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On the Drinfeld coproduct
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Al mio maestro Corrado De Concini, con stima, gratitudine e affetto

Abstract: This paper provides a construction of the Drinfeld co-
product A, on an affine quantum Kac-Moody algebra or on a quan-
tum affinization U through the exponentials of some locally nilpo-
tent derivations, thus proving that this “coproduct” with values in
a suitable completion of U ® U is well defined.

For the affine quantum algebras, A, is also obtained as “t-equi-
variant limit” of the Drinfeld-Jimbo coproduct A.

0. Introduction

In this paper U is either the quantum affinization of a generalized symmetriz-
able Cartan matrix A = (a;j)i jer (see [22, 29]) or an affine quantum algebra
(see [11, 21, 12]). The untwisted affine quantum algebras are the affinizations
relative to finite Cartan matrices; on the other hand twisted affine quantum
algebras are not affinizations, and affinizations relative to non-finite Cartan
matrices are not affine quantum algebras.

The Drinfeld realization of the affine quantum algebras (see [10]) makes
evident the “translation” automorphisms t; (i € I), through which the weight
lattice P = Z! acts on U: indeed the set of the relations among the generators
Xij;, is invariant with respect to suitable “translations” (i,7) — (i,7 %+ d;).

The definition of the quantum affinizations generalizes the passage from
the finite quantum algebras to (the Drinfeld realization of) the untwisted
affine quantum algebras, including the action of Z!.

The quantum algebras (and in particular the affine quantum algebras) are
endowed with a coproduct A (the Drinfeld-Jimbo coproduct): it is defined in
terms of the Drinfeld-Jimbo generators, and its expression in terms of the
Drinfeld generators (the generators of the Drinfeld realization of the affine
quantum algebras) is not trivial at all; in particular the expression of A(Xfr)
is not obtained translating the indices in the formula for A(X fo), which shows
that A is not Z!-equivariant.
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The literature (see [8, 9, 19]) mentions an unpublished note where Drin-
feld defined a Z!-equivariant “coproduct” A, on the quantum affinizations
and on the affine quantum algebras, giving its expression on the genera-
tors. The study of A, and of its properties plays a non-trivial role in the
representation theory of different environments, and in the study of the ten-
sor properties of suitable categories of representations: not just for the affine
quantum algebras, the quantum affinizations and the toroidal algebras arising
from the generalized symmetrizable Cartan matrices (which are the proper
object of this study), but also for other versions of the toroidal algebras, cur-
rent algebras, vertex algebras, Yangians, quantum shuffles (see for example
[13, 14, 17, 19, 22, 15]).

In this paper we prove that A, is (defines) a well defined algebra homo-
morphism.

It is worth recalling that A, is not properly a coproduct, because it takes
values in U @ U((v)) rather than in U ® U itself: in this paper a particular
care is reserved to the definition of a smaller algebra U U C U @ U((v))
consisting of the limits of some “convergent” sequences defined in U @ U, and
of its subspaces and subalgebras where all the constructions that we use make
sense.

In this setting of (convenient) completions of the tensor powers of U, A,
satisfies some properties of the coproducts (coassociativity and existence of
the counit).

As for the proof that A, is a well defined algebra homomorphism, the
difficulty arises from the Serre relations: that these relations are preserved by
A, has been proven in [9] for the simply laced case and in [13] (Section 4)
and in [17] for the untwisted affine quantum algebras; but for the general
(generalized) symmetrizable Cartan matrix, the expression of the Drinfeld
coproduct applied to the Serre relations is very complicated, and hard to
approach by direct computations.

In this work a different strategy is presented: the bracket by the Drinfeld
generators is deformed so as to get a locally nilpotent derivation D on a
suitable subalgebra V of U & U; the comparison of A, with exp(D), which is
an algebra automorphism of V, provides a proof that the Drinfeld coproduct
is well defined.

The construction of the locally nilpotent derivation D, which is at the base
of our strategy for avoiding to check that A, preserves the Serre relations,
rely on a new structure of Qg-graded vector space (not QQp-graded algebral)
on U and on a projection m of U on its positive part: both this Qp-grading
and the projection m depend on the triangular decomposition of Y. So it is
in the triangular decomposition (result that is highly non-trivial) that the
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difficulties are hidden, and it is thanks to this result (already proven in [19]
and [5]) that we can now skip the obstacle.

This proof has been presented in two talks that I gave at the Departments
of Mathematics of the Université Paris VII - Denis Diderot (May 30", 2014)
and of the Universita degli Studi di Roma “Tor Vergata” (January 12", 2018),
but it was never written or published.

In the last two sections of the paper we restrict to the case when U
is an affine quantum algebra. As recalled above, in this case U is a Hopf
algebra, with coproduct A : U — U @ U (see [11, 21, 12]): we are interested
in understanding whether A, is somehow related to A.

Comparing the expressions of A and A, on {Xfo|i € I} (set of genera-
tors of the finite subalgebra of U) one notices that Av(XfO) can be seen as
A(Xfo) plus some “v-queues”, which in this case can be described, roughly
speaking, as terms that vanish at v = 0: this suggests that there could be
a connection between A and A,; on the other hand, as already remarked,
A, is P-equivariant while A is not; moreover the construction of U &U as
“component-wise filtered” completion of U ® U with respect to a suitable
topology provides a notion of convergence.

Thanks to these three observations, the question about the connection
between A and A, can be formulated more precisely: can A, be seen as a
P-equivariant deformation (limit) of A?

To answer this question we recall the approach to the P-action from the
point of view of the Drinfeld-Jimbo presentation of the affine quantum alge-
bras. U is endowed with a braid group action (see [27, 26]), whose restriction
to P provides a P-action (which, up to signs, is the “evident” P-action on
the affinization, see [2, 1, 4, 5]). A is not equivariant with respect to the
braid group action, but the conjugation of A by the braid group, though
non-trivial, can be described through the R-matrix of ¢/ and is studied in de-
tails in [24, 25, 2, 6, 7]. This fact allows us to recognize that A and A, applied
to the Drinfeld generators (that are related among themselves through the
P-action) differ by some terms that we can manage to control, finally ending
up with a description of A, as what we called “t-equivariant limit” of A.

Also this proof has been presented (but not written or published) in a
talk that I gave at the Department of Mathematics of the Universita degli
Studi di Roma “Tor Vergata” (April 148, 2023).

It is interesting that the connection between A, the braid group action
and the R-matrix has already produced the description of a relation between
A and A,, in terms of conjugation by an invertible element related to the
universal R-matrix (see [30]): we conclude the paper sketching some very
fast observations about the comparison between the P-equivariant limit (our
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result) and the R-conjugation (see [30]), which would however require a deeper
insight.

1. Preliminaries

In this section we recall the preliminary notions and fix the main notations
used in the paper (see [3, 23]).

Notation 1.1. A = (a;j)ijcr denotes a generalized indecomposable sym-
metrizable Cartan matrix.

The set of indices I is {1,...,n}.

D = diag(d;|i € I) is the diagonal matrix with relatively prime positive
integral diagonal entries d; such that DA is symmetric; d = max{d;|i € I}.

g = g(A) is the Kac-Moody algebra associated to A.

A and g are said to be finite if DA is positive definite.

A and g are said to be affine if DA is positive semidefinite of rank n — 1.

It is well known that for every affine Kac-Moody algebra g there exist a
finite Kac-Moody algebra go and a finite order automorphism x of go such
that g is the universal central extension of (go ® C[t*])X (x acts on t by
multiplication by a primitive o(x)™ root of 1); since also gy is a finite Kac-
Moody algebra, this description of the affine Kac-Moody algebras provides
a map A — Ay from the set of the affine Cartan matrices to the set of the
finite Cartan matrices such that g(Af) = gj C g(A4).

The (finite) order of y is denoted by k; k can be 1, 2, or 3.

The Cartan matrix A is said to be untwisted if x = id (that is k = 1),
twisted if x # id (that is kK =2 or 3).

Let us recall the well known classification of the finite and affine Cartan
matrices:

A is finite & A = Anzl, ang, ang, Dn247 EG, E7, Eg, F4, GQ.

(Cy and D3 are also defined, and we have Cy = Bs, D3 = Aj3).

A s affine < A = X with X;, finite (go = g(Xz)) and k = o(x).

More precisely:

A is untwisted & A = 7(L1) with X, finite (thus in this case n = n,
go = 05)-

Alstwisted < A = AY) (n > 1), AP | (n>3), D), (n>2), DY, EY.

The map A — Ay is the following:

W X,
A ifn=1
AR gt
B, ifn>1,

AG) 5 Gy, D)+ By, DY s G, EY v Py,
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Remark 1.2. Of course the correspondence A — (A, k) = (A, 1) where A
is untwisted affine classifies the untwisted affine Cartan matrices; but remark
that the map A +— (Ay, k) where A is affine (not necessarily untwisted) does
not classify the affine Cartan matrices, because (Agi)) = (D7(12+)1) ¢ = By if
n > 2.

Hence, in order to distinguish Agi) from D,(izl and obtain a classification,
we shall replace the pairs (Ay, k) by the triples (Ay, k, d) where the parameter
d can assume two values if (Af, k) = (B,,2) and is uniquely determined by
(Af, k) in the other cases.

The direct dependence of the definition of the affine quantum algebra

associated to A on (Ay, k, d) is described in Definition 2.2, and the parameter
d is chosen to this aim.

Remark 1.3. As we shall recall in Section 2 and in particular in Remark 2.13,
for each generalized symmetrizable Cartan matrix we consider a (unique)
quantum affinization, whose construction generalizes the passage from a finite
quantum algebra to the Drinfeld realization of its untwisted affine quantum
algebra.

In order to deal at the same time with the affine quantum algebras and the
quantum affinizations, we are going to introduce, following Remarks 1.2 and
1.3, a set D classifying the algebras which are either affine quantum algebras
or quantum affinizations.

Definition 1.4. We denote by D the set D = {(A, k,d)} where:

e A is a generalized symmetrizable Cartan matrix
1 if A is not finite

e k=<lor2 if A=A

1l ord otherwise

1 if A is not finite or A = A;
ed=<a positive divisor of k if A= B,

k otherwise

Remark 1.5. 1. Let A,k be as in Definition 1.4. Remark that if (A, k) #
(B,,,2) then there exists a unique d such that (A, k,d) € D; if (A, k) = (B, 2)
then d = 1 or 2; if A is not finite then k = d = 1.

2. As discussed in Remark 1.2, {(A, k,d) € D|A is finite} is in 1-1 corre-
spondence with {A|A is affine}: more precisely the map A — (Ay, k) (defined
on the set of the affine Cartan matrices) can be refined to a D-valued injection
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A (Ag, K, d) by setting Agi) — (B, 2,1), D7(12+)1 — (Bp,2,2); the image of
this injection is {(A, k,d) € D|A is finite}.

3. It follows from Remarks 1.2 and 1.3 and from points 1. and 2. that D
is the classifying set that we need (see Definition 2.2).

