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The L estimates for parabolic complex
Monge-Ampere and Hessian equations®

XI1UXIONG CHEN AND JINGRUI CHENG

Abstract: In this paper, we consider a version of parabolic com-
plex Monge-Ampére equations, and use a PDE approach similar
to Phong et al. to establish L°>° and Holder estimates. We also
generalize the L>° estimates to parabolic Hessian equations.
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1. Introduction

This work tries to make the first step to develop a parabolic analogue of the
uniform L and Hoélder continuity estimates for the complex Monge-Ampére
and Hessian equations.

The question of deriving L*> and Hoélder estimates for the solution to
the complex Monge-Ampere has been studied extensively in the last decades,
with minimal assumptions on the right hand side. In the pioneering work
of Kolodziej [16], he proved that if e € L'(log L)P for some p > n, then
we have L°° apriori bound for the solution (. He also showed that the solu-
tion is continuous. Later on, [13] proved the Hélder continuity of the solution
to complex Monge-Ampere in the case of Dirichlet problem in C™. In the
compact setting without boundary, [17] first proved the Hélder continuity of
solutions to complex Monge-Ampeére when the right hand side is in LP(w)
for some p > 1. Then [4] gave an explicit estimate on the Holder exponent
the Hoélder continuity of solutions to complex Monge-Ampere when the right
hand side is in LP(wy) for some p > 1. In particular, it is shown there that
the Holder exponent depends only on the dimension and p. S. Dinew [7]
has a result to the same effect under a positivity assumption on the curva-
ture.
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When it comes to Hessian equations, Dinew and Kolodziej in [8] derived
the L estimates for the k-Hessian equations on compact Kéhler manifolds,
under some integrability assumption of the right hand side.

All the works above are done using methods from pluri-potential theory.
Since these works, it has been a major question whether such results can be
obtained by pure PDE method. This question has been answered for the case
of bounded domain in C™ by [20, 21]. In compact Kéahler case, it is solved by
Guo, Phong and Tong [14]. As noted by [14], the idea of introducing auxiliary
complex Monge-Ampere equation for comparison from [2] plays a key role.

As to the flow problems, the one that is considered most in the literature
takes the following form:

n

(1.1) Oyp = log<Z—§) — F(t,z).

This is the famous Kéhler-Ricci flow and there are many works concerning
(1.1).

In this work, we propose to consider a different parabolic version for com-
plex Monge-Ampere equation than (1.1), for which we can prove the L™
estimates very similar to the classical result by Kolodziej. Moreover, we show
that it is possible to prove stability estimates very similar to [13, Theorem 1.1],
from which the Hoélder continuity readily follows by an approximation tech-
nique, developed in [1, 6, 5]. The approach we take to prove these results are
purely PDE, hence our work can be seen as a generalization of [21] and [14]
to parabolic setting.

In order to motivate the form of the parabolic equation we will be con-
sidering, we would like to go back to the real case. Krylov-Tso (see [15] and
[19]) developed a parabolic version of Alexandrov maximum principle, which
says that:

Let u be a function defined on [0,7] x 2 where 2 is a bounded domain
in R™, then

. T
sup u<  sup u+ Cp(diam Q)1 (/ |Opu det Diu|dtdm) .
0,7]% 9p([0,T]%Q) E

In the above, dp([0, 7] x Q) is the parabolic boundary, given by ({0} x Q) U
([0,T] x 99Q), and E is the set of (¢,x) on which du > 0 and D?u < 0.
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The integrand on the right hand side is given by d;udet(—D?u), hence
it is very natural to take this product as our parabolic operator, so that the
parabolic (real) Monge-Ampere becomes:

(—0yu) det(D2u) = f > 0.

The admissible solutions we are considering are that dyu < 0 and Dgu > 0.

In the complex setting, it naturally generalizes to (—;p)(v/—109¢)", and
the class of admissible solutions are given by ;¢ < 0, v/—190¢ > 0. Hence
in the context of compact Kéahler manifold, the equation reads:

(—Oup)wy = e"wi,

12) 0(0.) = go.

Since our goal is to derive apriori estimates, we will assume that the
solutions are all smooth, so that our calculations are all justified. But the
bound we obtain only have the said dependence quantitatively.

In the above, we assume that the initial data (g is wg-psh and is bounded,
and the admissible solutions we are looking for satisfy dyp < 0,
wo++/—19dp > 0. In order to study the convergence behavior of ¢ as t — 0o,
it is necessary to do a normalization first: ¢ = ¢ — h(t). Then the equation is
transformed to:

(h'(t) — Op)wl = ey

Here the function A(t) is so chosen in order to satisfy the volume compatibility

condition:
h/(t)/ Wy :/ eF't)yn,
M M

We plan to investigate the convergence question as t — oo in future works,
but for now, we will only fix 0 < 7" < co and derive estimates on [0,77] x M.

We will establish the following result regarding the parabolic complex
Monge-Ampere equation, which can be seen as a parabolic analogue of
Kolodziej’s C° estimate:

Theorem 1.1. Consider the equation (1.2) on [0,T] x M. Assume that the
right hand side has L' (log L)P integrability for some p > n+1. In other words,
we assume that

Ent,(F) ;:/ e (|FIP + 1)olidt < oo,
[0,7]x M
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We also assume that o is uniformly bounded. Then |||~ is uniformly
bounded depending only on ||¢o||r=, T, Enty(F), the background metric, p
and n.

After this, we consider the issue of Holder continuity of the solution when
the initial value g € C%. We show that:

Theorem 1.2. Let ¢ solve (1.2), with @9 € C* for some 0 < a < 1 and
el € LPo(widt) for some pg > 1. Then for any 0 < s < t < T, and any

2
X< Trg(mT1)’
lo(t,z) — (s, 2)] < Ot —s)2.

For any x,y € M, and t € [0,T], and any o < &, a < W,

lo(t,z) — o(t, y)| < Clz —y|*.

Here qo = 22—, and the constant C' depends only on the background metric,
po—1

n, |[ef'||Lro, the C% norm of o, T and choice of o < m.

Next we will consider more general Hessian type equations, in the form:
f (=0, A[hy]) = €.

In the above (hy)% = (wo)™®(w,);; and Alhy] denotes the eigenvalues of hy,
(which can be shown to be invariant under holomorphic coordinate change).
We also assume that f is a C' function in terms of its variables. The more
precise structural assumptions on f are set forth in the last section, where we
will also give some examples of f satisfying our assumptions.

Under these assumptions, we have the following L°° estimates for the

solution to the Hessian equation:

Theorem 1.3. Let ¢ be a solution to the equation f(—0yp, Ahy,]) = e on

[0, 7] x M, where f satisfies the above structural assumption and
(=0kp, A[hy]) € T'. Assume also that for some p > n + 1, we have

Ent,(F) = / eI pPyndt < oo,
0,7 x M

Then we can estimate ||@|| L~ depending only on ||¢o||L~, T, the background
metric, Ent,(F') and n.

The plan of the paper is as follows:



The L™ estimates for parabolic complex Monge-Ampere 2873

In Section 2, we will derive estimates for the parabolic complex Monge-
Ampere equation, including the L™ estimates as well as Holder estimates.

In Section 3, we generalize the L™ estimates to more general Hessian
equations.

2. The parabolic complex Monge-Ampeére equation

In this section, we consider the parabolic complex Monge-Ampeére equation:

(—Oup)wy = i,

(2.1)
s0|t:0 = ®o-

Here we only consider solutions which are wg-psh and that dyp < 0. The
function F(t,z) on the right hand side is given. We also assume that the
initial value g is bounded.

First we show that sup,; ¢ is bounded.

Lemma 2.1. Assume that f[o T]xM efwidt < oo, then we have

| sup | < C.
M

Here C' depends on the background metric, an upper bound for f[o TIxM eFwpdt
and ||¢o|| Lo -

Proof. Since 0yp < 0, we have
sup ¢(t,-) < sup o < |l
M M

To estimate the lower bound for sup,; ¢, we have to use the equation. We
consider the I-functional, defined as:

1

n
_ n—j j
I(w)—nH/ijZ_%wO A wp.

To estimate the lower bound of sup,,; ¢, we will first get a lower bound for
the I functional, then we will get a lower bound for [, pw{, then we obtain
a lower bound for sup,, ¢, using some well-known arguments.

