) have supports s(En(gz)) of trace < [M : N]r(q) < [M : NJ4,
so they are all supported by a projection p = V,eps(En(q.)) of trace < [M :
NI]|F|d, that’s still very small. This leaves room to flatten p by a partition
in N with < 4[M : N]e=2 many projections, to make it < ¢2/4[M : N] in
norm. Combining the two partitions, and using a key trick from (page 147
of [P98]), relying on the [PP83]-inequality En(x) > [M : N] tz,Vo € My,
we deduce that this final partition, which has < (16e72)(4[M : N]e~2) many
projections, paves all x € F to ¢/2 +¢/2 = ¢.
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1. Proof of the Theorem

For notations and terminology used hereafter we send the reader to [P13,
AP17], for basics in II; factors to [AP17], for subfactor theory to [J82].
We first recall a Kesten-type norm estimate from [PV15]:

Lemma 1.1. Let P be a 11y factor, F = F* C (P)1 a self-adjoint set of trace
0 contractions and n > 1. Assume v € P is a unitary element with v™ = 1,
7(v*) = 0, 1 < k < n, such that {v}" is free independent to F U F*, i.e.,
(2ol v¥ix;) = 0 for allm > 1, x1,..., 01 € F, 30,7, € FU{1}, and
1 < ki koo ki < n—1. Then |2 37  vFav™|| < 2¢/n—1/n, Yz € F.
FEquivalently, if p1, . . ., pn denote the minimal projections in {v}’ ~ L(Z/nZ),
then || >y prpk]| < 2v/n —1/n, Vo € F.

Proof. The freeness condition between the set F' and the algebra {v}” implies
that for any € F the set {vFz0™" | 0 < k < n — 1} is L-free in the sense
of (Definition 3.1 in [PV15]). Thus, by (Corollary 3.5 in [PV15]), we have
| Sy vF tzv=** Y| < 24/n — 1. The proof in [PV15] is based on (Proposition
3.4 in [PV15]), which shows that any L-free set of contractions {z1,...,z,} C

N can be dilated to an L-free set of unitaries {Uy,...,U,} in alarger I1; factor
N D N. Thus, one has || > ;= z;|| < || X2, Uil|. But the L-free condition for
a set of unitaries {Uy, ..., U,} amounts to {U;U;}!", being free independent

Haar unitaries, for which one has ||[1 + >/, UfU;|| = 2¢/n — 1 by Kesten’s
Theorem [K59]. When applied to the L-free set zj, = v*“lzv=™*+1 1 <k <n,
this entails

n
Z Uk_ll‘v_k+1
k=1

Lemma 1.2. Let N C M be an inclusion of 11y factors with dim(N' N M) <
oo, F' ' C (M)1 a finite set of elements with 0 expectation onto N' 0 M
and n > 1. Given any d > 0 there exists a partition of 1 with projections
P1,---,0n € N and projections q; € p;Mp; of trace 7(q;) <9, 1 <i <mn, such
that |pix(pi — @)l <2vn—1/n+4d, Ve e F, 1 <i<n.

Proof. Let w be a non-principal ultrafilter on N. By (Theorem [P92]; see also
Theorem 0.1 in [P13]), there exists v € U(N¥) such that v = 1, 7(v¥) = 0,
1 <k < n, and such that the algebra {v}” is free independent to F' U F*. If
fis--oy fn € P(NY) are the minimal projection of {v}”, then by Lemma 1.1
we have || fiz fi|| < 2vn—1/n, Vo € F, 1 <i<n.

Let fi = (fim)m with fi, € P(N) and >, fi,, = 1, Vm. Since F is
finite, given any ¢’ > 0 there exists m large enough such that the spectral

n

N

=1

14> Uil
=2

<

=2vn—1. U
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projection ey ; of (fim fim)*(fim®fim) corresponding to the interval [4(n —
1)/n? + &', 00) has trace satisfying 7(e;;) < &'. Thus, if ¢’ is sufficiently small
then the projection ¢; = Vgepey; € P(M), which has trace majorized by
Ywer T(egi) < 0'|F|, satisfies 7(g;) < 0.