4. If A is finite, consider the 1-1 correspondence of point 2.: then the
condition k = 1 (hence k = d = 1) identifies the untwisted affine matrices;
the condition k # d (or equivalently k = 2, d = 1) identifies the affine matrices

of type Agi); the condition k = d # 1 identifies the twisted affine matrices of

type different from A%)
5. The set {(A, k,d) € D|k = 1} is in 1-1 correspondence with the quan-
tum affinizations.

Notation 1.6. Let (A, k,d) € D, D = diag(d;|i € I) and I as in Notation 1.1
and Definition 1.4. We denote by d; and di; (i,7 € I) the following positive
integers:
- 1 ifd=1 . -
d; = d;; = max{d;, d;
' {di otherwise, “ {disd;}
Before introducing the algebra U object of this study, let’s quickly review

and adapt the definition of the root lattice, the “finite” root lattice and the
“weight” lattice.

Definition 1.7. The root lattice @ is the free abelian group on {w;|i €
It U {6}, that is
Q = (®ierla;) O Z6;

the a;’s are called simple roots, ¢ is called the “imaginary” root.
The “finite” root lattice ()¢ is the subgroup of () generated by the simple
roots, that is

Qo = BierlLay;.
The “weight” lattice P is the abelian group

P = ®c1Zw; € Hom(Qo,Z)

where the w;’s are defined by <w;, ;> = 51-ch¢ for all 7,5 € I and are called
fundamental weights.

A weight w = > ,c; mw; is said to be dominant if m; > 0 for all ¢ € I;
the set of the dominant weights is denoted by Py.

P embeds into Hom(Q,Z) by <w,d> = 0 Vw € P and acts on @ by

w(p)=p0—<w,f>0Ywe P, peq.
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2. The algebra U and its main structures

We shall attach a C(g)-associative algebra U = U(Y') to each Y € D (see
[10, 2, 22, 29, 19, 4]); to this aim we fix the following (more or less usual)
notation.

Notation 2.1. For all i € I denote by ¢; the element ¢; = ¢% € Z[q] € C(q).

Definition 2.2. Let Y = (A, k,d) € D;U = U(Y) is the C(q)-algebra defined
by generators and relations in the following way:
generators:

CH k™ (i el), Hyy ((i,r) €1 x (Z\{0}), X7, ((i,r) €I x Z);

relations:
(C) CC™ =1 and C is central
(K) ikt =1 =k Yy, kikj = kjk;
(X) X5 =0 ifd; fr
(KX) kX =g X ks
(HX) [Hz raXi] :th]TCM:M jr+s
kiC*Hf  ~k'CTTH_ . .o 5

B R R SO 'k

0 otherwise
(XX)

ZO’GSQ U([Xli’l‘liZ’ Xli’l’Q] 2 q [XZ Tlil’Xi%’l‘gil]q_6) = 0 lf k # CZ = dl = d]

[Xzirid ,X A ZJ+[X]isjtd ,Xi}qﬁzo otherwise
(XXX) > ol[Xh a0 X5 ) X5 =0 if k#d=d; = d;

TES3
(5)
1—a;;

Z PIC [1“”] XE XE XEXE XE =0,
0€S1—q; qi " " " T
where

0 , L if Jij /YT:
bijr = (2rlq(g T+(—T1)7 ) itk 4d=d; =d,
[fai]']qi

2 otherwise, with 7= -
ij
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Y Hiu=exp (i((h -4 > Hi,:trU:Fr>

rel r>0

and S, acts on Z%, that is 0.f(r1,...,7a) = f(ro1),- -, To(a)); for example if
o € 83 then

[[Xz-’-rl—i-lﬂXz rg]q ’Xz+r3] 4= [[Xi—t_rﬂ_l(n—s—l’Xi-t_ra_l(z)]qzﬂ ;'0_1(3)]114

For each f =rd+ Y ;c;ria; € Q we set kg = C" [[;cr Ky

Remark 2.3. Other useful relations can be deduced from the defining rela-
tions of U (see Remark 2.11 and, for further details, [4]).

Notice that for all i € I the sets {H;,|r > 0} and {H,,|r < 0} generate
the same subalgebras of U respectively as {ﬁ;’;h“ € Z} and {ffi}\r € Z}.

Recall that ﬁfo =1 and [:[;jLT =0if +r <0.

The relations involving the H;,’s can be given an equivalent formulation
in terms of the E’i’s.

It is useful to express both the generators and the relations defining ¢ in a
more compact way, by generating series of families of elements and relations.
To this aim let us introduce some notations.

Notation 2.4. Let A be an algebra and let

a;i(ut, ... Upy) = Z Wiy Uy U™ E Al[us!, .. uEl]

be the generating series of the elements a;,, ., € A.
The subalgebra/ideal of A generated by {ai,, . ,.|0 € [;71,...,rm € Z}
is also said to be the subalgebra/ ideal of A generated by the a;(u)’s.

Given a(uy, . .., um) € Al[ui', ..., ut']], h € {1,...,m}, s € Z we denote
by
alug, .. um)Ju; € A[[ul .. ufll, uf}rl, o ufle]]
the coefficient of uj in a(ug, ..., up).

Notation 2.5. We denote by §(u) € Z[[u*!]] the formal power series

— 3w

TrEZ

Remark 2.6. §(u) has the following properties:
O(u) = do(ut);
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() = o(u);
For every abelian group M and for all P € M[u*!], the identity P(u)d(u) =
P(1)8(u) holds in M[[u*!]].

Remark 2.7. Let A be a Q-algebra and denote by y <> ¢ the 1-1 correspon-
dence
uA[[u]] <> 1+ uA[[u]]

defined by § = exp(y) or equivalently y = In(7); denote by ¢ a central element
of A[[u]] and by x an element of A[[u]].

i) If [h1, ho] = c, then [hy, hs) = chy, and vice versa.
ii) If [h, x] = cx, then hx = ¢xh, and vice versa.

Definition 2.8. For i,j € I define Py(z,y) € Z[z*,y] and By(z,y) €
Q(z,y) N Z[z*Y[[y]] as follows:

1 — pdiaij y&ij otherwise
and
7%‘(r_1ay)
Bij(x,y) = == 222,
“ Pij(x,y)

Remark 2.9. For all ¢, 5 € I we have that:

i) Bij(q,u) = Bji(q,u);
if) Bij(q" u) = Bij(g,u)
iii) InByj(q,u) = (¢ — ¢; ") Xpso bijrtt”

In particular

[, 2] = +(gi — ¢; ") D bijru"w & exp(h)a = Byj(q, u) ™z exp(h).
r>0

We can now re-write Definition 2.2 in the following, equivalent way.

Definition 2.10. Let Y = (A4, k;,cZ) € D and let ¢ be a primitive k** root of
;U =U(Y) is the C(qg)-algebra generated by

c* kiil, .ﬁ[zi(u) = Zﬁf;u”, Xzi(u) = ZXfTu_T (tel)

reZ reZ

with relations:

() CC™' =1 and C is central
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(K) ikt =1 =k Yy, kikj = kjk;

(H) HE(u) € 1+ uFUl[u™)

(X) XE(Chu) = X (u)

(KX) ki X (u) = qf‘“jxﬂ I3

(HX+) H; (1) X (ug) = (U2)Hi(ul)3w(q, ui'uy ')

(HX-) H (wn) X (us) = XT (ug) H (1) Bij(g; O uftuy ) ™!
kiHi (u1)5(0u1 u2) —k; Hl- (u2)5(0u1u51)

(X4) [Xi(wr), X5 (u2)] = 6

J

-1
% — 4
(XX) Py, UTlﬁl)X?(ul)Xf(uZ) = " Pijla uf up ) X5 (u) X (ua)
+

(XXX) D o(uy’ = (¢ +quz’ + ¢Cuz )X (un) X (u2) X[ (ug) = 0
0€ES3

and the Serre relations (.5)

Z 0’.[. .. [[X]i(u), Xii(ul)]q—aij s X?(Ug)]q—aij—z, Ce aXZ':t(Ul—aij )}q;z] =0

i i
UGSlfaij

Remark 2.11. The following relations also hold in U:

() () = ()

(1) W15 ) = 5 ()

(HH+) HF (uy) Hj (ug) = Hj (ug) H; (uy)

(HE-)  H ) () = B () ) 220 C 0

Moreover the H:(u)’s are defined by the following relation:

(HH) HF (u) = exp(E(q; — q; ') HiE ().

On the other hand the relations (X X) and (X X X) are redundant except for
the rank 1 case (that is in the affine cases Agl) and A;Q), see [4]); conversely
they are necessary in the description of the positive and negative part of U.

Define also K’fr = kF'HE for all i € I, v € Z (in particular K’fo = k)
or equivalently

(K) K (u) = k™ H (u),

2



On the Drinfeld coproduct 181

which is both a definition and a relation between the elements involved.

Remark 2.12. {C*' K*(u), X (u)|i € I} is a set of generators of U.

Remark 2.13. If k = 1, then U((A,k,d)) is the quantum affinization
Uy(a(A)). ~ A

If A is finite, then U((A, k, d)) is the Drinfeld realization Z/quT(g(A)), where
A is the affine Cartan matrix corresponding to (A, k,d).

If A is finite and k = 1, then U, (g(A)) = Ué)r(g(ﬁ)) (untwisted affine
quantum algebras are quantum affinizations).

If A is finite and k # 1, then U((A, k,d)) = Z/quT(g(fl)) is not a quantum
affinization.

If A is affine, then U((A,k,d)) is called quantum toroidal algebra (see
[16, 29] and the review paper [18]): remark that there are various versions of
the quantum toroidal algebras (for example attached to gly or gl,, see [14]):
in principle we can expect that the argument of this paper, which relies on
the triangular decomposition, should work also in these cases; but the details
should be verified, and eventually adapted with care.

Definition 2.14. The algebra U is a Q-graded algebra: U = ©geqlis, where
Cila k;tl S u07 Hi,r S u’r6a ij;« S uréiai~

The Q-gradation induces a Qg-gradation by Z-graded vector spaces:

U= @ Upy, with Uy = @U’Y-H“&-
YEQo reZ

For all m > 1, U®™ inherits from the Q%™-gradation induced by the Q-
gradation of U:

i) a Q-gradation: U™ = Gpcq(U®™)s where

U™ = P U@ QUg,;
(B1se-es Bm)GQ€Bm
Bt Bm=0

ii) a Qg"-gradation with Z™-graded homogeneous components:
u®m = @ (Z/[®m)[717~~77m]
(’Ylv"'v’ym)er "

where

(u®m)['yl ] = uhl] Q- - .®L{[,Ym] = @ Uy ir6@ QU 416

(Tlamv"'m)ezm
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Notation 2.15. U™, U~ and U denote the C(q)-subalgebras of U generated
respectively by {X;F(u)|i € I}, {X; (u)|i € I} and {C*, H (u), H; (u)]i €
I}.

U U% and U denote the C(q)-subalgebras of U generated respec-
tively by {H;"(u)|i € T}, {H; (u)|i € I} and {C*'}.

UX denotes the C(g)-subalgebra of U generated by {k!]i € I} and finally
UK denotes the C(g)-subalgebra of U generated by U° and U, that is the
subalgebra generated by {C*!, K (u)|i € I}.