It is straightforward to find that

d
iy — no_ _ F n.
710 = f o= e



2874 Xiuxiong Chen and Jingrui Cheng

Therefore, for any ¢’ € [0,T], we have that

td
1) = Hpo) + | G1@Md=Tlg0) = [ cFup
o dt [0,/ x M

Therefore, we get that I(y) is bounded below on ¢ € [0,7], with a lower
bound having the said dependence.
Now we estimate a lower bound for [, ¢wg. We can compute:

| —10)= [ ¢
M M

1 D i . )
”4’1;}% ]/\(WS_‘%)

1 N 5 = J—1—l . 1
- n—i—l/Mgij_[:)wO /\\/—188(—4,0);@% Aw,,
1

_ n jil
= /M \/—18@A8g0/\22w8_1_l/\w50 > 0.

n+1 =0 1=0

So [y pwg is bounded below as well. On the other hand, it is well known (see
for example [23], equation (2.3), (2.26) and (2.27) in that paper) that for any
wo-psh function ¢, one has:

b / 0 —S ‘<C’
UOZ(M) M(pw() }‘1})90 = .

Here C' depends only on the background metric. So we obtain that sup,, ¢ is
also bounded from below. O

As a corollary, we obtain that

Corollary 2.1. There exists constant ag > 0 depending only on the back-
ground metric, such that

sup / e "%uwy < C.
tel0,T] /M

Here C depends on the background metric, an upper bound for f[o,T]xM eFwpdt
and H@OHL“"
Proof. Since ¢(t,-) is wo-psh for each t € [0, T], we have that

sup / efao(cpfsupMs«D)wg <C.
te[0,1] /M

From Lemma 2.1, sup,, ¢ is uniformly bounded, with the said dependence.
|
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2.1. Existence of smooth solution with smooth data

Since later on, we will need to use the solution to equation (2.1) as auxiliary
functions for estimates, we need to establish the solvability of (2.1) when the
data is smooth. More precisely, we have:

Proposition 2.1. Let @y be a smooth function on M with wy++/—100¢y > 0
and F(t,x) is a smooth function on [0,T] x M. Then there exists a unique
smooth solution to (2.1) on [0,T] x M starting from g such that —0yp > 0
and wo + /—100¢ > 0.

Proof. Uniqueness is quite easy to see, thanks to the maximum principle.
Indeed, if there are two such smooth solutions ¢ and ¢, we can consider
» — et — @. Assuming it has maximum at (¢, zo) with ¢ > 0, then we would
have

at(cp — €t — @)‘(to,mo) > Oa % _185<90 — €t — @)|(to,xo) < 0.
This would imply

€+ (=0p) < —0ip, wy <w

‘G.\ﬁ

Multiplying, we get
€wg + (fatgp)wg < (fat@wg.

This gives ewg < 0, which contradicts w, > 0. Hence ¢ — ¢ — et < (p—p—
et)|t=o = 0. Letting ¢ — 0, we get ¢ < @.

It only remains to show existence, and we can run a continuity method
as follows: for s € [0, 1],

(—Oup)wy = e wy,

22) 2(0.7) = si0.

When s = 0, it has a trivial solution p(t,z) = —t.
To show openness, we need to linearize the equation, and the linearized
operator is:

Lu= —8tu + (_875()0)A<pu
Since —0yp > 0, the operator L is uniformly parabolic. To show openness,

we have to use the Inverse Function Theorem. More precisely, we consider
U= {p e CHIX0,T] x M) : dyp < 0, wp + /—100p > 0}, where
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C'227% just means 9, and D2y are Holder continuous in terms of the
parabolic distance. Then we may define the nonlinear map:

n

(a3 w
F U= C5([0,T] x M) x C**(M), ¢ s ((aﬁo)w;‘;, 90|t_0>.
0

The linearized map is given by:

D,F - CYF5:242([0,T] x M) — C39([0,T] x M) x C***(M),
u s (=0 + (—0p) Apu, uli—o).

This linearized map is invertible by Theorem 5.6 in [18] (unique solvability of
uniformly parabolic equations in Hélder spaces.) Assume that one can solve
(2.5) for some sy with (smooth) solution denoted by ¢. That is, F(p) =
(e%°F  sopp). Since the linearized map is invertible, it follows from Inverse
Function Theorem that for any s in a neighborhood of sg, (e*F, s¢g) also has
preimage in U.

Now it only remains to show closedness of the continuity path, for which
we have to derive the apriori estimates.

First we would like to derive the equation for 0;p. Denote v = Oy, we
can differentiate (2.2) to get

— 0w + s0 Fv + (—v)Ayv = 0,

(2.3) esF(O,x)wg

U’t:O == — < 0.

n
w%’o

Let k > 0, we define v = ve*, then in terms of ¥, the equation reads:

o4 — 040 + (—ve M)Ayt = (—k — sO,F),
(24) —My < V)= < —eo.
In the above, if we take k& > 0 such that —k — s0;F" < 0, then we see that
v < —%60 on [0, 7] x M by maximum principle.
Indeed, if otherwise, we can assume that for some 0 < Ty < T, one has
v < —%60 on [0,7p] x M and v(zg,Tp) = —%60 for some xg € M. Then
—040(wo, Tp) <0, Ayo(zo, Tp) < 0. Hence —9,0 + (—0e M) AL (4.0 =(20.1) <
0 whereas 0(—k — s0,F)(zo, To) = 3€o(k + s9,F) > 0. This is a contradiction.
On the other hand, if £ < 0 such that —k — s0;F > 0, then from (2.4),
we get that —9;0 + (—ve *)A,v < 0 (since we already have v < 0), so that
v > —Mj on [0,T] x M by maximum principle.
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Hence from the above arguments, we see that:
(2.5) — M <v < —e.

This implies that in particular, ¢ is uniformly bounded on [0, 7] x M.
Next we estimate the second derivative of ¢. Now we put u = e~¢?(n +

Ayp) and denote eC = :—%, then we can compute:
0

— O = (—C)(=0p)u + e PA(=0yp) = (—C)(—dp)u + efc“"A(eSF*G)
> (=C)(=0pp)u+ e e =Y (sAF — AG)
= (=0ip)(—Cu+ e “PsAF — e “?AQ).

On the other hand, from Yau’s calculation in [23]:

Ry (1 + #i7)

+e “PAG — e C“R.
I+ ok

Ayu > e*C“’(—C)A(p(p(n + Ayp) + e %

In the above calculation, we took normal coordinates at a point, and R
are curvature tensors of wg, R is the scalar curvature of wy. Hence if we take
C large enough, we would get that

Apu > e %tr, wo(n 4+ Ap) — e 9PCn(n + Ap) + e “PAG — e PR

= try, wou — Cnu + e CPAG — e “¢R.
Hence if we define L = —0; + (—0ip) A, we get that

(2.6)
Lu > (=8yp) (tr, wou — C(n+ 1)u + e “PsAF — e ““R)

> (—=0p) (—=C(n+ u— e PR+ e “PsAF + eiﬁ(n + Aap)ﬁu).
In the above, we note that —d,¢ = eF~¢. Also we have shown a bound for
—Opp: — My < Oyp < —ey, it follows that G is bounded, since F' is assumed
to be smooth hence bounded. Therefore, it follows from (2.6) that
Lu> (=0i0)(=C(n+ Vu — e R 4 e “PsAF + cun-1).

Hence if u achieves maximum at (tg, zg), then at (¢g, zp), we would get

0> —C(n+1u—e YR+ e “PsAF 4 cun1.
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This implies an upper bound for u at (to, xo) So we have shown that w, <
Cwp. That w, > Ccuo follows from that 2¢ = €% is bounded from above
and below. Hence the equation becomes unlformly parabolic and higher reg-
ularity follows from standard bootstrap. Indeed, using (2.3) and Theorem
6.33 of [18] we know that v = 0,p is space-time Holder continuous. Using
the complex version of Evans-Krylov theorem (see [22] and [3]), we see that
¢ is in parabolic Holder space C'T%27%([0,T] x M). Further differentiating
the equation will lead to linear, uniform parabolic equations with coefficients
in Holder spaces, and one can use Theorem 4.9 in [18] (parabolic Schauder
estimate) to improve the regularity further and further. O

2.2. Estimate the L°° bound

The first step is to establish a Moser-Trudinger type inequality, similar to
Lemma 1 in [14]:

Proposition 2.2. Denote As = [ 7y, p (=0 —5)" ef'wpdt. Then there exists
a constant By > 0, depending only on the background metric, and there exists
a constant C' > 0, depending only on the background metric, such that for
any s > [lgol| L~

__1_ n+2
sup / ePods +2((_9"_5)+)"“u}gSC’eXp(CE).
te[0, 7]/ M

Here

E= (—)efwhdt.
[0,T]x M
To prove this, we use the solution to an auxiliary problem. Let 7; : R —
R4 such that n;(z) — max(z,0) as j — oo and nj(z) > = for x > 0 (for
example, we could take 1;(z) = 3(z + /22 + j=T). We let ¢; be the solution
to the following problem:
n _ Ni(=p —s)elwy
(_875%)%]. =~ A <,

j?s

(2.7)
Yjle=0 = 0.