It follows that if we let p; = fi;m and ¢ = Vgepey,, then 7(¢) =
YowerT(ezi) < 6, ¢i < p; and for each x € F, 1 < i < n we have the
norm estimate

Hpﬂ(pi - Qi)H = H(pz' — qi)r pi(pi — Qi)H1/2
< ||(pi — exi)z*piz(pi — ex,i)Hl/Q
= H (fz,ml‘*fz,mxfz,m)(fz,m - ezv,i)Hl/Z < 2 Vi — 1/” + 0. O

Lemma 1.3. Let N be a 11y factor. For b > 0 in N, denote by s(b) its
support projection. Let F© C N be a finite set and 0 < ¢ < 1/2. Assume
2(3,er 7(s(|2])) < e(max{||z|| | € F})~'. Let m denote the least integer
greater than or equal to e~ max{||z|| | x € F}. Then there exists a partition
of 1 with m projections qu, ..., qm € N such that || 327" qjrq;|| < e.

Proof. Let e = Vyer(I(x) Vr(x)), where [(z), r(z) denote the left and respec-
tively right support projections of x.

The condition 2(3,cp7(s(|z]))) < e(max{|z| | = € F})~! together
with the condition m satisfies, imply that there exists a partition of 1 with
projections ey, ..., e, € N of trace 1/m such that e < e;. Let v € U(N) be
a unitary element satisfying v™ = 1 and v lejo ™ * !l = ¢;, 1 < k < m.

Let ¢1,..., ¢ denote the minimal projections of the abelian m-dimen-
sional von Neumann algebra {v}”, with v = 37, o*"1q1, a = exp(27i/n).
Since all z € F are supported on e and v*ev™* are mutually disjoint, it follows
that || 3> v 2o~k < ||z[|/m, V& € F, which by the given conditions gives
|2 S vfzo k| <e, Vo € F.But L S0 ok = L quagr. O

Lemma 1.4. Let N C M be a an inclusion of I1; factors with finite Jones in-
dex, [M : N| < oo. If ¢ € M is a projection then 7(s(En(q))) < 7(q)[M : NJ.

Proof. Let M C M, := (M,en) be the basic construction for N C M,
with ey € M; denoting as usual the corresponding Jones projection. Thus,
M, =spMenyM, [N,ey] =0, eyzey = En(x)ey and 7(enz) = A7 (2), Vo €,
where A = [M : N|~1.

If ¢ € M is a projection, then one has exgeny = En(q)en. Thus,
s(engen) = s(En(q))en with its trace being equal to A7(s(En(q))). This
implies that

7(q) > 7(s(genq)) = 7(s(engen)) = A (s(En(q)),
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and thus 7(s(Ex(q)) < A7 7(q) = [M : N]7(q). O

Proof of the Theorem. Replacing F by {x — Ennym(x)/||x — Enam ()] | © €
F\ N'Nn M}, we may assume F' C (M © N'N M);. By Lemma 1.2, for any
given integer n and any &’ > 0, there exists a partition of 1 with projections
P1,--.,Pn in N of trace 1/n such that for each 1 < i < n we have a projection
q; € piMp; satistying 7(¢g;) < 0" and

(1) Ipiz(pi — ¢i)|| < (4(n — 1)/n®+ 8", VzeF.

If we denote b, , = qiz*pixq; € piMp;, x € F,1 < i < n, then b;, €
(piMp;); are positive elements of support < ¢;. It follows that 0 < En(b; ) <
pi and by Lemma 1.4, its support has trace 7(s(En(biz))) < [M : N]7(q).

By Lemma 1.3, given any integer m < 7(p;)/7(q;), there exists a partition
of p; with m projections ¢i, ..., ¢, € P(p;Np;) of trace 7(p;)/m, such that

(2) “‘-EN(bi’x)qj <1/m.

Since by (Theorem 2.1 in [PP83]) we have b < [M : N]|En(b) for any b € M,
it follows that

(3) [M : N]

JEN (bia)dj|| < [M 2 N]/m.

But since ¢; : p;Mp; — p;Mp; defined by ®;(y) = >, q}yq}, y € piMps,
is unital completely positive, by Kadison’s inequality we have ¢;(y*)¢;(y) <
oi(y*y), Yy € piMp;. Applying this to y = p;xzq; and using (3) it follows that
for each x € F and 1 <7 < n we have

1/2

(4)

> dpira)d| < (D d(wapivas)d;
j j
1/2

< (M : N)/m)'"*.