Remark 2.16. Of course U, U°, U*F are Q-graded subalgebras of U;
U UK C .

Remark 2.17. It is well known that the multiplication of I/, which is a Q-
homogeneous map, induces the following isomorphisms of ()-graded vector
spaces (refinement of the so called “triangular decomposition”):

U=Urou™™ ou-,
UK =2 1® U (isomorphism of algebras),
U 2UT U U

See [19] for the quantum affinizations and [5] for the affine quantum algebras.

As already underlined in the Introduction, the triangular decomposition
is crucial for the argument of this paper. It shall be given a slightly different
formulation in Remark 6.2 using the following description (Remark 2.18) of
the subalgebras of U introduced in Notation 2.15, which is an immediate and
well known consequence of Remark 2.17.

Remark 2.18. 1) %%, Y*0 and UK are algebras of polynomials:

UMt = C(q)[H7L i € 1. d|r,r > 0] = C(q)[Hili € 1, djlr,r > 0],
10— = C(q)[ﬁi}‘i el, czi‘r,r < 0] =C(q)[Hi,li €1, Ji|r,7’ < 0],
U = C(g)[C*,

U = C(q)[ki € I;

2) U is the C(q)-algebra generated by
{CH A (w), H (u)]i € T}

with relations (C), (H), (H), (HH+) and (HH-).
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Definition 2.19. 1. Q : U4 — U is the C-antilinear anti-involution defined on
the generators by:

Qg)=q ", QC)=C", Qk;) =k,
QA (v) = f:ff(u_l), QX (u))
(remark that Q(HE (u)) = HF (u™1)).

2. Forall w € P, t, : U — U is the C(q)-algebra automorphism defined
on the generators by:

to(ks) = kg—cwpss, to(Hi(0) = H (), (X7 (w) = uF <" XF (u).

2

For all ¢ € I, t; denotes the automorphism £,,.
3. Completion of graded vector spaces

In order to define on U the Drinfeld coproduct A, with values in a com-
pletion of U ® U, we have to choose this completion. In the literature it is
usually remarked that A, takes values in Y @U((v)); but this choice has some
drawbacks that we want to avoid.

On one hand remark that the elements of Y®U((v)) are limits of sequences
in U @ U[v*F], not in U @ U:

31 a(w)=>_ av = lim (Z av" (= a(v )) (a, eURU VT).

"SR N—o00

The idea is to identify a(v)y with SN - a, € U @U by choosing a convenient
subalgebra of U ®U((v)) so that its intersection with U ®@U[v*!] is isomorphic
to U ® U via the evaluation of v at 1. This is done by providing & ® U with
a structure of Z-graded algebra U @ U = Gaez(U @ U)@ so that

USUZ ez @U)™' € | TTU ou) ™" € U u)((©v).
ReZ d>R

Thus v has just the role of underlining the Z-grading of the elements a, in
(3.1) and to control that the infinite sums involved in our definitions and
arguments make sense in our completion.

This construction is to be extended to a Z2-graded algebra structure on
U®3 (and more generally to a Z™-graded algebra structure on U®(m+1)) in
order to deal with the coassociativity of A,.
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On the other hand & ® U((v)) has no gradation, while Y @ U is (Q & Q)-
graded: in particular we are interested in preserving the (Q-gradation arising
from the projection @ & @ > (5,5) — B+ B € Q (see Definition 2.14,
i)), because we want A, to be a @-homogeneous homomorphism. This could
be solved by restricting to a Q-graded version of our construction: we can
first define the completion of each homogeneous component (U ® U)z of
URU for B € @ (more precisely we shall define a Z-graded completion
of @y, rocz Uy, 4116 ®AZ/{72+T25) for all (71,72) € Qo ® Qo) and then define the
whole completion U @ U as direct sum of these partial completions.

Finally, we need to make sure that with this smaller completion (smaller
than U ® U((v))) the morphisms that we want to induce from U®? (mainly
t; ®t; for the P-equivariance of A,, A, ®1id and id® A, for its coassociativity,
o 0 Q%2 for the symmetry between positive and negative parts preserved
by A, and useful in avoiding repetitive computations) are well defined (see
Definition 2.19 and Remark 3.21): it is with this need in mind that the Z™-
gradation of U®(*+1) mentioned above will be chosen.

1. The filtered completion of a Z™-graded vector space.

Let V = @r:(”,,,,memv<r> be a Z™-graded vector space; then, if the
base field is endowed with the discrete topology, V is a topological vector
space with the topology induced by

{ @ VvONe Z}

T1+“‘+7‘mSN

as a fundamental system of neighborhoods of 0.

The Z™-gradation induces a filtration of V: for all R = (Ry,..., Ry,) €
Zmlet RV = @perV®) CV, wherer <R <1, < Ry, Yh=1,...,m.

Then RV - RIV for all R < Rl, V = ZRGZ’" RV = UREZm RV, and
each gV is a topological vector space with the topology induced by V.

The completion of the topological vector space rV is [[,<r V() and for

all R < R’ the embedding rV C r/V induces an embedding [[,<g V™ C
[l<r V.

Definition 3.2. Let V = EBrEZmV(r) be a Z™-graded vector space. The fil-
tered Z™-graded completion V' of V is

V=lm [JV®= | HV(r)(g I1 V<“>).

R r<R ReZ™ r<R rezm

V can also be described as follows.
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Notation 3.3. Given a vector space V' and a positive integer m, let us denote
by Vvl C V((v)) C V[[v*!]] the following vector spaces:

Vv =V, o] VIV = Vi ot
V() = V(01 om) = { 3w € V][R € 27}
r<R
where for all r = (rq,...,7,) € Z™ we set Vi = v}' - ... v,

Remark that if V' is a Zm graded vector space then Vv i1] is Z™-graded
by Vv il]@r Brytra=rV V™2 and V 2 V[vE]O),

V[[v¥]] and V((v)) are not Z™-graded.

If V = $regm V) is Z™-graded, denote by V[[v*!]]© and V((v))© the
following vector spaces:

VIv©@ = { Z Tpv " jE1}]‘:% ev® Vr},

rezm
V(W)@ =VIvEO nv ().
Of course V[v*© = V[[v*)O 0N V[vF] C V((v))© C V[[vF1]©.
Remark 3.4. Let V = @®pezn V") be a Z™-graded vector space. Then
V=v(v)Y
the isomorphism from V((v)){®) to V being the evaluation of vy, ..., vy, at 1.
Remark that if m =0 then V = V.

Remark 3.5. Let V = @reZmV(r),W = @reZmW(r) be Z™-graded vector
spaces; then V @ W is Z™-graded by

(V ® W)(r) — @r1+r2:rv(r1) ® W(Pz)

and V ® W naturally embeds into V ® W:

Z Ty, VT ® Z Yp, V12— Z Z Ty, @ Yp, Vo

ri€zZm ro€Z™m reZ™ ri+rao=r

Remark 3.6. Let V = @r€Z77LV(r)7W = @reZmW(r) be Z™-graded vector
spaces and f : V — W be a continuous linear map. If for all R € Z™
there exists S € Z™ such that f(grV) C gW (this condition is fulfilled if
there exists an ordering preserving injective map ¢ : Z™ — Z™ such that
FV@)y C W) for all r € Z™) then f induces f: V — W.
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In particular if f is homogeneous of degree d(€ Z™) (f(V®) C Wr+d)
Vr € Z™) or if it permutes the degrees (f(V®) C W) for some o € S,,)
then it satisfies the above conditions, hence it induces f: V — W.

On the other hand, if f “reverses” the grading (for instance if (V) C
W) for all r € Z™ and a fixed o € S,,,) then f is not continuous and does
not induce any f from V to W.

We need a completion that, despite the loss of some good properties as
the one just described with respect to the permutations of the degrees, allows
us to extend f when f(V(rorm)) C WW(=Tmos=r1),

This goal will be achieved by modifying the grading, or better by chang-
ing a Z™-graded vector space into a Z-graded vector space with Z™~!-graded
components, through a construction which has the further advantage to pro-
duce a Z-graded completion.

2. The Z-graded completion of a Z™-graded vector space (m > 1).

Definition 3.7. Let V = @(ﬁ,V_,,ﬂm)ezmv%--fm) be a Z™-graded vector space
with m > 1. Then V is a Z-graded vector space with Z™ !-graded homoge-
neous components:

V = @ V, where V, = @ P (riserm)
r€Z ritetrm=r
and
V, = @ (‘/7‘)(827‘..,8771)
(82008 ) EZM—1
with

(‘/;)(827---,8m) _ V(T*32752*337--~75k*3k+1a---73m71*smysm);

equivalently V(rirm) = Pzt rat e et )|

Then the Z-graded completion of V' is defined to be the Z-graded vector

space V whose homogeneous components are the filtered Z™'-completions
V.. of the V,.’s.

Remark 3.8. Let f: V — W be a homogeneous linear map of Z™-graded
vector spaces of degree (dy, ..., dy,); then f induces a linear map f VW
homogeneous of degree d; + - - - + d,;,: more precisely

(SQ,...,Sm) (32+d2+ +dm1-v-75m71+dm,71+dm,75m,+dm,)
f(Vl" ) WT‘+d1+ A+dm ’

that is f|V : Vi = Wiidy+td,, is homogeneous of degree (dy + --- +
dpm, - .., dm), hence it induces f‘v Vi = Wrid,+.1q, and, by direct sum,
[V =W
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Remark 3.6) and, by direct sum, f:v=w.

Notation 3.9. Let V1,...,V,, be Z-graded vector spaces. Then Vi ®---®V,,

is a Z™-graded vector space: if V; = EBTGZVZ.(T),

Vig--QV, = @ Vf’””@...@\/ﬂ(fm).
(r1,eesTm ) EZ™
Its Z-graded completion is denoted by Vi & - - - & Vj,,.

Remark 3.10. Let Vi, V5, V3 be Z-graded vector spaces. Remark that in
general V; @ Vo ® Va, (Vi @ Vo) ® Vz and Vi @ (Vs & V3) are different. More pre-
cisely there are natural embeddings

VidVh@Vs— (Vidlh)®@Vs and Vi@Vh® Vs — Vi &(Va® Vi)
and we have
VidVa@ Vs = (Vi&VR) @ VaN Vi &(Vad V).

Indeed these three Z-graded vector spaces are generated by elements (homo-
geneous of degree 7, as r varies in Z) of the form

Z 1 ® x9 ® xo with x; € Vi(ri)
(r1,m2,73)
r1t+rotry=r
where (11, 79,r3) = (r—ry—r3,r9,r3) are subject respectively to the following
conditions:
i) IR, R such that r3 < R, ro + 13 < R/;
ii) 3R, R}, (Vs € Z) such that r3 < R, rp < R/_;
iii) 3R, Ry (Vs € Z) such that r3 < Ry, 4y, 72 + 73 < R
Of course: 1) = ii); i) = iii); ii) and iii) = i).
The same argument shows that for all m > 2

m—1
Vi @Vyu= (Vi@ - @Vi) @(Vip1 @+ & Vi)
k=1

Then & is not associative, but V; & - - - ® V;, is contained in all the ®-products
of Vi,...,Vp, (in this order) however associated.