Here

A= [ il — ),
[0,T]x M

The existence of such a ; is guaranteed by Proposition 2.1. The above propo-
sition will follow immediately once we prove:
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Lemma 2.2. There exists dimensional constant c,, and C,, such that

— 1 n+2
Ay i (= = st < =1y 4 Cpdjs.

]78

Proof. Define the operator L to be:

U = —Btu + (—atgo)Awu

1, 2= ntl —oio
Let € = (5nn+ Zié)ii‘ls POA = (5 R )~ ("H)Z—EAS, we define ¢; =
e(—p—s)— (= +A)n+z. Then we may compute (we suppress the subscript

j for the convenience of notations):

n+1
S (v A) T (—0w)

n+1 n+1
( v+ A)” "“Asﬂ/f‘Fﬁ

L® = —8tCI> =+ <—8tg0)A<p(I) = —€<—8tg0)

+(_at90)(6(_A<pS0) (= + A) e

+1
AVl 2 —e(=0r0) + S (4 A) 7 (<0) + (~0i9) (etr g e
n+1 o1 n+1 1
n+2(—1/)+A) nt trwwww—n—m(—w—i—/\) nt tr¢g>.

Because of our choice of € and A, we have that

e>n+1A_n+r2>n+1
T n+42 T n+2

(=) + A) "7,

Moreover, we use Arithmetic-Geometric-Mean Inequality to obtain:

1

g _8151/} As
Therefore
L > —e(~01p) + " (—p + D)W (~00)
=z —€ tP n+o t
o — 8) ( L4
n ( W+ A) s ]( =) ( Orp)

T T -
Az (=0h)n
Now we wish to use the following inequality:

1+1

(BAT)™13 < Ay + B*—
yn
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This essentially follows from Young’s inequality, by writing x = —%— - yn+1,
yn+1

with exponents n + 1, "TH Now we use the above inequality with y = —0dy,

_ 1 I S §
x=—0p, A= (—p+ )" "2, B = n2 (—p+A) w2y (—p—s). Hence
we get that

1

! 1 F (= =) (“0p)tn
nE (_w—i_A)_TH—Z( atw)‘i_n ntl ( 1/)+A) n+277]( (i )( tSO) .
e nte A¥ (—0))n

T (_
T
2 AF

Therefore we obtain that

(2.8) L<I>2(—r9ts0)<—e+nnL+1ZJ+r (—¢p+ A) "7 "“( QO—S)AS_"_'H>,

Assume that ® achieves positive maximum at (tg,zg). Since we have chosen
s > ||lvollLe, we have to > 0, so that L®(tg, z9) < 0, and P(tp, z¢) > 0. In
particular, at (to,zo), we have

NI (—p — ) (—t) + A)T 2 € (—p — )T (< A) 7 > L.
So that from (2.8), we get

1
+ ;(%ﬂAS ”“) > 0.

0> Ld(tg, z0) > (— atﬁp)(—6+n7£r1n
n

The last > 0 follows from our choice of €. So that we get a contradiction and
® <0on|[0,T] x M. O

Using the above lemma, the Proposition 2.2 follows immediately.
Proof. Let ag be as given by Corollary 2.1. Then we have, from Lemma 2.2:
n+2

/ exp(aocnA; ] e ((—gp—s)*)”_“wgg/ e~ 0¥iCndis .
M M

The right hand side of the equation (2.7) is given by % which has
integral = 1 from the definition of A;. Also the initial value of 1Y is zero.
Hence we are in a position to apply Corollary 2.1 to conclude that

sup / e Vit < C.
te[0,7]/ M
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Here C' depends only on the background metric. Now we pass to limit as
j — oo. It is easy to see that A;; — As. Take sup in ¢ € [0, 7], the result
immediately follows, since A, < E. O

In our situation, we automatically have an upper bound for E above.
Indeed, we use the inequality xy < xlog(x) + e¥~! for z > 0, y > 0, we have

1
/ o)ef'wy :/ —p) —e Fon _/ “%wg +/ log(—e )—erg.
M Qo

So that

1 1
/ (—p)ef'wirdt < T sup / e Puy + log(—eF> —eFup.
[0,T)x M te[0, 7]/ M [0,T)x M Qo Qo

Therefore, we have:
Proposition 2.3.
ffﬁ oY=
sup / ehods T ((mp=9)T) wy < C.
tefo, 7]/ M

Here C' depends on the background metric, T, an upper bound for ||¢ol||pe as
well as entropy, defined as
2 3 F
Ent(F) :/ (F*+1)%e" wydt.
0,T]x M
Using the above estimate, we would like to show that

Lemma 2.3. Let ¢ be the solution to (2.1), such that for some p >n+ 1,

Ent,(F) := / (F? + 1)%6Fw8dt < 0.
[0,7]x M
Define ¢(s) = [,._se€ Fondt. Then for some By > 0, and § = n—+1 — %, we

have

ré(s +7) < Boo(s)'*,
foranyr >0, s > ||gollre--
Proof. First we note that:

29) (B) 4™ (o= 1) < ()1 logla 4 e

_ 1 n
+ C(p)efods ™ (—p-s)) it .
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1
In the above, we used the following Lemma 2.4 with z = %AS (= —
5)+)Z—Jﬁ7 y = log(ef” + 1). Integrate both sides of (2.9), we obtain that

pit2 T
(2.10) / (—p —s) ")’ iefupdt < CAF.
[0,T]x M
The constant C' above depends on 7" and an upper bound for Ent,(F). On

the other hand

n+1

nt2 p(n+2)
[0,7]xM 0,T]x M

1— n+1 1— n+1
F n p(n+2) nLH n+1 F n p(n+2)
. e’ w < AFTCrint2) e wydt .
p<—s p<—s

Here the C is the same constant C' on the right hand side of (2.10). Therefore

n+2 1

n+l_p
ASSC% (/ ergdt> .
p<—s8

As > 7“/ eFwldt.
p<—s—r

On the other hand,

Putting By = C %, the result follows. O
The following is the elementary lemma used in the above proof.

Lemma 2.4. Letx >0, y >0, and p > 1, we then have:
aPe? < e¥(1+4y)? + C(p)e*.
Proof. Define h(y) = aPe¥ — e¥(1 4 y)P. Then
W (y) = aPe? — eV (1 +y)P —e¥p(1 +y)P L.
Let yo be such that h'(yp) = 0, in other words,
a? = (1+yo)? +p(1+yo)P .

Therefore, h(y) < h(yo) = e¥(zP — (1 + yo)?) = pe¥*(1 + yo)P~ . Here we
note that h(y) — —oo as y — oo for any fixed x. On the other hand,
aP > (1 4 yo)P, which implies yo < z — 1, so that

aPe? — V(14 y)P < pe” 'aP < C(p)e™. O
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The boundedness of ¢ follows from the following lemma, which is first
due to De Giorgi and was also used in [11, 16].

Lemma 2.5. Let ¢ : R™ — R™ be a monotone decreasing function such that
for some 6 > 0 and any s > sg, 7 > 0,

ro(s +r) < Bog(s)' 0.

Then ¢(s) =0 for s > 25{%’7;(?0) T s0.

Proof. We define sj, inductively for £ > 1 so that:

sk+1 — sk = 2Bod(sk)°.

Then we have

B S 146 1
Blons) < 2 7 < Lo,
Sk4+1 — Sk 2
So that ¢(s1) < 27F¢(sg), hence sp1 — s, < 28927 ¢ (||o|| o). Summing
)
up, we get that 37~ o(skt1 — 5k) < Dgso 2By2 ¢ (s0) < 2]?‘):2572,(?0). O

2.3. Estimate the Holder continuity

We wish to prove a parabolic version of Holder continuity of the solution when
the right hand side is in L ([0, T'] x M) for some py > 1, namely Theorem 1.2.
Throughout this section, we denote ¢g = pé’ﬂl.

Similar to the elliptic case, the proof of Holder continuity relies on two in-
gredients: the first one being the stability result and the second one being the
approximation result. We will use PDE approach to establish the stability re-
sult, and we need to use Demailly’s technique to construct the approximation,
when the standard mollification trick no longer works on manifolds.

Let 0 > 0 and v be a smooth function on [0, 7] x M such that ;v < 0 and
for each t, wy++/—100v > —gwo, we wish to get a weighted Moser-Trudinger
inequality, similar to the Proposition 2.2.

Let 0 < § < 1 and s > 0, we consider the function (1 —0)v — ¢ — s, where
¢ solves equation (2.1). Let n; : R = R4 be a sequence of smooth functions
such that 7; — max(z,0) pointwise. Define

Ais= [ (1= 8 — o — s)eFuar.
0.T]x M
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We then consider the solution ;5 to the following parabolic equation:

ni(1—=6)v—9o—8) p ,
e wpy,
As,j,5 0

(=0bjs)wy,; s =
1;6(0,-) = 0.