Z Q§ bi,x q;'
J

Also, since ¢; are contractive, by (1) we have for each i and = € F' the estimate

1/2

(5) <lpix(pi — @) < (4(n —1)/n® + &)

§(pir(pi — @) g
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This implies that the partition of 1 with » = nm projections {ex};_; =
{q} | 1 <i<mn,1<j<m}, which refines {p;};, satisfies for all z € F' the
inequalities

(6)

< +

Z CLTEL
k

> di(piz(pi — @)
i

> d(pizai)d

1,3

< max||piz(pi — ;)| + max

> di(pirai)d
j

< (4(n — 1)/n? —|—5’)1/2 + ([M : N]/m)l/z.

If we now take &' < 4/n? and the integers n,m so that m > 4[M : N]e=2,
n > 16e72, then (4(n — 1)/n? + §\V2 + ([M : N]/m)'/? < g/2 +¢/2 = ¢,
ending the proof of the Theorem. O

2. Further remarks

Definition 2.1. If N C M is an inclusion of II; factors with finite index,
then for any ' C M non-empty and ¢ > 0 we denote by n(N C M; F,¢)
the infimum over all n for which there exists a partition of 1 with projections
P, Pn € N such that || 35, pizpi — Enom(@)| < ellz — Ennu(2)l],
Vx € F, with the usual convention that this infimum is equal to oo if there
exists no such finite partition. We call n(N C M; F,e) € NU{oo} the e-paving
size of FFin N C M.

Definition 2.2. For each k = 1,2,..., we denote ng(N C M;e) =
sup{n(N C M;F,e) | F C My, |F| < k}, where M}, = {x € M | x = z*}.
We also denote neo(N C M;e) = sup{n(N C M;F,e) | 0 # F C M finite}.
These numbers are obviously isomorphism invariants for N C M and we
generically refer to them as paving size of N C M.

Specifically, n(N C M;e) = ni(N C M;e) is called the e-paving size of
N C M and for each 2 < k < oo, ng(N C M;e) is called (g, k)-paving size of
N CM.

Note that these quantities are increasing in k, with sup,~, ng(N C M;¢e)=
N (N C M:;e). So by the Theorem they are all bounded by an order of mag-
nitude 64[M : N]e=*. Also, if N C P C M is an intermediate subfactor, then
n,(N C P;e) <ng(N C M;e), V1 < k < 0.

This terminology and notations are inspired by the similar ones used for
MASAs (maximal abelian *-subalgebras) in factors, A C M, in relation to the
Kadison-Singer type problems (see e.g., [PV15]). Notably, the term “paving”
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was coined in relation with the Kadison-Singer problem and seems suitable
for these quantities.

Note that if p1,...,p, € N is a partition of 1 with projections and we
denote v = _j_; af"1py, where a = exp(2mi/n), then for any = € M we
have Y 3, prxpr = %Zz;é v*zv~F. Thus, any “paving” of z € M with n-
projections in a subfactor N of M (or in a MASA A of M) can be viewed as
a “Dixmier averaging” of z by n-unitaries in N (resp. A).

Definition 2.3. In the same spirit as the pavings, for an inclusion of fac-
tors N C M, a finite set ) # F C M and ¢ > 0, we define the quan-
tity D(N C M;F,e) to be the infimum over all n for which there exist
ut, ..., uy € U(N) such that |1 3" wizu} — Exnn ()| < €|z — Enaul],
Vx € F. Then similarly to the above notations, we let Doo(N C M;e) =
sup{D(N C M;F,e) | 0 # F C M finite}, Dx(N C M;e) = sup{D(N C
M;F.e)|0#F C My, |F| <k}, for 1 <k < 0.

We clearly have D(N € M; F,e) <n(N C M;F,¢), for any finite F C M.
Also, Di(N C M;e) < ng(N C M;e), for any 1 < k < oo. So the Theorem
implies that for any subfactor of finite index N C M, these quantities are
all finite, in fact bounded by the order of magnitude 64[M : N]e~%. Like the
n.(N C M;e)-quantities, they are all isomorphism invariants for N C M.
We'll still view them as paving-invariants for N C M, but with respect to
averaging by unitaries, rather than by projections summing up to 1. Alterna-

tively, we view them as optimal Dizmier averaging numbers for N C M.