188 Ilaria Damiani

Notation 3.11. Let m > 0: we denote by o, € S;;, the permutation reversing
the ordering, that is the permutation defined by o,, (i) = m~+1—1i; given vector
spaces Vi, ..., V,,, we denote again by o, the homomorphism (involution)

Um3Vl®"'®Vm—>Vm®"'®V1

defined by the “action” of oy o (21 @ -+ Q) = Ty, ® -+ - @ 7.
Remark that if the Vj’s are Z-graded then ,,, maps (Vi @ --- ® V;,)®) to
(Ve ® - ® Vl)(UmT)_

Lemma 3.12. Let Vi,..., Vi, Wi, ..., Wy, be Z-graded vector spaces, f; :
Vi — W; linear maps such that fi(‘/;(r)) - Wi(_r) forallr € Z andmy,...,my
positive integers such that my + - -+ +mp = m. Then:

i) the f;’s induce f(m) = amf@fi) TN RV = W ®--- QW
which again maps elements of degree v in elements of degree —r;
i) if for all j =1,... h we denote by V; and W; the vector spaces

Vi = Vintotm; 141 © -+ @ Viny 4y my»
W] — Wm1+~-~+mj,1+mj ® s ® Wm1+~-~+m]',1+1

and by Fj the map induced, as in point i), by fu4otm; 141, -,
fm1+~-~+mj7 then

FW .V, & @V, > W,&- - W,
is such that F(h)‘vl®---®vm = fm),
Proof. 1) depends on the fact that for r1,...,r,, € Z the conditions
T+t rm=r, it +r, <R Yi=2,....m (r,Ry,..., R €Z fixed)
are equivalent to (imply) the conditions
Ty — =T =—r, —rp—--—r < —r+R4 Vi=1...,m—1

ii) is obvious. O

Notation 3.13. With the notations of Lemma 3.12, by extension we shall
denote by f(™ all the maps induced by fi,..., fm on the @-products of
Vi,. .., Vi, however associated (in this order). For example also F'(*) is denoted

by f(m).
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Remark 3.14. Let U,V be Z-graded vector spaces. Remark that in general
URV 2V&eU.

But suppose that U has just a finite number of non-zero homogeneous
components. Then it is immediate to see that UQV XUV 2V & U.

In particular the 1-dimensional vector space of degree zero is the unit
for ®.

Remark 3.15. Let V;,U; (i = 1,...,m) be Z-graded vector spaces and f; :
V; — U; homogeneous linear maps of degree respectively d;. Then Remark 3.8
implies that the fi’s induce f : Vi&---&V,, — U1 &---&U,, of degree
dy+ -+ dp.

In particular, if there is h € {1,...,m} such that V}, = V/ @V}, then

F Vg @Via®V V)8V & &V > U1 8- & Uy,
restricts to a map
Vi@ @V @Vi@V/ @V @@V 2 U1 @@ Uy,

But conversely, if there is h € {1,...,m} such that U, = U} @ U}/, it is not
necessarily true that

A

fiVi@ @V U@ QU &U, QUL) @Upt1 &+ @ Upy

takes values in U1 @ - @ Up,_1 @ U, @ U @ Up 1 @ - - - @ Uy, (consider the ex-
ample Vi = Uy = U QU Vo = Uy, f; =idy,).

This obvious remark (that the identity maps idyr ¢ yr and idy, do not
induce a map (U] @U{)Q@U; — U @ Uj @ Uy, see Remark 3.10) suggests
the problem of understanding under which conditions a homogeneous map
f:V = V'®V" and the identities idy, induce a map

Vl®---®Vh®V®Vh+1®'“®VN
—>V1®--.®Vh®V/®V”®Vh+1®'"®VN~

The problem comes from the fact that if f has degree d and = € V has degree
r then

f(z) = Z Trpd-ssv > with ., € (V) @ (V"))

s<S

and in general there is no relation between S and r.
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In order to explain the control that we shall require on 5, let us consider
a notation encoding also the total degree, or equivalently the degrees in both
factors:

[ﬁ) = Z $T+dfs,s®7T7d078 = Z xr+dfs,s@7(r+dis) (50)78

s<S s<S

where (0,v) encodes the total degree (in this case r + d) and the degree s
in the (r 4+ d)-component, (0, 0v) encodes the degrees in the first and second
factors of U @ U and (vo,v~1) encodes the total degree (again r + d) and the
degree (r +d — s) of the first component; remark that

flx) e (V'@ V")(()[o*] = (V! @ V") ((0))[(v0)*].
We can require a “right control”:
f(x) € (V' @ V")[[v][#*"], which corresponds to S = 0;
or a “left control”:
f(z) € (V' @ V")[[v]][(vD)*], which corresponds to S =7 + d.

Definition 3.16. Let V, V', V" be Z-graded vector spaces and f : V —
V'@ V" be a degree d homogeneous map; an element x € V is said to be
f-bounded if its homogeneous components z, are such that

f(x?”> - Z Yr+d—s,s = Z yr+d_$7$1)78

s<maz{0,r+d} s<maxz{0,r+d}

Of course the set V[f*] of the f-bounded elements of V is a Z-graded vector
subspace of V. A subset of V' is said to be f-bounded if all of its elements are
f-bounded, that is if it is contained in V[f?].

Lemma 3.17. Let Vl, o S Ve, VIV be Z-graded vector spaces, 1 < h <m
(h fized), f: Vi — V' & V” a homogeneous map of degree d,

F=id®" D& f&id®™ M . vi&--- &V,
Vi@ @V o(V Ve &V,
If
T EVI® @V @A) @ Vi1 & &V,
then

F)eVi@ @V 4@V @V @V ®@ & V.
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Proof. Let © = >y po (@, € Vl(rl) R ® Vé{m)): with no loss
of generality we can suppose that x is homogeneous of degree r; thus the
conditions for z,, . . to be different from zero is that

r+- 4, <R foralll > 1.

On the other hand the hypothesis on x implies that

@ (h—1 : —h
id®"=1) ®f® id®m )(xﬁ,m,rm) = E Yri,eotho1,Th+d—8,5,Tht 1,0 Tm
s<max{0,rp+d}

so that
F<x) = E :yﬁ,---ﬂ“hqﬂ”/ﬂ””thrl,--»,Tm

with the conditions (see Definition 3.16)
i+, < Ry foralll > h,
™ +rp+ 4 < Ry +max{0,r, + d} < max{Rp11, Rp + d},
ittt + o+ < Ritdforalll =2,... 0k,
which imply that F(z) € V1® - @ V4 1 V' @V @ Vip1 ® - @ Vi, O

3. U and its tensor powers.

We are now ready to introduce the completion of U®™ that we are in-
terested in. This completion preserves both the Q-gradation and the QF"-
gradation that U®™ inherits from the Q®™-gradation, but not the Q%™-
gradation itself.

Definition 3.18. The completion U™ of UP™ is the QF-graded vector
space whose homogeneous component of degree (y1,...,7vm) € Qé‘fm is the
Z-graded completion of the Z™-graded vector space (L{®m)[%mmn]:

Denoting by (U®™) 7] the r-component of (U®™) we have

[’71>'~'77m ['71>~"7'Ym]7

U™ o] = U @ Uy, U= B U™,

(’}/17"'1’7777')6@0 "

that is
US™ = @ (u®m)[’nv---ﬁm?r]'

Remark that the Z-graded completion of U®™ (considering its Z™-gradation
regardless of its QF"-gradation) is bigger than the U®™ just defined (and is
not Qg™-graded), thus it is by a small abuse of notation that we denote by
UP™ our component-wise Z-graded completion of ®™.
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Remark 3.19. The combination of the Z-gradation of usm resulting from
the Z-graded completion, with its Qo-gradation induced by the Qg"-grada-
tion, provides UP™ with a Q-gradation: given f =~y +1rd € Q (with v € Qo
and r € Z)

(U®m)ﬂ = @ (u®m)['Yl ,,,,, YmiT]
(11 07m ) EQE™
ZZI =
Since (UE™) 1. ymir] 2 D crormiezm Uy 15 @ -+ - @ Uy, 41,6, it follows that

i=1

(U™ 2 B Use-cu,, = Uz

(Bs-Bm)EQPM
1+ -+Bm =5

which means that the Q-gradations of Y®™ and U ©m are compatible, or that
the Z-graded completion preserves the ()-gradation.

Remark 3.20. Let m = 2. Then the discussion of the present section implies
that

USU = U &U)z = @ (U @ U)py, i

(71:72)€Q® Q0
TEL

can be described as a subspace of (U @ U)((v)).
Indeed

(Z/{ ®u)["/1,’72§T] = (L[ ®u)[%ﬁ2;7“]((”))(0) =

= { Z $T2U_T2’R2 €7, Try € u71+(r77"2)6 ®u’yz+r25} - (U@)U)((U))

ro<Ro

U QU is the subspace of (U @ U)((v)) generated by the (U @ U )y, 4pi's.
Remark 3.21. Remark that:

-) U™ is a @-graded algebra: indeed the multiplication of U induces

(U®m)[vl,...,vm;r] ® (U®m)hi ----- V'] (u®m)['Yl+717"~77m+'74n§r+7‘/]

(degree zero homogeneous map of Z™!-graded vector spaces), thus the
claim follows from Remarks 3.5 and 3.19.
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-) foralli € I and for all h = 1,..., m the automorphism t; , = id®h-N g
t; ® id®m=") of Y™ induces an automorphism

tAi,h : L{®m — Z/[@m

mapping

(U®m)[~y17...,7mn“] to (U®m)[m,...mn;r7<wmh>]:

indeed t; maps Upy,y) = Uyirs 10 Uyy(r—<wiy>)s = Upir— < 4>], hence
the claim follows from Remark 3.15.
In particular for allw € P, the automorphism t5™ of Y*™ induces an al-
gebra automorphism 2™ of U®™ such that for all €@ (t2™)((U®™)z)
= (UP™)g—cw,p>5-

-) Q@™ does not define an (anti)automorphism of U€™; but if we define
Om by

Om USSR QT = Ty @ - Qxq € UE™

then o, 0 Q% maps

"
@),

77777 Ym;7]

@m (82,-.,8m) @m\ (Sm—T5...,82—T)
(u )[’Yl,~-~,’¥m§7"] to (U )[—“/m,m,—“ﬂ;—r]’
hence it satisfies the conditions of Remark 3.6 and induces a C(q)-
antilinear (R-linear) antiinvolution

Q) . y®dm _y gyom
such that QU (UP™)g) = (US™)_4 for all § € Q.
4. The Drinfeld “coproduct”

We shall now introduce the Drinfeld “coproduct” A, of U: it is a function
with values in the completion U @U C (URU)((v)) of U @ U, which explains
the v-notation for this map. Since it doesn’t take values in U ® U, this map is
not properly a coproduct; but it satisfies properties similar to those defining
the coproducts (it is “coassociative” and admits a “counit”, see Section 7),
which explains the term “coproduct” and the A-notation.