Lemma 2.6. Let s > ||((1 — §)v — @) V|| L=, then there exists dimensional
constant ¢, Cy,, such that on [0,T] x M,

A (1= 0w — o — 5) < (=t + Co6 "2 A 5.

Proof. 1t is very similar to the proof of Lemma 2.2, so we will be brief at cer-
tain places. Let € = (nwi nié)"” AJ 327 A= (Z—ié>"+2e*<"+2>2"+25*<n+2>+1:
Zié n 2 +25= (2 A, 5 and we define @ = €((1—0)v—p—s) — (= +A)niz.
Note that Ayv > —(1+ $) tr, wo, we can compute:

Awéze((l—é)va—A¢¢)+%( b+ A) T
4 n+1
(n+2)?

(=0 + A) 7552 [ Vyy

6(—(1—5)(14—%) trcpwo—n—i—tr(pwo)#—%l( v+ A)” 7L+2A<p’l/)

v

) 1
—en + (62 - 212(—1/1+A)_n+r2> tr, g + %( v+ A" iz try, Wy

—up (1= 8)v — o — s))%
> —en + n(
—O Ajss

In the above, we used that, according to our choice of € and A, we have:

eé> n—}—lA_n}r2 > n+1
27" n+2

(o A)

On the other hand

n—+1
n+2

(= + A) 772 (~0).

0P = e((1— 6)0w — Dyp) — (=t + A) "2 (—9))
n+1

n+2

< e(—=0p) —
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Therefore
(2.11)
L8 = ~0,8 + (—00) A 2 —e(n -+ 1)(~040) + () + A) T (-0)
A+ (= =g D
> —e(n+1)(=0p)
+ T = il 1A-7”+“1(—1/1 +A)” 'L+27}"+1 (1 =08)v—p—3)(—dp).

n + 2 J>S76
Note that according to our choice of €, we have that

—€ 4 nntt A "+1€ n+1 > 0.

n+2 7,8,0

Therefore L& > 0. Since we have chosen s > [|n;((1—0)v—p—s)||z~ for large
enough j, we have that ® < 0 for t = 0. Hence ® < 0 for all (t,z) € [0,T]x M
by maximum principle. O

As a direct consequence of Lemma 2.6, we have

Corollary 2.2. There exist constants 5y > 0, C' > 0, depending only on
dimension and background metric, such that for any s > ||((1 — d)vo — po —
$)T ||z and any 0 < 6 < 1,

n+2

sup / eXp(ﬁoA n+1 ((( 5)’0 —p— S)+) ntl )WO < exp(05 (n+2)A )
tefo,1] /M

Here
Ags = / (1 =0y — ¢ —s) el widt.
[0,T]x M

Using the above weighted Moser-Trudinger inequality, we would like to
estimate sup,,((1 —d)v — ¢ — s). Before we can do that, we wish to estimate
(1—0)v—p—sin LP for any p < co. For this we have the following lemma:

Lemma 2.7. Let o solve (2.1) with the right hand side e¥' € LP([0,T] x
M, wydt). Let 0 < § < 1, and we assume that v is a function on [0,T] x M
such that 0w <0, wy + /—100v > —ng. Let sg be chosen so that:

1. 50 > [|((1 = 8)vo — o)t L,
2. Agys <02
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Then for any p > 1, we have

+ T
(1 =0)v =9 —5) |lzopay < C(P)ASS
Here C(p) depends on dimension, the background metric, p and T .

Proof. According to Corollary 2.2, if sy satisfies the assumptions (1) and (2)
above, we would have:

n+2

__1
sup [ exp(Bod J (1= 80 — 9 — ) ) ) < €.
tel0,T) v M

Here the C' depends only on dimension and background metric. Therefore,
for any positive integer p, we have that:

n+2

sup [ EBLATTT(((1— )o — - 5)") P < C.

tefo,r] P!

7’1 X w“ t (& l ] 8 4 +

242, the result then follows. O

If we put p’ = "=p,

Using this, we can conclude that

Lemma 2.8. Under the same assumption as Lemma 2.7, we have that for
any n < m, there exists a constant By, depending only onn, T, |lef'||Lro,
the background metric, and the dimension, such that for any s > sg, r > 0,

TV0l(Qstr5) < BgvolH”(Qs).

Proof. Let > 1, we use Holder inequality twice in the following and get:

Ags = / (1 =0y —p—s) el wpdt
[0,T]x M

+
< (X = 0)v — @ = 5) " [l Lo @pany 1 || oo wpary

< ¥ ro || (1 = 8)v — o — 8) " || Lanswol 05 (Q2 ).

Using Lemma 2.7 we get that

1((1 = 8)v = = ) Il aos < Clao, B)ALS -
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So that

s F =(1-3)
AL < e [lpeC(qo, B)vola™ 27 ().
On the other hand

(1= 8)v — ¢ — ) [ <vol 3 (Q)][((1—d)w — —5) s
1 1

< vozl—B(Qs)Ol(ﬁ)A;gQ

< CL(B)CT (0, B) " | i vol Fwmm) R ().

B

On the other hand,
(1= 00— = 5) 12 > rvol(Qairs).

Therefore,

r00l(Qars) < C1(B)CT (g0, Bl | Frdvol Faw =8 (Q,5). O

)

Using Lemma 2.5, we can conclude the following proposition.

Proposition 2.4. Let ¢ solve (2.1) with the right hand side ef” € LP°(]0,T] x
M, wydt). Assume that v is a function on [0,T] x M such that o < 0,
wo +/—190v > —gwo. Let sg be chosen so that:

1. 50 > (1 = 8)vo — o) ¥ ||,
2. Agp5 < O"F2

Then for any p < we have

q0(n+1)’
sup((1 — 8)v — ¢) < s+ C(vol ({(1 = d)v — ¢ — 5o > 0}))".

Here vol(E) = [pwydt for any measurable subset of [0,T] x M. Here C
depends on the choice of u < qo(iﬂ), an upper bound for ||eF||e0, T, the
background metric, and dimension.

Proof. We wish to apply Lemma 2.5 with ¢(s) = vol(£25s). Then we have
that ¢(s) =0 for s > 2B°¢U(S°) + sp. This precisely means that:

2Byo"
sup((1 —d)v —¢) < 10_¢42(_S7;)) + 0.

Note that according to Lemma 2.8, n can be taken to be any value less than

1
qo(n+1)" O
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We further note that if v is bounded:

vl @) [ (1=0)0—p) it < — (=) -+ mvol ().

80 50,0

Therefore, if we choose sg so that sg > 20]|v|| L=, we would have that
2 +
(2.12) vol(©so.0) < (v = @) e

Therefore, we have the following consequence of Proposition 2.4:

Corollary 2.3. Assume that v < 0 and v is bounded, with wy + V=100v >

—gwo. Assume also that sg is chosen so that

1. so > ||((1 = 6)vo — o)l e,
2. ASO,J S 5n+27
3. 50 > 20[|v||pee.

Then for any p < we have

90 (n+1)’

sup (v — @) < s+ 380" (v — ) *[|1x
[0,T)x M

Given 0 < § < 1, the set of s satisfying (1)—(3) above are given by
[$4(0), +00), where s,(0) is the infimum of s¢ satisfying the above 3 conditions.
Therefore, from the above corollary, we get that

. — ) < i i oMl =) T1%).
(2.13) o (=)< i Inf o+ Coso "l = @) l1)

Next we will estimate s,(0) for any given 0 < ¢ < 1, then we will choose a
suitable §. We make the following claim:

Lemma 2.9. Given 0 < § < 1, and given 8 > 1, there exists a constant
C1(B), depending on the choice of B, such that

_gqo(n+1)

(2.14) 5.(8) < max(2||(vo— o) tl| 1, 26| 0]z, C1(B)S 7 [[(v—) || 1)-

Proof. Clearly we have that s.(d) > max(||((1 — §)vo — ¢o) T ||, 20||v|[ze)-
From now on, we will denote s, (J) simply as s, for the simplicity of notations.
If we have > holds in the above, then we would have A, 5 = "2 On the
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other hand,

Avs= [ (=0 —p—s) e ugat< e ol(L =) =0 = ) o
é

Sy

11
< e oo || (1 = 8)0 = @ = 8.) " || Lowo vol w5 (), 5)

_1
< (€7 [l C(B, go)e 0" Aees AT polw 3 ()

L(l_l)
—(n+2) /2 0 B
< e[ C(B, go)e™® " As AT (S—”(U - 80)+||L1> :
*

Some explanations for the above string of inequalities are in order.

In the first line, we used Holder inequality with exponents py and ¢g. In
the second line, we used Holder inequality again with exponents § and %
In the third line, we used Lemma 2.7. In the forth line, we used (2.12).