In particular, for a single IT; factor N and 1 < k < 0o we have ng(N;€) def

ng(N C N;e) < 64e=%. Consequently, Dy (N;¢) e Di(N C N;e) < 64c as
well.

Dixmier’s classical averaging theorem (see Ch. III, Sec. 5 in [D57]) amounts
to D(N;¢e) := D;y(N;¢e) < oo. His proof actually shows that D(N;¢e) < [e7¢],
lnénﬁ ~ 1.7095 < 2. If F is a finite set of k selfadjoint
elements, then by applying consecutively Dixmier’s theorem k£ many times,
one obtains the estimate Dy(N;e) < [¢7¢]*, which thus depends on k and
gives no bound for Dy (N;e). So Dixmier’s proof gives better upper bounds
for Di(N;e) if kK = 1,2, but a (exponentially) worse bound for & > 3, with
no bound for k£ = oo.

where ¢ = logz» 2 =

It would be interesting to improve the upper bound for the paving size
n,(N C M;e), especially for k = 1,k = oo, as well as for the constants
Di(N C M;e). In particular, to determine if the order of magnitude e=* is
optimal or can be lowered. Equally interesting would be to obtain some sharp

lower bounds. Ideally, one would like to have exact calculation of n,(N C
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M;e) or Dy(N C M;e), for some concrete subfactors N C M of finite index.
This seems quite challenging even for N = M!

Another interesting problem is to determine whether these invariants only
depend on the index [M : N] (respectively, only on the standard invariant
GNewm).

One can provide a (rather weak!) estimate for the lower bound of the
paving size constants from the following simple observation for single II;
factors:

Lemma 2.4. Let N be a 11y factor. Let x € Ny be so that ||x|| = 1.
If up,...,u, € U(N) are so that |23 wzuf — 7(2)1]| < e, then n >
(t(x) + &)~t. In particular, if v = q € P(N) is a non-zero projection, then
D(N;q,e) > (t(q) +¢)~ .

Proof. Since |13 wzuf — 7(2)1]] < £ and x > 0, we have (7(z) + €)1 >
Ly wimul > Luyzuf, so by taking norms we get (7(z)+¢) > || 3, uaul| >
2|z| = L, implying that n > (7(z) +¢)~". O

Taking 7(¢q) — 0 in Lemma 2.4 we get the lower bound ¢~ for the paving
size of a single I1; factor, and hence for any inclusion of I1; factors. Combining
with the Theorem and the above remarks, we thus get:

Corollary 2.5. If N C M 1is an inclusion of 111 factors with finite Jones
index then, with the above notations, we have for any € > 0 the estimates

e <D(N C M;e) <n(N C M;e) <nyo(N C M;e)
< [16e72] - [4[M : N]e~?].

The invariants n, (N C M;e), D.(N C M;e) can also be viewed as mea-
suring how efficient one can “flatten” the elements in M by averaging/paving
with unitaries (or partitions with projections) in N. Two other quantities that
measure such phenomena are the following;:

Definition 2.6. Let N C M be an inclusion of II; factors with finite index.
Recall from (Corollary 3.1.9 in [J82]) that there exist projections e € M
satisfying En(e) = [M : N]7!'1 and that by (Corollary 1.8 in [PP83]) any

two such projections are conjugate by a unitary in N. Thus, the quantity

d(N C M;e) def n(N C M;e,¢), where e is such a “Jones projection”, is well

defined and it is obviously an isomorphism invariant for N C M. One clearly
has d(N C M;e) <n(N C M;e).

In a related vein, we define the invariant do, (N C M) for a subfactor of
finite index N'C M as the infimum of || 37, mjm;|| over all orthonormal basis
{m;}; of N C M (as defined in Section 1 of [PP83]).



Paving size 2533

Since for any orthonormal basis {m;}; one has A 37, m;m} = 1, where A =
[M : N]7*, (cf. Proposition 1.3 in [PP83]), it follows that 1 = 7(X\ Y2 ; m;m}) =
AT(35; mimy), hence || 32 mimyl| > A1 = [M : N]. Thus, one has dop(N C
M) > [M : NJ. On the other hand, one can take the orthonormal basis {m;};
so that m; = 1 and so that for all but possibly one m; to have Ex(mjm;) =
1, which by (Proposition 2.1 in [PP83]) implies mjm; < [M : N]1. Thus
|, mimsll < X, lmgmgll < 1+ [M: NJ(IM : N]T - 1).