Hence A, will define a tensor structure on a convenient category of rep-
resentations of U: z.(y1 @ y2) = Ay(x)(y1 @ y2), where x € U and the y;’s are
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elements of U-modules V;; of course, since A, (z) € U U will involve infinite
sums, we have to make sure that A,(z)(y1 ® y2) makes sense by restricting
to the representations with suitable properties.

In particular consider representations V' of U provided with some Z-grada-
tion V = @®,ezV ") such that L{AYH(;(V(S)) C VG if 4 € Q. If we require
some condition assuring that for all y € V() there exists N € Z such that

(4.1) Uyirs(y) =0 forall r> N,

then U ®U acts on V @ V, which will become via A, a U-module satisfying
(4.1): this will provide the category of such modules with a tensor product.
The same is true in the symmetric condition that U4,5(y) = 0 for all r < N.

We will be able to construct also another “tensor” structure on some
category of U-modules, thanks to ®. Indeed if we choose a category of U-
modules preserving the Q-gradation: Ug(Vy) C Viyp; we can apply the ® to
define this “tensor” structure: such modules V; and V5 are direct sums of Z-
graded subspaces of the form @,cz(V;)airs, and Vi ® V4 is defined similarly to
the way in which we defined U« ® U (by component-wise Z-graded completion,
see Definition 3.18). Then V; ® Vs is a U ® U-module, and will inherit a U-
module structure via A,.

We can also put together these two constructions, considering the U-
modules V' such that, for convenient \’s:

V= @ Vitrs,
reZ,\

u~/+r6(v)\+55) - V/\+’y+(r+s)67
Uyirs(Vagss) =0 forall r > Ny +s.

The coproduct A, will endow the category of these modules with both ®
and ®.

The claim that A, is a C(q)-algebra homomorphism from U to U ®U is
the main concern of this paper: A, is defined on the generators of & and
the aim of this paper is to prove that the relations defining U are preserved
by A,. Some of the relations are not difficult to verify, but it becomes very
hard to deal with the Serre relations when a;; < —1. In this paper we propose
a strategy to overcome this problem.

Recall 4.2. Let us recall the identification of U ® U with (U & U)[v*]©

(here v = v):

UU = GB’YEQO,TEZZ/[ ®u7+r6 = @ u ®u7+r§v_r-

YEQo,rEZL
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More precisely we described the (Q®Q)-gradation of U @U as a (QoDQoDZ)-
gradation by Z-graded vector spaces:

Ul = @ (U @ Uy o]

Y1,72€Qo,mEZ

where

U u)['n,'yz;r] = @u'y1+(r—8)5 @ Uyptss = @um—i-(r—s)d & Uyyts6v™°

SEL SEZ

and its completion is

U QU) o) = { Z zsv °|S €L, x5 € Uyt (r—s)s ®u72+s<5}

s<S

(see Remark 3.20).

In order to show that this construction is symmetric in the two “factors”
of U ®U, remark also that for all 71,72 € Qg the elements of the Z-graded
vector space @,z (U @ U)(y, 4, have the form

M
Z Z Ty s (xr,s € u71+(7"7$)5 ®u'yz+s5)

r=m s<§S,

(where S, can be replaced by maz{S,|m < r < M}) or equivalently, with a
notation that reflects the Z-grading of each factor of Y ® U (and reveals the
symmetry of this construction in the two factors),

Z Yrirog = Z Yri,re

m<ry+rog<M m<ry+ro<M
rg<Rg ri=Ry

where Y, r, € Uy, 47,5 @ Uyytrps. Going back to our v-notation (that we need
only to control the infinite sums), we underline that this element is denoted
by

Do v EUBU(()).

m<ry+ro<M
ro<Ry

The elements of U @ U are finite sums for (71,72) € Qo ® Qo of elements of
this form.
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Notation 4.3. Let Y(u) = Y,z Y;u™" € U[[u*]]. Then for all central
invertible element z € U of degree zero we use the notations

=YY, u e Uou) [t
reL

for the family of elements ¥, ® 2™ € Y @ U, and

ouw) =Y " eYe v e UaU[(w)]] C U Ut [[ut]),
reZ

for the family of elements z™" @ Y,v™" € U @ U[v*1].

Remark 4.4. Consider the identification of U @ U with (U @ U)[v*']® and
more generally of U & U with a subalgebra of (U @ U)((v))?) C U @U)((v))
(see Recall 4.2).

1. Y(u® z) € U@U[[u*!]] because z has degree zero; if we have no other
conditions on the Y;’s, in general Y (z ® uv) & U @ U[[u™]].
2. If there exists v € Qo such that Y, € U, ,s for all r € Z, then

Y(z®@uw) € (U U) [ O[ut]),

that is it represents an element of (U @ U)[[u*]] — U @U)[[u*1]].

3. Given Y (u),Y’'(u) € U[[u™!]] and 2, 2" central invertible elements of U
of degree zero, we have that Y(u® 2)Y'(2’ @ uv) = Y'(Z @ uv)Y (u ® 2)
is a well defined element

Z Y;(Zl)_s ®YZZ_TU_SU_T_ Z Ym s ®Y/ Sy =8, ~Mm
r,SEL m,sEL
of
U @U)[[w*, (w) ] = U @ U)[[v][[u™]).
4. Y (u) € U((u™1)) or Y'(u) € U((u)) then

Y(w®2)Y'(' @u) € U@U)((0)[[w™]]

because for all m € Z the coefficient Y,,—s(2")* @ Y/2*7™ of v™°u™"™ is
zero if m — s << 0 or s >> 0, that is if s >> 0.

If moreover there exist v,7 € Qg such that Y, € U, 1,5 and Y, € Uy 45
for all r € Z, then

Y(uwe2)Y' (7 @uw) € Y URU)ymu ™ C U U [[u™]).

meZ
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5. If Y (u) and Y’ (u) are both in U((u™')) or both in U ((u)) then
Y(u®2)Y'(Z @uw) e UU) v [[u*]).

If moreover there exist 7,7 € Qo such that Y, € U, 1,5 and Y, € Uy
for all r € Z, then

YV(u®2)Y'(Z @uw) e (UU) O [[ut]]

that is it represents a family of elements of (U @ U) — U OU.
Definition 4.5. Let us denote by X the following subset (set of generators)
of U:

X = {ks, Hin,, zir,CKfir,X \ﬁe@,zelro7&0rseZ}_
= {ks, H(u), H(u), C°K;"(u), X (w)|3 €Q,icl,scL}

and let us define the function A, : X — U &U as follows:

Av(k,@) = kﬁ ® kﬂ?

A(H )_ HZ"T®1+CT®HLT’U7T ifr>0
T\ Hiyy @ CT 1@ Hypo T ifr < 0

Av(ff;): > CrHS, @ Hf v

2,71 z'rg
r1+Tr2=r
7"1 *7“2
Z 1,71 ® C ZT2
r1+ro=r
s + s+ra 7+ s+ T2
AJCKf) = > CK @ CKf v
ri+ro=r
ST —\ __ s s+r1
A’U(C Ki,r) - Z C Kz ,T1 ® C Kz 1‘2
r1+reo=r

AX) =X o1+ > kCHS @ X o™

7,71 % 7‘2
r1+ro=r

A'U(X’L'T'I‘) = 1® X;rv_r + Z Xz Tl ® k 1CT1 zrg —r27
ri+ro=r

which can be written more compactly as:

Av(kﬁ) = kﬁ ® kﬁ?
Ay(H (w) = Hf (u® 1) + H (C7' @ wv),
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A(C°K; (u) = (C° @ CO) K (ue CTHEK; (1@ uw),
A(C*RH(w)) = (C* © CYEF (ue NEHC™ @ uv),
Ay(H; (u) = H; i

Remark that kg, H; ,, HZ are mapped in Y @ U by A,. On the other hand

1,7

the elements AU(X;) belong to U @U but not to U @ U.

Remark 4.6. Remark that X is -stable ar}d that A, 0 Q = Q2 o A,.
Moreover X is t,-stable and A, o t, = tff’2 oA, (for all w € P).

Proposition 4.7. The relations
(C)> (K)> (ﬁ)v (X>7 (KX), (H)7 (Hf{)> (HX+)a (HX_)v (X:l:)v (f()

are preserved by A, (see also [19]).

Proof. The proof that the relations (C), (K), (H), (X), (KX), (H), (HH)
and (K) are preserved by A, is immediate, and left to the reader.
(HX+): Ay (H; (ur)) Au(X (u2)) =

= H (wy @ )H (C7' ® uv) X (uy @ 1) +
+ H (1 @ DHF(C7 @ wo) K (uy © )X (C7' @ ugv) =
= (@ )X} (uz @ DA (C7 @ up) +
+ H (u © DK (us © D HF(C™' ® u0) XH (O™ @ ugv) =
- X;(UQ ® D)H; (1 © 1)Bij(q; uy tug ® DH(C™' @ uyv) +
+ K (e @ DH (wr @ )X, (C7 @ up0) B (C7' @ wi)Biy(g; 1 @ upug) =
= AU(X;_(UZ))A’U([:I;_(ul))Bij(q,ul_l'U/Q);

together with the ~Q-equivauriance of A,, this proves that (HX+) is preserved.
(HX=): Ay(H; (u1)) Ay (X[ (u2)) =

(2

= H; (uy ® C"YH; (1@ u10) X (up ® 1) +
+ ﬁ-_(u1 ® C*l)[:[z—(l ® ulv)K;_(uz ® 1)X]+(Cfl ® U/Z'U) —

2
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= H; (11 ® C" X (uy @ ) H; (1®uyv) +
+H; (m @ C_l)Kf(uz ® 1)H; (1 ®ulv)X+(C’_1 ®u2v) =
= X (up @ 1)H; (uy ® C71)Byj(q,C 'uyuy ' @ O Hy (1@ ugv) +
~ - Bii(q; Cuyuy ! ®C h
+ K (up ®@ 1)H; (g ® O 1)~ 2
J(UQ ) Z(UI )B,](Q,C U1u ®C )

- X(CT @ ug)Hy (1@ urv)Bij(q,C © C ™ uyuy ')~
= Ay (X (u2)) Ay (A (1) Ay (Bij (g, O unuy ) ™h);

together with the Q-equivariance of A,, this proves that (HX —) is preserved.
(X£): [A (X (w)), A (X (u2))] =

=X (w ®1) + K (u; ® )X'F(C'_1 ® uv),
X5 (1@ ugv) + X5 (up @ C™ ) (1 ®ugv)] =
= [X (w1 ®1), X (w2 © C™H]K; (1 @ ugv) +
+ K (uy @ DX (C7! @ uyv), X (1 ®ugv)| +

+ K (u1 ® DX (u2®C™ Hxte ®ulv)K (1 ®ugv) +

- X; (e ®C™ DK (u ® 1)Kj (1 ®@uv) X, (C7' @ uyv) =

5 (-
L (K D3(Cu a © CE; (16 wao) +

qi — qr
— K; (ug ® C™H6(Cuguy ' ® C) (1 ® ugv) +

"'f(;r(ul ® 1)I~(i+(C ® u1v)d (C® Cuy My

)+
— f(;r(ul ® 1)I~(i_(1 ® u0)0(C™!' @ Cuquy! >
c~

4 X (1 ® CTR (un @ 1By (g, Curup @ €71

X Ct ulv)f(j (1 ®ugv) +
—q; "X (ug @ CTHK (w @1) -
XH(CT' @ uv) K (1@ upv)Bji(q, C @ C up tug) ™!
0ij N -
e (CELR LA UER L AIETSE

N q; — 4y
(0((C @ C™Nurtuz) = 6((C™ @ Churuz 1)) +

(1 @ ug)0((C ® Cuguy ') +

— (k' @k H; (ug @ CTHH;
+ (ki @ k) H; (wy @ 1) H (C7! @ ug0)6((C' ® C’)ullu2)> =
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= ﬁij = (Av(ki)Av(ﬁfﬂul))ﬁv@(Cul_luQ)) +
4 — 4y

— A () A (1) A0 (8(Curey ) )

this proves that (X =) is preserved. O

In order to prove that A, defines a C(g)-algebra homomorphism, we are
left to show that the relations (X X), (XX X) and (S) are preserved. (X X)
is easily checked (see [19]) and (S) has been proven when a;;a;; < 3 (see [9]
and [13]), but in general the expression for the coproduct applied to the Serre
relations is extremely complicated.