Since we have that A, 5 = "2, we get that

L(l_l)

" 2 q0 B8
< el CB.a0) (N0 = )"l

|
In other words, we get

_ qp(n+1)

se SCUBS T (v — @)

Therefore, we have that

_ap(n+1)
5+(8) < max(|[ (1 = 8)vo = o) " [[1e, 20|[l| e, C1(B)S 7 [|(v = @) F[|11)
_qo(n+1)
< max(|[(vo — o) "[lz= + dllvollzee, 20 v]|Loe, CL(B)S 7 [[(v — @) F|11)
_4o(ntl)

< max (2] (vo — o) |, 20 [[v]| e, C1(B)S B [[(v = @) F|I1r). O

Next we will combine (2.13) and Lemma 2.9 to estimate sup(v — ¢). That
is, we will minimize infos5<1 inf >, (5)(So+Cs50 " ||(v—) T ||}1) subject to the
constraint given by Lemma 2.9. We eventually obtain the following parabolic
analogue of Theorem 1. 1 in [13]:

Theorem 2.1. Let ¢ solves (2.1) with initial value @y such that the right
hand side e’ € LPo(widt) for some po > 1. Let v be a bounded function
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defined on [0, T) x M such that Oyv < 0 and wy ++/—100v > 0. Then for any

1
&< Tt

sup (v — ) < Cmax(||(vo — o) [z, [[(v = ) T(|71)-
[0,T]x M

In the above, vy = v|i—g and C depends only on the background metric,

e || ro, T, n and choice of a < m.

Proof. Since we know that both v and ¢ are bounded in L* with the said
dependence, we may assume that ||(v—¢)" |11 < 1, without loss of generality.
1

Take § = [[(v — )T 1" . We take 3 > 1 large enough such that 1 —

%1_1% > «a. Let C1(8) be the constant given by Lemma 2.9 with

this 5. Now we define Cy = max(2||v||z~, C1(3)). We wish to define

(2.15) S0 :max(2||U0 —800||LW704||<U_‘P)+H%1)'

We would like to use (2.13) to estimate sup,,;(v — ¢) by taking § and s¢ as
specified above, where we take u so that a = ﬁ Of course we need to verify
that sp > s.(0).

Once this is verified and so = 2||vg — oz, in (2.15), namely 2||vg —
©ollzee > Call(v — @) F]|%1, we get from (2.13)

sup (v =) < 2l|vo — ol + C3(Call (v — )" [132) "I (v — @) *II%:
[0,T]xM

< 2|[vo — @ollz= + C3C; ¥ |(v = @) TlIEs < (242035 H) oo — ol -

If so = Cyl|(v — ) *||91, then from (2.13),

sup(v — ) < Cul|(v = ©) "2 + Cs(Cull(v = @) 150) "l w — o) I
< (Ca+ G5O NI = ) Tl

So we just need to verify that so > s.(6), for which Lemma 2.9 will be needed.
It is clear that we only need to show that:

_qo(n+1)

Cull(v = )11 = max(20|[ollz=, C1(B)5 7 (v = @) [l1a)-

This is clear from our choice of §, Cy and § made at the beginning of the
proof. O
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Using this theorem, we can prove Holder continuity in time. Indeed, we
may define

(2.16) ore(t z) = - /t " o(r2)dr

€ Jt—e

Here we have extended ¢(t, z) = ¢o(x) for t < 0. Then we have that 91, < 0
and wy + v/ —100¢1, > 0. Moreover, because of the extension we chose, we
have that ¢ ((0,2) = . Therefore, by taking v = ¢ ., we get that for any

1 .
@< 14+qo(n+1) "

(2.17) sup  (p1,e — ) < Cll(¢1e — )50
0,7 x M

But we note that ¢; . > ¢, we get

1 T t
lore — ol = —/ dt/ / (1, x)dTwl —/ o(t, r)wydt
e Jo t—e M 0,T]x M

- % /_OE /M(T + €)o(T, r)widr + % /TT_E /M(T — 7)o(r, z)widr

T
- / / o(t, x)w dt.
T—eJM

Now it is clear that
||¢1,e - QOHLl < Ce.

Therefore, Theorem 2.1 implies that for any a < we have

1
14+qo(n+1)”°

1 t
—/ o(r,x)dr — o(t,x) < Ce®, (t,x) € [0,T] x M.
t

€ Jt—e
The Holder continuity in time is implied by the following lemma:

Lemma 2.10. Let f(t) be a decreasing function on [0,T]. Assume that there
is Co > 0 such that for any € > 0 and any t € [0,T], it holds:

LY feydr - £ < Coee.

€ Jt—e

Then we have
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Proof. We may calculate

Cor 2 [ gy g t)-ljttedf/t(—
/tt—_ dT/ ))ds> = /tt__ dT/_ _%/tié(_

Therefore, for any t > s, we take € = 2(t—s), the claimed estimate follows. [

i
2

Hence we obtain:

Proposition 2.5. Let ¢ solve (2.1) with the right hand side e¥' € LPo(widt)
for some pg > 1, then for any a < m,
p(t,2) — p(s,2)| < Clt — 5|7,

Here the constant C depends only on |e¥'||ro, the background metric, the

. . . 1
dimension, the choice of a < T (nF 1)’ and T.

In order to estimate the regularity of ¢ in space, we need Demailly’s ap-
proximation technique in [4]. This construction is a substitute for the standard
mollification of a function in Euclidean spaces. Indeed, if u is a psh function
defined on a domain ) C C” then on a suitable subdomain of 2, we may
define uc(z) = [p_o) u(z— e (‘wl )dV (w). Here dV (w) means the standard
volume form on C™ and p is a smoothing kernel such that [.. p(|w|)dV (w) =
We would automatically have that u. is also psh and ue — w.

However, things are getting subtle on a manifold and instead, one needs
to consider:

Q1) pal)= [ ulex px<c>)€np(’i‘2 JavaQ), we M.

Here u is a psh function on M and p : R — R is supported on [0, 1]
such that [, p(|z|) = 1. However, if we do this, we lack good control over the
lower bound of wy + v/—199p.u. In order to have good estimate on the lower
bound of the complex Hessian, we need to consider the Kiselman-Legendre
transform, as was done in [1] and [6]:

Uc7e(x) - lnf <psu($) + K82 — K62 — Clog<§)> .
- €

Here ¢ > 0, K > 0. We need the following facts:
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Proposition 2.6.

1. ([4], Lemma 2.1) For K large enough depending only on the back-
ground metric, s — psu(z) + Ks? is conver and increasing such that
limg o+ (psu(z) + Ks?) = u(z).

2. ([4], Lemma 2.1) Assume that w is wo-psh, then there is a constant A
large enough depending only on the background metric, such that

wo + \/—185(]0,E > —A(c+ 62)wo.

3. ([4], Lemma 2.3) There is a constant C' > 0 depending only on the
background metric and ||u| g~ such that [, |peu — uwf < Ce?

4. ([1], in the proof of Lemma 1.12 and in particular, equation (1.16)) For
some ¢ >0, C >0, ¢ > 0 depending only on the background metric,
it holds that: for any z € M, if we choose normal coordinates at z
(meaning (wo);;(2) = dij, Vg;3(2) = 0), then for any e < €

peu(z) —u(z) > %/ Au(2)dV (2) — Ce.
€22 Jp(..5)

Here Au = Y"1, % and B(z,5) is a ball under the normal coordi-
nates.

Remark 2.1. The point (4) of the above Proposition can be reformulated as:
There exists €y > 0, such that for 0 < € < €y, and any coordinate chart
U, we have that

c
pEu—uZT/ Au(Z)dV (2) — Cé
s BV E)

holds for any z € V. .CC U. Here A = >, 8228725 Indeed, by choosing

a local potential py with wy = \/—_1(98_p0 such that \/—_1(95(u + po) > 0, the
A(u+po) operator calculated under different coordinates will bound each other
by a positive multiple. So point (4) will still hold, possibly with a different
choice of the constants (but still only depend on the background manifold and
metric).

Let (¢, x) be the solution to (2.1), we wish to apply the above approxi-
mation to ¢(t,z) for each ¢ € [0,T].

Indeed, let v = a if a <
define

1 = 1
and’y<mlfozgm,we

1
14qo(n+1)

(2.19) Ye(t,z) = inf (pscp(t, z)+ Ks* — Ké* — ¢ log<§>>.
€

0<s<e
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Then from Proposition 2.6, we have that for 0 < e < 1 and A > 0 depending
only on the background metric:

wo + V—100p. > —A(e” + €%)wy > —2A wy.

Next we will choose § = 4A€”, then we have wy + \/—185@6 > —ng,

hence it follows from (2.13) that for any p < m:

(2.20) sup (@ — ) < inf (so+ Casy"||(0e — ) |I1).
[0,T)x M 50>54(6)

We have the following estimate on ||(¢e — @) " ||z

Lemma 2.11. Let ¢, be defined by (2.19), then we have

(e = ) Fllr < Ce?.
Here C' depends on the background metric and T'.
Proof. We note that, by taking s = € in (2.19), we have that
Pe(t, ) < pep(t, ).