We have thus proved the following

Proposition 2.7. If N C M is an inclusion of 111 factors with finite Jones
index then, with the above notations, we have the estimates

[M : N] < dop(N € M) <1+ [M:NJ([[M:N]] - 1).

Remark 2.8. The paving size invariants can be defined for an arbitrary in-
clusion of factors (not necessarily II;), N' C M, with exactly same formal
definitions. If one has an expectation £ : M — A with finite Pimsner-Popa
index, i.e., if £(x) > Az, Vo € M, for some A > 0, and one denotes by Ind(E)
the inverse A~! of the best constant A satisfying the inequality, then the main
result in [P97] shows that Ind(€) < oo implies n(N & M; F,¢) < oo, for any
finite set F' C M. We leave it to the interested reader to adapt the proof of
the Theorem in this paper, combined with the proof of the relative Dixmier
property for inclusions of properly infinite factors N C€ M with Ind(&) < oo
in (Section 3 of [P97]), to get estimates for n.(€;¢), D.(E;¢€).

Remark 2.9. One can consider exactly the same type of definitions as we did
for n,(N C M;e), D.(N C M;e), where we replace the operator norm by
the Hilbert norm-|| ||2 given by the trace. We denote these invariants of a
subfactor N € M by n\’(N ¢ M;e), DP(N c M;e), dD(N C M;e), re-
spectively, and refer to them generically as L2-paving size of N C M (inspired
by terminology used in Section 3 of [P13]). These invariants may be easier to
calculate, but less relevant of the properties of the inclusion N C M. Recall
in this respect that for any inclusion of II; factors N C M, the subfactor N
contains a MASA A C N such that AN M = AV (N' N M) (see e.g., Corol-
lary 1.2.3 in [P16]), which by (Theorem 3.6 in [P13]) contains approximate
2-independent partitions of any size. Thus, for any F C M & (AV N' N M)
finite, any 0 > 0 and any n > 1, one can find a partition of 1 with projections
of trace 1/n in A, p1,...,pn, € P(A), such that || Y0, pirps||o ~s n= 2 ||z,
Va € F. Thus, one has the estimates D,(f)(N C M;e) < n,(f)(N C M;e) <
né?(N C M;e) <[e7? +1, for any 1 < k < oo, for any N C M, without
even assuming [M : N] < oo.
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Remark 2.10. The most interesting case of inclusions of factors N' ¢ M
is when they are ergodic, i.e., N' N M = C. They correspond to the ac-
tion U(N) A2 M being ergodic. A strengthening of ergodicity, called M V-
ergodicity [P19], requires that the wo-closure of the convex hull of {uzu* |
u € UN)} intersects NN M = C1 (see also [P98] where this is called weak
relative Dizmier property). Since wo and so-closures coincide on bounded
convex sets, it is equivalent to co**{uzu* | u € UN)} N C1 # . For an
inclusion of II; factors N C M this amounts to a von Neumann type L>-
mean value ergodicity: Vo € M, Ve > 0, Juy,...,u, € U(N) such that
145 wauf — 7(2)1|2 < e. Viewed from this perspective, Dixmier’s av-
eraging theorem states that for any single factor A/, the action U(N) ~Ad
N is L®-MV ergodic, while the result in (A.1 in [P96], [P97]) shows that
UN) ~AY M is L®-MV ergodic for any ergodic inclusion of II; factors
N C M with finite Jones index [M : N] < oo (with the converse holding
true when N, M are separable, by Corollary 4.1 in [P97]). Our results in this
paper can be viewed as quantitative estimates of L>°-MV ergodicity for finite
index inclusions.
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this “probabilistic” characterization of [M : N] while trying to elucidate some
intriguing questions emanating from Vaughan Jones amazing paper Index for
subfactors [J82], a preprint of which he sent us in the Summer of 1982. The
present paper is in memory of the exciting exchanges of ideas, mathematical
discussions and collaborations I had with Vaughan and with Mihai over the
years. It is terribly sad to lose so dear friends. They will be greatly missed.