In the following we propose a strategy to bypass this problem, which
provides a proof that A, is well defined on U™ so that in particular it preserves

all the relations holding in 4" (and in U™).
5. Strategy

Let A be an associative algebra with 1 over a field of characteristic zero and
let D : A — Abe alocally nilpotent derivation. It is well known that exp(D) :
A—=>A=3 % is a well defined algebra automorphism of A. It is also
well known that if D, D’ are two commuting locally nilpotent derivations then
D+ D' is a locally nilpotent derivation and exp(D + D') = exp(D) exp(D’).

Recall that we want to prove that A, defines an algebra homomorphism
U — USU, and that to this aim thanks to Proposition 4.7 it is enough to
prove that A, defines an algebra homomorphism U+ — U QU.

This goal will be achieved by constructing a C(g)-subalgebra V of U @ U

containing U™ ® C(q), and a locally nilpotent derivation D : V — V such that
exp(D)(X;" (u) ® 1) = Ay (X" (u));
since the composition

exp(D)

UT2UTRC(Q) CV = VCURU

is a well defined algebra homomorphism, this implies at once that A, preserves
all the relations involving only the X;fr’s.

Of course if a € A is such that D?(a) = 0 then exp(D)(a) = a + D(a).
Hence, regarding the expression

Ay(X () = X (u@ )+ K (ue )X (C™F @ w)
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it turns out that if the locally nilpotent derivation D is such that
DX (u®1l)) =K (ue )X, (Crou) Viel
(so that in particular K;"(u ® 1)X;7(C~!' @ uwv) € V[[u*']]) and
D(K;"(u® )X (C™ @ uw)) =0,
then

exp(D) (X} (u® 1)) = A, (X[ (u).

We make the idea of the proof more precise by requiring the derivation D to
be the sum of n pairwise commuting locally nilpotent derivations D; (j € I)
such that for all 4 € T

(5.1) D;j(X;" (u®1)) = 6;K; (u® 1)X;"(C™ @ w),
(5.2) D;(K; (u® )X (C™' @ w)) = 0.
Remark 5.3. Let V C U &U be a subalgebra containing Ut @ C(q), let

D; :V — V (j € I) be derivations such that (5.1) and (5.2) hold, and let V
be the C(q)-subalgebra of U U generated by

(XF(uwel), K (uo)XH (O ew)lie I},

Then it is trivial to see that:

U@ Clq) SV IV
ii) Vis Dj-stable for all j € I;
iii) Dj}v :V — V is a locally nilpotent derivation for all j € I (since it is
locally nilpotent on the generators of V);
iv) the Dj]V’s are mutually commuting derivations, as can be seen imme-
diately by evaluating [Dj, Dj/] on the generators of V.

Hence the first step of our strategy (finding a suitable V) is done:
Definition 5.4. V is the C(g)-subalgebra of U @U generated by

(X (wel), K (ue )XH(C @u)i € I},
Remark 5.5. Notice that V is a (J-graded subalgebra of U QU because

X o1, KM (u@ )X (CT'@uv)|y—r € (USU) 016
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and a QQp-graded algebra with
Xtuwel), KHue)XH (C' ouw)e USU)u,[u*]].

The second step of our strategy is to provide for all j € I the derivation
D; :V — V satisfying (5.1) and (5.2); the goal will be achieved constructing
D; as a deformation of a bracket.

Remark 5.6. Let us compare the term (51»]»12;r (u® 1) appearing in the equa-
tion (5.1) with the commutator by X" .

0ij _ .
—qlijq_l (Cru*rKj(u) - C*ru*’“Ki—(C’u)) ,

— ¢

67 X, X ()] =

Gy

so that (5.1) can be written as

Dj(XHu®1)) =8 3. Cru TR (u® 1)1 ® Xfu ) =

rez
= % (_(Qi - Qi_l) X] mX;_( )} + (5ijcfru7rf~(vi_(0u)) ® X]ji:rvfr _
re
=—(g— ;)Y X, @ X o X (u®1)]+6;K; (Cu® )X (C®uv).

reZ

Remark that for all r € Z the commutator [X;, ® X}, -] (which, using the
v-notation for U @U CURU C U R U((v)), is equal to [X; ., @ X;,u™", )
is obviously a derivation of U @ U and of U K U.

On the other hand remark that 3,7 [X;, ® X;~ 0", ] maps U @U (and

even Ut @ C(q)) to U @ U[[v*']] and not to U ®U(( ))

Remark 5.8. The element >, .5, X, ® X;r_rvr € U @ U[[vt1]] is the coeffi-
cient of w” in X (w) ® X (wv) €U @ U[[vr!, wtl]).

Remark that [X; (w) ®X;F(wv), J:UU — U QUL wFl]]. Tt is not
defined on U ®U C U @ U((v)). We shall avoid this problem by considering
the element X (w) ® X} (wav) instead of X; (w) ® X" (wv); in this way we
get a well defined map

(X (w) ® X;r(wxv), 1 U U] = U @ U[[zE, vEL, wtl).

Remark also that U @ U[[vF]] and U @ U[[zF!, vFL, wF!]] are left and right
U ® U-modules but do not have a structure of U ® U((v))-modules (and
U @U[[vF!]] is not a C(q)-algebra), while U @ U[z*1]((v))[[wT!]] is a left and
right U ® U((v))-module (in particular it is a V-module).
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The idea is to deform the bracket [ X} (w)® X (wzv), -] to a map D;(w, x)
whose restriction to V takes values in U ®@Ulx il](( N[[w*!]] and can thus
be composed with the evaluation of x at 1, providing a map with values in
U U(())[[w=]).

Then we shall prove that the map D; = evy=1 o (Dj(w,x)|,,) w0 (see
Notation 2.4) is a derivation satisfying (5.1) and (5.2).

6. The deformation D;(w,x) of [X; (w) ® X;'(wa:v), ]

As suggested in Remark 5.6, we want to get rid of the terms K ., arising from
the commutation of X (w) with X;(u).

In this section we construct some projections of I/ in itself that allow us
to ignore these terms.

It is worth repeating that these structures and projections, fundamental
for our argument, rely on the triangular decomposition of U (see Section 0
and Remarks 2.17 and 2.18).

Definition 6.1. Let us define the following subspaces of U:

U~ is the C(q)-subalgebra generated by U™ and U°;

U>¥ is the C(q)-subalgebra generated by U~ and UX;

US = QU>) and USE = QU>K);

M= = YicrrezUX;, is the U-submodule (left ideal) generated by
(X liel,rely.

Remark 6.2. U, U™ U<, UK and M~ are Q-graded subspaces of U.
Moreover the relations defining U and its triangular decomposition imply
that
U =utou’
UK =yt U’ o uk;
UZU” @C(q)kEie oU™ 2UT @ C(g)[kf|i e |oUS;
U= oM.

Definition 6.3. For all v € ()¢ define U<y> to be the following subspace
of U:

U<y>=U"kU =UTkUS.
This defines a structure of Qp-graded vector space on U (that we shall refer
to as “the new Q-gradation” of U):

U= P u<y>.

Y€Qo
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Define p, : U — U<y> C U to be the projection on the y-component of U.
Moreover define m : Y — U to be the composition of morphisms of left
UK modules U — U/ M~ =U>E CU.

Remark 6.4. The new Qp-gradation of U has the properties that, for all
7,7 € Qo:

i) kyU<y> =U<y+ 7> =U<y>ky.
ii) U<vy> is a left U~ -submodule and a right & <-submodule of U.

Equivalently, Vv,~',7” € Qo we have that:
iii) py(kyakyr) = kypyry—m(a)kyn.
iv) p, is a morphism of left Z/~-modules and a morphism of right /<-
modules.
Moreover:
v) UK and M~ are Qp-graded subspaces of U.
Equivalently:
vi) m commutes with all the p,’s.
Finally:
vii) for all 5 € @, Uz is Qp-graded with respect to the new Qo-gradation:

Us = Dreq, Us NU<Y>),

that is the Q)-gradation and the new (Qp-gradation of U are compatible
and define a (@ x Qq)-gradation of U.

Remark 6.5. 1) With the new @Qo-gradation just defined, U is not a Qo-
graded algebra: for example

XE(u) € U<0>

but
0 # [X;F(w1), X; (u)] € U<a;> DU<—a;>.

2) Viceversa U~ is a Qp-graded algebras (and so is U<"K). In particular
Vy,9,9" € Qo, Va,d',d" € UK with o € U<vy'>, " cu<y">,

we have

py(d'ad”) = d'py_y - (a)a”.
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3) Since V C (U™ E @U)((v)) NU &U, the new Qp-gradation induces on V
a new structure of QQp-graded algebra:

V<y> =V N (U<y>QUT)((v)).

Notice that V<y> CU<y> ® U;}((v)).

Definition 6.6. For all j € I let D(w,z) : U @ U — U @ U[(zv)=, w*!]]
be the map defined by

D), === (T o pyra,) @ i) [X (1) @ X (wav). )

Dj(w,z): U® U[[vH]] = U @ U[[(z0)T, wt oY) = U @ U[[zT, vF wt]]

is the map defined by

Dj(w,x) (Z cmf’”) = ZD?(w,x)(ar)v_r.

reL r€Z

Remark 6.7. Since n(U) C UK 7(M~) = 0 and M U"E C M, we
have that
(X5 (w)(M™ + UKy =0,

hence

D;(w,) U @UI*T) S UK o Ul v, w1,
D;(w,2) (M~ +U") @ U[*])) = 0

and for alla ®@ a' e U<y> U,

DY(w,x)(a®d) = ~(gj — g5 ) (7 © Pyta, )(Xj (w)a) ® X (wav)a'.

Lemma 6.8. Let v € Qp, a € U<y>. There exists R € Z such that
TDy+a, (Xj,a) =0 Vr < R.