Therefore, if we use point (3) of Proposition 2.6, we get that

/ et — | (t, z)wf < Ce.
M

Here C depends only on the background metric. Hence if we integrate in ¢,
we get that

/ |pe — plwpdt < CTe O
[0,7]x M

Hence (2.20) implies:

(2.21) sup (pe — @) < inf (sg + COysye).
[0,T]x M 5025+ ()

We need to plug in a suitable value of sy, hence we need to estimate s.(9)
using Lemma 2.9. With our choice of § = 4A¢€7, we get from Lemma 2.9 that:

- 2vqg(n+1)

(222)  5.(6) < max (2 (peo — ¢0) o= 8A pcll o, CalB)e. P 7 ).
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Since ¢ € C%, we get that

(2.23) Pen — 90 < pepo — po < Ce* < C€.
Moreover, since ¢ € L™, we would get

(2.24) ledlze < llpllze + Ke? < lollze +1.

Finally, since v < we see that, if we choose § > 1 large enough, we

1

TFgo(nt1)’

may secure that 2 — % > . Hence if we combine (2.22)-(2.24), we get
E

that
(2.25) 54(0) < Cse.

Here C5 depends on ||¢||r=, T, the background metric, the C* norm of (.
Hence if we use (2.21), and we take s.(d) = Cs¢?, we obtain that:

(2.26) sup (pe — @) < Cse” + Cy(Cse7) e,
[0,T]x M
Note that v < m, we see that if we take p sufficiently close to m,

one can make 2u — yu > 7. Therefore, we get

Lemma 2.12. Define ¢, according to (2.19). Then we have, for any choice
of v such that v < & and v < m, we have:

sup (pe — ) < Ce.
[0,T]xM

Here C depends on the choice of v < the C% norm of po, T and

the background metric.

1
1+qo(n+1)’

Using (2.19), we get that:

Lemma 2.13. There exists 0 < 8 < 1, such that
pocp(t, ) — p(t,x) < Ce.

Here 0, C have the same dependence as in Lemma 2.12.

Proof. Let us go back to (2.19) and we consider two cases: 0 < s < fe and
fe < s <1, where 0 < 8 < 1 to be chosen.
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First, if 0 < s < fe, we see that, since s — pyp(t,2) + Ks? is monotone
increasing and tends to ¢(t,z) as s — 0, we obtain that

1
psp + Ks* — Ke* — e”’log(s) > p(t,r) — Ké +e7log<0>.
€

If fe < s < ¢, then we have:
psp + Ks* — Ke? — ¢ log(s) > ppep + K(0€)? — Ke® > poep — Keé2.
€
That is, from Lemma 2.12:
. 2 1 2
Ce" > v — ¢ > min| —Ke* + € log g Pocp —p — Ke? ).

Now we wish to choose # > 0 small enough so that log(%) — K > C, so that

—Keé+¢€ log(é) >l <log<é) — K> > Ce.

Hence with this choice of 6 we get
pocp —p < K+ 0 < (C+ K)e. =

Let U be an open neighborhood of M which is biholomorphic to a domain
in C". Denote the local coordinate on U to be (z1,22,...,2,). Let V.CC U,
then from point (4) of Proposition 2.6 and Remark 2.1, we see that, there is
€o > 0, such that for any 0 < € < ¢g and any z € V', we would have:

C

Ce’ > Poep — P = (Qe)m /B(Z oe Acp(t,z/)dV(z/) — Cé.

Then the desired Hélder continuity follows from the following elementary
result:

Lemma 2.14. Let u be a bounded function defined on Q C R™ and Q' CcC Q.
Assume that there exists ro > 0, Cy > 0, 0 < o < 1, such that for any z € €,
any 0 < r < rg, we have

/ |Aul(2")dV (') < Cor™ 2.
B(z,r)
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Then

sup |u(z) — u(y)| < Clo —y|*.
z,ye)!

Here the constant C' depends on dimension, ro, dist(2',09), Co, and ||u|| .

Proof. Choose €y such that Q' CC Q; CC . Denote f = Au, we define
u@) = | fW)G@y)dV(y).

Here G(x,y) is the fundamental solution to A in R". Let us assume that
n > 3 so that we have G(z,y) = cu|z — y[*™. Then A(u — @) =0 on £ and
Au = f. We just need to do Holder estimate for u. Choose x1, x2 € €' such
that r = |z — 25| < 1%. Denote z, = § (1 + x2), we can then compute

(2.27)
ie) (o) = [ JGE@naVe) - [ )GV ()
B(z,3r) B(z.,3r)
- F)(Gla1.y) = Glaz ) aV ()
Q1 —B(z+,3r)

For the first term above,
(2.28)

[ WG| < [ el - rave)

B(z.,3r) B(x1,4r)

4r 4r d
= [Cewrde [ sl )= [ en 5 (fwlavi)
0 OB(x1,p) 0 P JB(z1,p)

4r
=t [ U@V + [ en =20 [ IV

(221 7,0)

4r
< cn(4r)27"Cy(4r)n 2T —i—/o cn(n —2)p " Cop™ 2T < Cr™.

The estimate for the second term is the same. We now look at the last term.
First we note that for y ¢ B(z.,3r), it holds:

Gl1.9) = Glazy)] < o1 = aal sup [VaG((1 = ) + t2.)

< Culwy — ao| sup (1 —t)ay +twg —y|' ™" < Cl oy — wo|ws —y[* "
0<t<1
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Therefore,
/ FW)(G(z1,y) = G(x2, ?/))dV(y)‘
Q1 —B(.,3r)
< F@)ICrla — y V()
Q1—B(x.,3r)
(2.29)
<cu(/ £~ o'V ()
B(4,70)—B(,37)
+ F)lle. — y|1ndv<y>).
Q1 —B(z«,70)

In the first term above, we have:
(2.30)

Fwlle. =y V)= [ dp [ |lani)
3r OB(z+«,p)

_ o 1—-n i 1—-n
= [ ey [ v < [ )
[T [ v < [ 1wl

T B(z4,r0)

B(x«,r0)—B(x+«,3r)

+ [ (n—1)p "Cop" *dp < C(ry) + Cr— 112,
3r
For the second term in (2.29), one has
e [ e ol V) <o @)V ().

Ql—B(I*,To)

Combining (2.27)-(2.31), we would get that |u(x1) — u(za)| < Cr®. O
3. L*° estimate for more general parabolic Hessian equations

In this section, we would like to generalize the above L™ estimates to more
general Hessian equations:

f(_aﬁOv )‘[hw]) = €F7

(3.1)
@\t:o = ¥0-

F(Aos A1, ..o, An) is a O function defined on a cone I' C {(Ag, ..., \n) :
Yo Ai > 0}. Here (hy)5 = g™ (94) ;% The eigenvalues of () do not depend
on the choice of local coordinates, which we will denote as A[h,].
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We also assume that I' contains the positive cone I'y given by
{Moy -+, An) = Ao > 0,..., A\, > 0}. Moreover, we assume the following con-
ditions, similar to the conditions assumed in [14]:

1. g—/{>0forany0§i§n.
2. f is a symmetric function in terms of Ay, ..., A,.
3. For some ¢y > 0, we have 0o f det(z;- 8f ) > ¢g on the positive cone I',.

4. For some Cy > 0 such that 37\ 2L T

Remark 3.1. The first condition above just guarantees that our equation
s parabolic. The second condition is a usual assumption for Hessian equa-
tion. Note that condition 4 can be guaranteed as long as f is a homogeneous
function in terms of its variables. The above considered parabolic complea:

< Cyf on the positive cone I';.

Monge-Ampére equation is only a special case by taking f(N\) = (II7_y\; )n+1
where ' =Ty = { Ao >0, ..., A\, > 0}. We can give a few examples which
satisfies the conditions (1)—-(4) above:

Example 3.1. Let f(\1,...,\,) be a positive function defined on T' which
is contained in {(A1,...,A\n) 1 >; A\i > 0} and contains {(A1,...,\n) @ N >
0,1 < i < n}. Assume also that f satisfies the conditions assumed in [14],
namely gf >0 for 1 <i<mn, f symmetric in A,..., A\, det(%) > ¢g and
SN 75, < Cof on the positive cone.
Then the function (Ao, ., M) = (Mof (A1, ..., An)) ™ satisfies the con-
ditions (1)-(4) above, as a function defined on {\g > 0} x I'. In particular,
g oy M) = ()\Oak A, A))™ for 1 < k < noand g(ho, ..., \n) =

(Ao(%)%)nﬂ for 1 <1 <k <n satisfy conditions (1)—-(4).

Example 3.2. For any 1 < k < n+ 1, define f(\) = (0x(Xo, ..., )%, or
fQoso o An) = (Z(Xo, - - ,)\n))ﬁ forn >k > 1> 1 will satisfy the above

conditions.