References

[AP17] C. ANANTHARAMAN, S. Popa: “An introduction to II; factors”,
www.math.ucla.edu/~popa/Books/ITun-v13.pdf


www.math.ucla.edu/~popa/Books/IIun-v13.pdf

[D57]

[KS59]

[K59]

[J82]

[PP83)]

[P92]

(P96

[P97]

[PYS]

[P13]

[P16]

[P19]

[PV15]

Paving size 2535

J. DIXMIER: Les algébres d’operateurs sur l'espace Hilbertien (Al-
gébres de von Neumann), Gauthier-Villars, Paris, 1957. MR0094722

R.V. KADISON, .M. SINGER: Ezxtensions of pure states, Am. J.
Math. 81 (1959), 383-400. MR0123922

H. KESTEN: Symmetric random walks on groups, Trans. Am. Math.
Soc., 92 (1959), 336-354. MR0109367

V.F.R. JONES: Index for subfactors, Invent. Math., 72 (1983), 1-
25. MR0O696688

M. PIMSNER, S. PoPra: Entropy and index for subfactors, Ann.
Sci. Ec. Norm. Supér., 19 (1986), 57-106 (INCREST preprint No.
52/1983). MR0860811

S. PoprA: Free independent sequences in type 11y factors and related
problems, Astérisque, 232 (1995), 187-202. MR1372533

S. Popra: Some properties of the symmetric enveloping algebras with
applications to amenability and property T, Doc. Math., 4 (1999),
665—744. MR1729488

S. Pora: The relative Dixmier property for inclusions of von Neu-
mann algebras of finite index, Ann. Sci. Ec. Norm. Supér., 32 (1999),
743-767. MR1717575

S. PoprA: On the relative Dizxmier property for inclusions of C*-
algebras, J. Funct. Anal., 171 (2000), 139-154. MR 1742862

S. Popa: Independence properties in subalgebras of ultraproduct 11y
factors, J. Funct. Anal. 266 (2014), 5818-5846. arXiv:1308.3982
[math.OA]. MR3182961

S. Popa: Constructing MASAs with prescribed properties, Kyoto J.
Math., 59 (2019), 367-397. arXiv:1610.08945 [math.OA]. MR3960298

S. PorA: On ergodic embeddings of factors, Commun. Math. Phys.,
384 (2021), 971-996. arXiv:1910.06923 [math.OA]. MR4259380

S. Popa, S. VAEs: In R. DORAN and E. PARK (editors), On the op-
timal paving over MASAs in von Neumann algebras, Contemporary
Mathematics, Volume 671, pp. 199-208. American Mathematical So-
ciety, 2016. arXiv:1507.01072 [math.OA]. MR3546686


https://mathscinet.ams.org/mathscinet-getitem?mr=0094722
https://mathscinet.ams.org/mathscinet-getitem?mr=0123922
https://mathscinet.ams.org/mathscinet-getitem?mr=0109367
https://mathscinet.ams.org/mathscinet-getitem?mr=0696688
https://mathscinet.ams.org/mathscinet-getitem?mr=0860811
https://mathscinet.ams.org/mathscinet-getitem?mr=1372533
https://mathscinet.ams.org/mathscinet-getitem?mr=1729488
https://mathscinet.ams.org/mathscinet-getitem?mr=1717575
https://mathscinet.ams.org/mathscinet-getitem?mr=1742862
http://arxiv.org/abs/arXiv:1308.3982
https://mathscinet.ams.org/mathscinet-getitem?mr=3182961
http://arxiv.org/abs/arXiv:1610.08945
https://mathscinet.ams.org/mathscinet-getitem?mr=3960298
http://arxiv.org/abs/arXiv:1910.06923
https://mathscinet.ams.org/mathscinet-getitem?mr=4259380
http://arxiv.org/abs/arXiv:1507.01072
https://mathscinet.ams.org/mathscinet-getitem?mr=3546686

2536 Sorin Popa

Sorin Popa

University of California, Los Angeles, Math. Dept.
UCLA

Los Angeles, CA 90095-1555

USA
E-mail: popa@math.ucla.edu


mailto:popa@math.ucla.edu

	Introduction
	Proof of the Theorem
	Further remarks
	Acknowledgements
	References