Proof. If a € M~ +U%K the claim is obvious (see Remark 6.7), so let a =
ata® with a* € Ut CU<0>, a® € UK <vy>.
Since by Remark 6.5, 2)
TPy +ay (thrcﬁao) = TPry+a; ([X, at]a’ +a* (X5 a’]) =

— 1P (X a¥]0) + @ 7Py (X550 0%)) = i (15, a7

r r T
s y
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it is enough to prove the claim for a € U™.
Now let a = Xt -...- X;" —and R = —max{ry|ir, = j}. Then for all

21,71 INSTN

r<Rand h=1,. N we have either

in#j and [X;,,X; ]=0

) “ip,Th
or
r+r, <0 and paj([XjTT,X;:M]) =0.

The claim follows. O

Corollary 6.9. DY(w, z)[UQU) CURU((xv))[[w=]] CUSU[2="|((v))[[w=]].
Dj(w,z)U @ U*O) C U @ U] ((0))[w*].

Proof. 1t is enough to prove that
0 +1
D3 (w,z)(d ®a") e U @U((zv))[[w™]] Va' € U<y>,a" eU

and to recall that U @ U[zF]((v))[[w*]] is a C(qg)[vF!]-module.
Let R € Z be such that 7p,14,(X;,a’) = 0 for all r < R. Then

1
DY) @) =
4G —q
= Z TPyta; (Xj,0) @ X" e 505w ™" =
r,SEL

- Z TDyta, (X]»Tra’) ® X;rsa”:cfsvfsw*“s -

r>R,s€Z
= Z TPy+ay (Xj_,ra ) ® X;—s r@ A A T

r>R,s€Z

which belongs to U @ U((zv))[[w*1]]. O

Remark 6.10. Notice that
Dj(w,z)U &U) U @U[z™)((v))[[w*]].

For example
Z Xz+2r Hz_ _—T,UT

r>0

is an element of (U &U){q, 0,0 but
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= Di(w, ) (X, (uruz) Hy (uru3) @ H; (u1v))]

(2

0,0 .0
w9, u ug

— gt s Ir— + 17— —5,,—T
- Z kZHz’,sfwc Hi,rfs ® Xi,sHi,r—sx v
r,sEL:
s>maz(r,2r)

which does not even belong to U ® U[x*!][[vF!]] (it cannot be evaluated at
x=1).

Remark 6.11. Let a,b € U @ U((v)) (or even a,b € U @ U) be such that
Dj(w,z)(a), Dj(w, )(b) € U @ Ulz]((v))[[w™]].

In general it is not true that D;(w, z)(ab) = Dj(w, x)(a)b + aD;(w, z)(b).
For example let = X7 (u® 1), b= X;" (2 ® 1). Then

Dj(w,z)(a) = Dj(w, z)(ab) =0 but aD;(w,x)(b) # 0.

Lemma 6.12. Let a € UK <y'>@U((v)) and b € UK <y">@U((v)) be
such that

Dj(w,x)(a), Dj(w,x)(b) € U @ U ((v))[[w™].

Then
Dj(w,x)(ab) = Dy(w, z)(a)b + aDj(w, 2)().
In particular the subspace V = @,ecq, V<> of U @ U((v)) defined by

V<y> = {a €U <y> @ U((v))|Dj(w, z)(a) € U @ UE™]((0))[w*]]}

is a subalgebra of URU((v)) and Dj(w,z)|;; : V — URU((v)) is a derivation.

Proof. Since Y @ U((v)) is a C(q)-algebra, ab, D;(w,x)(a)b and aD;(w, z)(b)
are well defined. Remark 6.5, 2) implies that

1 _
*ﬁDj(w,f)(ab) = TPy yrtay (X5 (w) @ X (wav), ab]) =
J J

— Pyt (K] () ® X (wev), alb + a[ X (w) @ X} (wav), b)) =
— TPy ([X] () ® X (wav), )b+ anpyrsa, (K] (w) © X (wev), b)) =
1

= —— = (D )@+ aDs(w, 2)B)). -
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Proposition 6.13. Let¢,5 € I. Then

i) Dj(w,z)(K; (u® l)X;r(C_lN@ uv)) = 0.
i) Dj(w,z)(X;" (u®1)) =6;Ki(u® )X} (C! @ uwvz)d(Culw @ 1).
iti) Dj(w, )|, is a derivation from V to the V-module USU[z*]((v))[[w™]].

Proof. 1) follows from Remark 6.7. ii) is an immediate computation:

Dj(w,z)(X; (u®1)) =
= —(g; — ¢; ")7pa, ([X; (w0 ® 1), X, (u® 1)] X (1 @ wav)) =
=0 K;(u® 1)5(Cu'w ® 1) X;7(1 ® wav)
= 6ij[~(i(u @ DX (C7' @ uwvz)d(Cutw @ 1)

Remark that

Ki(u® )X, (C7' @ uwvz)d(Culwe 1) =
= Z kif[ifsfwtcrft ® X oo Tw TS

T,8,t:
r<s+t

is an element of U ® U[zF]((v))[[w*t, uF!]].
iii) follows from i), ii) and Lemma 6.12. O

Notation 6.14. For all j € I we set D; = evy— © Dj(w, )]0 : V —
UQU((v)).

We can now conclude our argument.

Theorem 6.15. Leti,j € I. Then:

Di(X; (u®1)) = 65K (u® 1) X;H(C™! @ wv);
D;(K; (u® )X (C™' @ wv)) = 0.

Hence:

D;(V) C V.

D; is a locally nilpotent derivation of V satisfying conditions (5.1) and
(5.2).

Proof. Thanks to Remark 5.3 and Proposition 6.13, we only need to prove
that

Dj(X{ (w® 1) = 6K (u @ )X (O @)
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(which belongs to V):

D;( X (u®1)) = evpey 0 Dj(w,z)(X; (u®1)) ]y =
= evym1 (04 Ki(u @ )X+(C ® uwvr)d(Cu™ w @ 1)) ]y =
=6 Ki(u® )X} O™ @ w). O

Theorem 6.16. The map A, extends (uniquely) to a homomorphism of C(q)-
algebras

Ay :U—=UBU.
That is: the Drinfeld “coproduct” is well defined.

Proof. The claim is an immediate consequence of Proposition 4.7 and The-
orem 6.16. Indeed the exponential exp(3_,c; D;) is a well defined algebra
automorphism of ¥V and the composition

exp(» ._.Dj) R
pZ—JEI>V<—>L{®L{

Ut =U"®C(g) =V

is an algebra homomorphism mapping X;" (u) to A, (X (u)).
In particular A, preserves the relations (X)*, (XX)*, (XXX)* and
(S)T and, thanks to Remark 4.6, also the relations (X)~, (XX)~, (XXX)~
and (5)~. Together with Proposition 4.7, this implies the claim. O

Corollary 6.17. A, : U — U2 s homomorphism of QQ-graded algebras.

A, commutes with Q: Ay, o Q =Q@ o A,. )

A, preserves the action of the weight lattice P: A, ot, = t§2 oA, for all
w e P.

7. A, is a “coproduct”

Here we shall shortly show that A, is “coassociative” and admits a “counit”.

Since the study of the coassociativity involves U®? and its Z-graded com-
pletions, as we did in Recall 4.2 we start by recalling an explicit description of
ue3 (here v = (v1,v2)) and proving that this subalgebra of U2 &HU and of
URUS? (and more generally U ®m) is the correct setting where to investigate
the coassociativity.

Recall 7.1. The identification of Y @ U Q U with

UU UL, v CUUUPE, v3
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can be described as follows:

UQURU= P USUy,(s—50)5 @ Usypsss =

72:73€RQ0
81,80€7Z

= @ U u’72+(51—52)5 ® u73+5257}1_81@2_52

72,73€RQ0
$1,89€7Z

More precisely we described the (Q®3)-gradation of U as a (QF® @ 7Z)-
gradation by Z2-graded vector spaces:

U = @ (U®3) [v1,72,7357]

Y1,72,73€Q0,mEZL

where

(u®3)['y1,'yz,'ys;r] = @ u’yl+(r—81)5 ® u’yz+(31—32)5 @ Uyyts,6 =

(s1,82)€72

~J —S —S82 __
= @ Usy(r—51)8 @ Unyt(s1-52)6 © Uny o501 71077 =
(s1,52)€2?

—ro—r3, —7T
= @ u’71+7"15 ®U’Y2+T25 ®u73+7“35v1 : 3’02 i

ri+re+r3=r

whose completion is

U®*3) (129857 = { Z Lri,ra,rs

r1+79 +r3 =7
r3<R,rg+r3<S

= { § Lry,ra,rs

r1+rotry=r
r1>R,r1+r9>S

= { Z xrl,rz,r31};72(’l)1v2)*r3 ceUxU ®u<(1)17’l)2>)}

r1+r2try=r

RSEZ}:

RSEZ}—

where the x,, r,r,’s are elements of Uy, 4,5 @ Uyyyros @ Uyyprys.
The elements of ®3 are finite sums of elements of this form.
Lemma 7.2. Let U[AL] be the subspace of the A,-bounded elements of U

(see Definition 3.16) and X the (obviously Z-graded) vector subspace of U
generated by X. Then:

i) X CU[AY);
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i) Apy(X) CXOX CURU; ) )
iii) for all m > h > 1 the homomorphism id®"=Y & A, & id®™=") maps
XOm p YO+ (C y@im+1)y,
Proof. It is a straightforward verification that the elements of X are A,-

bounded (which implies 1)) and that ii) holds. iii) then follows at once from
Lemma 3.17. U

Definition 7.3. Let m € N and hy, ho, ..., hy > 0 be such that h; < ¢ for
alli=1,...,m.

Define Az(;n;z)lhm as follows:

A =id; AT = (@d® P G A, @id® T o AT i m > 0.

Lemma 7.4. With the notations of Definition 7.3 we have that A"S]:T;L)lymyhm
maps U in USMHD).

Proof. We prove the claim by induction on m, remarking that the claim

is obvious for m = 0 and m = 1 and that Lemma 7.2, iii) implies that
AEZ’}LL)l ..... hm(‘)z) C )E‘@(erl) C u@(m+1)_

The inductive hypothesis implies that Ai";;l)h () c U™, so that

m—

U) Ut SUSU) GUE I,

----- m

The claim now follows recalling that:
X(C X) is a set of algebra generators of U}
id®hm=1) & A, & id®(m="n) is an algebra homomorphism;
UMY is an algebra (a subalgebra of UE=—D & (U &U) & USM—hm)),
]

Lemma 7.5. We have that
(Ay&id)o Ayo 2 =00 (id&A,) 0 A,

and
(id& Ay) 0o Ay o Q=0 o (A, &id) o A,.