In order to establish the L> bound, first we wish to establish the analogue
of Proposition 2.2:

Proposition 3.1. Let ¢ be a solution to (3.1) such that @ is bounded. Denote
As = Jorxm(—¢ — s)tel'widt. Then there exist constants By > 0, C' > 0,
depending only on the background metric, the structural constants cy and Cy,
such that for any s > ||¢ol| L,

__1_ n+2
sup / ehods " (o= ) n < Crexp(CE).
tel0,7) v M

Here E = [jg 7y, 0 (— ©)emtDFndt,



2900 Xiuxiong Chen and Jingrui Cheng

Similar to Proposition 2.2, we let ; be defined as:

nj (—(,0 _ S)e(nJrl)ng
A )

J»8

(O, =
Yjle=0 =0

Lemma 3.1. There exist constants ¢ and C, depending only on dimension
and the structural constant cq, Co from f, such that

1 n+2

end; T ((—p = 9)T) < =+ Cudys.
Proof. The calculation follows similar lines as Lemma 2.2. We define the
operator L to be:

of
Ohij
The following calculations are done pointwisely at any z € M, and we assume
that the local coordinates have been chosen so that g;; = d;5, so that under
this coordinate, one has:

Lu= —80f8tu +

g“_caj,;u.

of
Lu = —80f8tu + leaﬂu

ntl 4o ol .
We choose € = (255 )z Cy "2, A = e_(”+2)(%Z—ﬁ)”+2 and we simi-
larly define

O =e(—p—s)— (=) + A)it2.

Then we can compute

+1 __
(3:2) 0% = c(~0g) = T (— + A)7T (<00,
Also
n + 1 __1 n + 1 _ n+3

(3.3) @5 = _E%‘j_n+2(_¢+/\) mt (‘7/)ij)+(n+2)2(_1/’+/\> nR ;.
Therefore,

of . _ of n+l1 B _;Zﬁ )

T A T e L B T

]
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n-+1 ne3 of
T (TL—|—2) ( 1/} A) + ijwzwj
of of n+1 of
> B j 7 n 2 o
> Eahij(uJ) T (oA ¥ ahij(%)”
n+1 o Of
RS i Dhi; T

Combining, we get

n+1

s (U A) TR (0)

of n 1 aNOf
ahij(wd))ij‘f'(e n+2( Y+ A) +>ahijgij

According to our choice of constants, we have

0
LD > —e<3t¢aof+ hf (w @)ij) +
ij

n-+1
n+2

(—+ )7

62n+1A7n+r2.
n—+2
So that
0 +1
L0 >~ + 5 (p); ) + g (-0 + A) 00 (—00)
n+1 of _
+n+ (= +A)” w2 ahij(ww)ij'

Now we assume that ® achieves positive maximum at (to, zg). As before,
® < 0 at tg = 0 because of our choice of s, so that we must have ¢ty > 0. Then
at (to,zg), it holds:

atq)(tOMTO) > 07 (I)Z‘j(to,l'(]) < 0.
It follows from (3.2) and (3.3), we have
—0yp(to, w0) > 0, (wo)i; + ¢y5(to, zo) > 0.

In particular, this means that (—0y¢(to, o), (Wy);j(to, ¥0)) € T'y. Here we as-
sumed to have chosen holomorphic normal coordinates at xy so that
(wo)i5(z0) = dij. At (to, o), we have

0
I (w05 < Cof,

(3.4) OO f + — he,
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(35) 80f det (aahf> Z Co.
1]

This would imply that

L > —eCof + %( W+ A) T2 0o f(~0r)

0
50 ),

> —Cof + i (— + A) O (<0)

+ nZi 1( v+ AN)Tw (det(aahj;) det(ww)ﬁ))%

3.6
(36) > —eCof + %1( v+ A)” "+280f(_at¢)

n4+1 jg(—¢—5V¢”HWA?‘%
A (i T

5~ +A)” 20 f (—0n)

n—|—1

+n

1
:—eCof+n+

n+1

(Dof)7 (—0) =

Some explanations for the above string of inequalities are in order. In the first
line, we used (3.4). In the second line, we used the Arithmetic-Geometric-
Mean Inequality. In the third line, we used (3.5)

Therefore, we get

1

+ MCO%A;E (—¢ + A)_ﬁ ((_SO - S)+)

n+2

S~

1
n

Lo > p—— ( Y — N) 290 f(~0)
+n§1n—:21) §AST (— 4+ M) ((—p — 8) ) T (—0) w5 (B0 f)

Now we use the inequality that for each y > 0,

Ay + By~ > 0~ A Bt

Here y = (~0)%, A = 2Eh(—p + A) 7200f, B = "G AT (—p +
A)_”;”(( —s)H)a (0 f)_%. Therefore, we get, at (to, zo).
1 = U
Lo Z n 4+ 6L+1 (_w 4 A)*ﬁ((_(p _ S)+) 1 As n+1 f

n+ZC
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Note that since ®(to, x¢) > 0, we have that

1

(=) )T (= + A) 77 > o,
Therefore, at (¢, zg), we have

1
0> L® > —cCof + i A, 7 £ > 0.
n+2
The last > 0 follows from our choice of € and we get a contradiction and we
must have & < 0. O

As a direct consequence, we get that

Proposition 3.2. Denote Ay = [ 7,0 (= — s)TetDEundt. Then there
exist constants By > 0, depending only on the background metric, the struc-
tural constants co, Cy and n, such that for any s > ||@o|| L

__1_ n+2
sup / ePoAs +2((_¢_S)+)"+1w3gC’eXp(C’E).
tel0,T] J M

Here
E=[ (o)
[0,T]x M
We still lack a uniform bound for the term E. In the case of complex
Monge-Ampere, we did it quite easily, using the exponential integral bound
for the wg-psh function. However, in the case of complex Hessian equations,
all we have is that (—0dyp, A[hy]) € T', and we no longer have an exponential
bound for the solution ¢. So we have to work harder to achieve this bound.
To be more precise, we have the following estimates:

Proposition 3.3. Let ¢ solve (3.1) such that the right hand side satisfies
Ent,(F) = f[o T]XMe(”+1)F(|F|p + Dwidt < oo for some p > 0. Then we
have:

1. If p < n+ 1, then there exists a constant Py, which depends only on
the structural constants cq, Cy, background metric, and upper bound for

Enty(F), such that

n+1

sup [ exp(o((—¢)*) )l < C.

[0,7] /M

Here C' has the same dependence as €, but additionally on T and ||¢o|| e .
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2. If p > n+1, then for any N > 0, there exists a constant By, which
depends only on the structural constants co, Cy, the background metric,
and upper bound for Ent,(F), such that

sup / exp(Bo((—) ") My < C.
telo, 7]/ M

Here C' has the same dependence as €, but additionally on T, ||¢ol| L=
and the choice of N.

The proof of this proposition follows similar ideas as the proof for the
Moser-Trudinger inequality above (Propositions 2.3 and 3.2).
Let ¢ be the solution to the following problem:

e(n-l—l)F(FZ + 1>§w61
Joryxm e DF(F2 4 1)2wpdt’

(3.7) (‘@WWZ =

Y=o = 0.

Note that the integral of the right hand side of (3.7) is 1, and the initial value
of ¢ is 0, Corollary 2.1 implies that

(3.8) sup / e WYy < C,.
tefo,r) /M

Here both ay and C' depends only on the background metric.
We have the following lemma holds:

Lemma 3.2. Let ¢ solve (3.1) and s > ||po||L We have:

1. If p < n+1, then there exist constants €, A, depending only on the struc-
tural constants ¢y, Cy, background metric, an upper bound for Ent,(F),
such that

n+41
e(—p—5) < (—Y+ A7 4+ C.
Here C' has the same dependence as €, A, but additionally on T.

2. If p > n+1, then for any N > 0, there exists constants e, A, depending
on the structural constants cq, Cy, the background metric, an upper

bound for Ent,(F), and N such that
e(—p—s) < (v + )Y +C.

Here C has the same dependence as €, A, but additionally on T.
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Proof. For p < n+ 1, we choose « = 1 — and if p > n + 1, we choose

o= % We define

_p_
n+1’

p=—et+e(—p—5) = (—b+A).

In the above

1 @ w1 L 4o =
€= ?O(n+1)a(nfl> (CoEntz:l(F))" 1A= (—) .

Then we may compute

of &
Lp = 0 (—p0) + 2L gp 5 = —00f (—e — edup — a(— + A)*}(~0))

6hij
+ 8}{49%(—6@]‘,; + o=y + A)o‘_lwﬂC +a(l — a)(= + A)* *Y0z)
ij
> —€dof(—Oup) + €dof + a(—v + AN)* 0o f(—0) + € ;hf -(—1)[hy]]
ij
) of )
et ba(—p+ A ahfjg%wjk —a(-prapi ol

Because of our choice of ¢ and A, we have that

(3.9) > aAt

DO ™

So that in the above,

of

a—1 af > E af

—a(=yY+A)

€

So that we get

Lp > —€do f(—0ip) + €00 f + a(—th + N)* '8 f(—0u)

of _ i _ aflﬁ ik B fﬁ

+

Assume that p achieves positive maximum on [0,7] x M at (to,zo). We
may choose a neighborhood of z( such that it is equivalent to a ball B,,(xo)

under local coordinates. We choose 6 = min(1, %), and let n be a cut-off



2906 Xiuxiong Chen and Jingrui Cheng

function on M satisfying the following conditions:

100 106
n(zg) =1, n=1—-0,on M — B, (x), |Vn| < —, D) < -
0 0

Then we can compute

of i of ik
P! “pipr + ¢’ Ln + 2¢" Re (87”9 kpjnk)

9f
6hij

L(efn) = e’nLp + €1

> —een <3of(—at90) + [hso];") +e’edofn

af & )
+efa(—p+ 0 (f(-00) + g ey ) +ers 2
v it

of ik of ik
+ e’ Ln + e”naTijg *pipr + 26”R€<87ij9 ’“pjm;)-

In the last term above, we can estimate:

2e” Re < of

- of & Of .
3 ik 1k
ahijg pmk) > —e ——g"pjpy, — epfahijg 057k

8hij
of = 10062 oOf

> _pP tk oo P

> —€ 3h~g Pi Pk 7“8 e Oha;

v

Also
, 0f 100

e’Ln > —e
Therefore

L@n) = —eern(f(-0) + 50

+ e’ fn+ ePa(—p+ A (80f(—8ﬂ/)) + %(ww)u')ﬁ
ij

0 1006 10062
+ef / (E —)7].

e | - — — —
Ghijg” 2 7“8 ’I"%

Because of our choice of ¢ and 6, we have that

e 1000 10062

(3.10) S >0,
To
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Therefore

of
8hij

L(ePy) > 6977<—680f(—0t<,0) — =L [hy]i + edof

(3.11) ]
+a(—y+ AT <5of(—5t¢) + %gik(ww)jk>)'

If we put u = efn and denote the right hand side of (3.11) to be R, then
(3.11) is equivalent to:

1
—u> —R.
032 ot

We wish to apply the parabolic Alexandrov maximum principle (Lemma 3.3)
in [0,7] x By,(xg) so that

sup efn < max( sup e’n, sup e 77)

[0,T]% By (o) [0,T]x 0By (o) {0} x By (z0)
3.12 1 p—\2n+1 1
(3.12) +CTO</ Mu)gdt>%ﬂ.
E (det(%ai{j)ﬂ

In the above, R~ = max(R,0), E is the set of (t,z) on which du > 0,
D?u < 0. Without loss of generality, we may assume that

(3.13) sup p=K >0.
[0,7]x M

Also from our choice of g, we would have supy 7). By (o) €11 2 ef. On
the right hand side, we have

(3.14) sup e’n < (1 —0)eX, sup e’n < 1.
[O,T]XBBTO (z0) {O}XBTO(mo)

The second inequality is due to that, according to our choice of s, we have
p < 0 for t = 0. It only remains to estimate the integral in (3.12). We claim
that:

Claim 3.1. On the set E, we have that O,p < 0, wo + /—100¢ > 0. In
particular, we have that on E, (—0wp, A[hy]) € I'y. (the positive cone)

Indeed, on the set F, we have that dyu > 0, u;; < 0, which translates to

0 < du = ePdypn = e (—e — edyp + (= + A)""latw)7
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Note that 0y < 0, we immediately have 0;p < 0. On the other hand,

0> u;; = ep;z + € pip; + €’nz + € (pin; + p3mi)
> e (—ep;; + a(—1 + M) "5 + a(l — a) (=¥ + A)* i)

1000
+ ePpip; — epr—ggzj — P pip; — ePnny;
0

> e’)<—e(gi3 + ;) Fa(=y+ A)“*l(gi; +55) + <e —a(=y + A)>!

1000 10092> )
r3 3 g
Note that because of (3.9) and (3.10), we have that € —a(—¢+A)>~1 — 18—89 -

10T%02 > 0. Also we have g;5 +¢;; > 0, therefore g;; + ¢;; > 0 and the claim is

proved.

The above Claim 3.1 guarantees that we can use structural assumption
(3) and (4) to estimate the integral on the right hand side of (3.12). We first
have that

(LR— 2n+1 —\2n-+1
/ ((dof ) w"dt:/ 80f(R ) n It
E

- i} )
det(gy )2 B (9o f det(g))?

(3.15)
< / 200 f (R7)wpdt.
{R<O0}NE

Now we go back to (3.11), and find that for (¢,2) € E, we have, using the
structural assumption on f:

of

I <
8}%3 [hﬂé’}l — Cof

o f(=0p) +

Also from Arithmetic-Geometric-Mean Inequality:

of & of LA
o f(—0) + ahijg Mwy)ji = (n+1) (8of det(ahij>(—8ﬂ/})w%€>

> (n+ 1)(60Ent;1(F)e(”+1)F (F?+1) 5) =
Therefore, on the set E, the right hand side of (3.11) satisfies

(3.16)
R >efnf <—€Co+6807f+a(n+l)cg?Ent;"_“(F) <F2—|—1)2(nil><_w+A)a—1>.
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Therefore, on the set £ N {R < 0}, we have that
0of < Cof, (F2+ 1) < cCoa(n+1)""ey ™ Entg (F)(—p + A)=°,
R~ <efnf(eCy).

Therefore

nt1 1 1 (A=) (n+1)

(3.17) f =" <exp((eCoa ™ (n+1)"1)7 ¢g "Ent (F)(—0+A)» ).

Combining (3.16) and (3.17), we may continue the estimate in (3.15):

/ C[J_anf(R_)2n+lwgdt S/ CSZOOf(GOO>2n+1€(2n+1)pf2n+1wgdt
{R<O0}INE 0,T]xM

< / 06262n+1 an+2e(2n+1)p
[0,T]x M

1 (=a)(n+1)

x exp((2n + 2)(eCoa (n + 1)71)%cg5Ent5(F)(—¢ +A) T rwhdt.

Note that because of our choice of €, we have that

n+1 1 1

(2n +2)(eCoa™ (n+1)7Y) 7 ¢ " Ent} (F) < ay.

Here oy is the a-invariant of the class [wg]. Therefore

_ —\2n+1 p
/{R<o}mE o200 f(R7) + whdt

(1-a)(nt1)
< e@ntDK / co 2" T CE" 2 exp (g (— + A)%)wgdt
(3.18) [0,T]xM
< €(2n+1)KC6262n+1an+2/ eXp(—OZOw + OZQA)ngt
[0,7]xM

< DK (22 2mH1 242 g00A / ooy n
tel0, T/ M

We have seen in (3.8) that

sup / e vyun < C,.
tef0,1] /M

Here C', depends only on the background metric. So that after combining
(3.12), (3.13), (3.14), (3.18), we obtain that

1
(3.19) X < max((l—e)e[{,€HPOHL00)_’_TﬁCnTOeKE(Ca2C§n+2€o¢0AC*)2n+1.
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Therefore, if we choose T" small enough so that

(3.20) T?nlﬁC'n'roe(052(737”r26()“)1\C’*)ﬁ = g,
we would have that the max in (3.19) is achieved by elollz>  which gives us
that K < ||po||ze. Denote the T' given by (3.20) to be Tp, then we get an
estimate for sup,e(o ) p- Note that the Ty given by (3.20) depends only on
dimension, the background metric, and the structural constants ¢y and Cj,
we may repeat the same argument to estimate SUD;e(1y,270] P and so on. [

Here we state without proof the following parabolic Alexandrove maxi-
mum principle we used in the above proof (see [18], Theorem 7.1):

Lemma 3.3. Let QQ C R™ be a bounded domain and u be a smooth function
on [0,T] x Q, such that

—0Owu + aijaiju > f.
Then

_n_ (ff)n+1 nt+l
sup u< sup u+ Cp(diamQ)=+1 (/ Ny dxdt) .
[0,T]x8 ap([0,T]x9Q) g deta¥

In the above, Op([0,T] x Q) = ({0} x Q) U ([0,T] x 99Q), f~ = max(—f,0)
and E is the set of (t,z) on which dyu > 0 and D2u < 0.

So we have shown that, the right hand side of the estimate in Proposi-
tion 3.2 is uniformly bounded with the said dependence. Then we can proceed
in the same way as in Section 2 to obtain the L bound (note that from
Lemma 2.3 and on, we only used the Moser-Trudinger inequality but not the
equation).
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