Proof. Consider the natural actions of the symmetric groups Ss and Sz respec-
tively on U®? and U®3 (so that o9 = (1,2) and o3 = (1, 3), see Notation 3.11,
Lemma 3.12 and Remark 3.21) and notice that for all f : U — U*? we have

(f®id)ooy=(3,2,1)0(id® f), (id® f)ooy=1(1,2,3)0 (f®1id),
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hence, recalling that Q2 = U@% id ® o9 = (2,3), 09 ®id = (1,2) and
(3,2,1)(2.3) = (1,2,3)(1,2) = (1,3), we get
(A, &id) o Ayo Q= (A, &id) 0o QP o A, =
= 0300880 (id® Ay) o Ay = OB 0 (1d & A) 0 A,

and

(d@Ay) o Ayo Q= (id@A) 0 NP o A, =
= 030 0% 0 (A, &id) o Ay = OB 0 (A, &id) 0 A, 0

Proposition 7.6. A, is “coassociative”:
(Ay &id) o Ay = (id @ Ay) o Ay : U — UE,

Equivalently AS)";Z n, U independent of hy,...,hny. Denote it simply as

-----

A&’”). Then A&,O) =id, AS}) =A, and
AU = (i d®P=D & A, & id®" M) o ALYy > b > 1.

Proof. Tt is enough to compute (A, ®id) o A, and (id@A,) o A, on a set
of generators of U and even, thanks to Lemma 7.5, just on C*! (which is
trivial), K;"(u) and X;"(u). These easy computations (left to the reader) are
based on the following observations:

(A, &id)(K; (u® )) =K' (u®1e 1)K (C'@u 1),
(A, @id) (K (CT' @uw)) = K7 (C7' @ C7' @ uvy ),
(Id&A) K (u®1) =K' u®le1),
(id& AN (KO @uw)) = KO @u @ DK;H(C™ @ C7! @ uvyvy),
=X weleol)+ K (uele )X (C'eu @ 1),
(A, &id)(X;"(CT ' @w)) = X (O™ @ O™ @ uvyvg),
(id®A) X (u®1)) =X (u@l®1),
(1d & A (X (C™ @ wv)) =
=X Cr @u 1)+ K (CT'@uuy @ DX, (C7 @ C7' @ uvyvg). O

Remark 7.7. In [19] A, is proven to be not coassociative, the coassociativity
holding just for the “limit” at v = 1. The apparent difference of this claim
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from Proposition 7.6 depends on the different completion used in the two
papers: indeed our completion U ®U is (can be seen as) the evaluation (the
limit) at v = 1 of a subalgebra of the completion U} & U, used in [19].

More precisely: as already pointed out, “our” v or vy and vy are not
parameters, but just symbols to underline the grading and to control it. This
means that we could also choose another notation for the same algebra U & U
without writing the v;’s (keeping otherwise the control of the range allowed
for the infinite sums): this can be described as interpreting these symbols as
parameters and evaluating them at 1, or passing to their limit for v — 1.

But which is the setting where the evaluation and the limit make sense?
The construction of U ®U is a choice for such a setting.

This observation about the status of the v;’s has two consequences: on one
hand, as we shall see in Section 9, it provides the setting for the description
of A, as limit of A in the case of the affine quantum algebras; on the other
hand it turns out to be important when working in UE™ with m > 2, and in
particular when dealing with the coassociativity, as we are doing now.

On the other hand the algebra U ®U, = U @ U((v)) considered in [19]
is defined as the topological completion not of U ® U but of the bigger
U, @c(q)((v))U; = C(q)((v)) ®U @ U (actually in [19] ¢ is to be intended as
a complex parameter, but this is a minor difference, involving no problem)
and contains many copies of U ® U, mapped isomorphically onto U ® U via
the “evaluation” of v at 1 and different from each other.

Moreover, coherently with the choice where v is an element of the ground
field C(q)((v)), Uy &U, OU, =U @ U @ U((v)) and v behaves as a scalar.

As a final remark let us observe that, as the author underlines, the limit
at v = 1 is not defined; so it is just mentioned to underline that there is some
trace of coassociativity of A,, despite to the lack of the coassociativity in the
strict sense.

Let us consider a simple example: if > 0
AU(H,L"T) = Hi,r RI1I+C"® Hi’ﬂ)_r

means that A,(H;,) = H;, ® 1+ C" ® H;, (element of degree ), where the
right hand factors 1 and H;, have degrees respectively 0 and r, encoded in
the exponent of v. Then

(A, @id) o Ay(Hyy) = (id @ Ay) 0 Ay(Hip) =
= i’r®1®1+CT®H1',T®1+CT®CT®H7:,T7
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which is written as
Hi, @121+ (C"®H;, ®1)v;"+C"®@C" @ Hy,(vivz)"".

On the other hand in the setting of [19] we have

Ay(Hip) = Hip @1+ C" @ Hiypv™" # Ay(Hiy) = Hiy ® 1+ C" @ Hyp,
so that
(Ay®id)o Ay(H,y) =Hip @101+ (C"QHiy @ 1)o7 +C" 0 C" @ H,; pv7,
while
(id©Ay) o Ay(Hiy) = Hip @101+ (C"Q Hiyp @ 1o +C" @ C" @ Hyypo ™™

In this simple example we can evaluate v at 1, since these elements belong
to U ® U @ U[v~!], or because, with the notations of the present paper,
Ay(Hip) EURU CUBU.

The same computation applied to X;rr confirms this picture, enlightening
the problem with the evaluation of v at 1.

Definition 7.8. ¢ : U — C(g) is the C(g)-algebra homomorphism defined by
e(CH) = e(Kj () =1, (X" (u)) = 0.

Proposition 7.9. ¢ is a “counit” for A,: (¢ @id) o A, = (id&¢) o A, = id.
Proof. Notice that (see Remark 3.14)

(e®id) : UP? - Clg)dU=U, (id&e) U 5 URC(q) = U,
co=¢, (e®id)oQ® =Qo(id&e), (id&e)oQ® =Qo(c&id)

and

The claim follows. U
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Corollary 7.10. A, : U — U QU is injective.
Proposition 7.11. Let S : U™ — UK be defined by

S(ks) = k—p, S(H (u)) = H (Cu)™", S(H (u)) = H (Cu)™".
Then S is a well defined C(q)-antiautomorphism of UK commuting with
and it is the antipode for Ay|jo.x .

Proof. That the relations defining #%¥ are preserved by S is an easy ver-
ification, and so is the commutation with Q. The condition for S to be an
antipode for A, (that is mo(S®id)oA, =& =mo(id®S)oA,) is equivalent
to

S(H (u)H;f (Cu) =1,
S(H; (w)H; (Cu) =1,
which is the definition of S. O

Remark 7.12. There does not exist an “antipode” S : U — U for A,.

Proof. If such an S existed its restriction to 4%®* would be as in Proposi-
tion 7.11, hence the condition of being an “antipode” would imply

S(X; () + K (Cu) "' X (Cuv) = 0

or equivalently
S(X (w) = =K (Cu)™' X[ (Cuw),
which does not define an element of U[[u*]]. O

Remark 7.13. In [17] A, is proven to admit an antipode. Here too, as in
Remark 7.7, the apparent different results depend on the chosen completions:
indeed S'is well defined if one admits it to take values in a suitable completion
of U. See [17] for a detailed discussion of the conditions to obtain a Hopf
algebra structure.

8. Affine quantum algebras: some more definitions and
notations

In this and in the next sections we consider the particular case when U/ is an
affine quantum algebra (that is U = U(A, k,d) = U,(A) with A affine Cartan
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matrix and A = flf finite Cartan matrix). Then it is well known that U/ is
endowed with a Hopf algebra structure

UA - U—-URU,e:U— C(q),S:U—=U).

We want to describe the connection between A and A,; this also provides
another proof that A, is well defined, in the particular case when, precisely,
U is an affine quantum algebra.

This section is devoted to recall some preliminary definitions and results
about affine quantum algebras that we shall need (see [3, 11, 21, 12, 27, 26,
24, 6, 7).

In Section 9 we introduce the notion of t-equivariant limit and prove that
A, is the t-equivariant limit of A.

Definition 8.1. Let A = (@ij); je
and a finite Cartan matrix with A = Ay, A ~ (A, k, d) (see Remark 1.5). Then
I =T1U{0} and U, = U,(A) is the C(g)-algebra generated by {E;, F;, K']i
I} with relations

jand A = (a;j); jer be respectively an affine

KiK'=1=K'K;,, KK;=FKK; Vijcl;
KiEj = {"E;K;, KFj=q; ""F;K; Vi,j €l
K, —K;!

B, Fj] = 6y ———— Vi,j eI
1 J (¥ ¢ — qz 1
1—ai 1 — ais
(—1)m[ ”] EMEE T =0 Vi#jel
m=0 m X
ql
1—(1,;]' 1 _ a”
(—U’"[ ”] FEjF ™ =0 Vi jel.
— m
mfo qi

Remark 8.2. Setting Q(q) = ¢7*, Q(K;) = K, ', Q(E;) = F;, Q(F,) = E;
for all ¢ € I defines a C-antilinear antiinvolution of U,.
Remark 8.3. The sets {o;|i € I} and {a;|i € I} U {8} are different Z-bases
of the same root lattice Q. .

Uy is Q-graded: for all i € I, K;, F;, F; have degrees respectively 0, o;
and —q;.
Definition 8.4. The coproduct A : U, — U, @ U, is the C(g)-algebra homo-
morphism defined on the generators by

A(K) = K;0K;, A(E;) = E@l+K,QF;, A(F)=10F+F,oK; ! Viel.
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Remark 8.5. A preserves the Q-gradation and Ao Q = 09 0 Q®2 0 A (we
say that A is Q-equivariant).

Definition 8.6. The Weyl group W is the subgroup of Aut(Q) generated by
the reflections s; : Q@ — Q (i € f) (which are defined by s;(a;) = a; — a;j04
for all j € I).

Wy is the subgroup of W generated by {s;|i € I'}.

Recalling that the weight lattice P can be identified to a subgroup of
Aut(Q) acting on @ by “translations” (P 3 w : 8 — [ — <w,[3>4, see
Definition 1.7) we can define the extended Weyl group W = P x W, and the
subgroup 7 of

{r:f—>f

r(iyr(j) = @i Vi,J € 1 }

such that W = W x T (see [28, 20]).

Remark that the condition a,)-(;y = ai; for all 4,5 € I implies the
injectivity, hence the bijectivity, of 7.

To the Weyl group(s) there are associated the braid group(s) and the
corresponding projection(s): B is generated by {T;li € I} with the braid
relations (see [3]); B=BxT; B> T~ w e W is the group homomorphism
defined by Tj — s;, 7+ 7 (foralli € I, 7 € T).

B acts on U, by the following formulas (see [27] and [26]):

T(Kp) = Ky if T+ w, where Kz= HKZ” it 5= Zmiai,
il iel
T(E) = Ery, Ti(E;j) = —FiK;,
7aij —Qi;i .—S8 _a’l" —Qii—S S . . .
Ti(E;) = > (=1)" g [ ) J] E;"TUE;ES if i #
5=0 qi
T(F,) =QT(E;) YT € B, i e l.

Remark 8.7. W fixes the imaginary root 6.

The length function [ : W — N extends to W by {(wr) = l(w) for all
weW,reT.

The restriction of [ to the set of the dominant weights Py (see Defini-
tion 1.7) is additive.

The map s; — T;, 7 — 7 (i € I, 7€ T) extends to a section T : W
w s T,y € B such that Ty = T T if [(ww') = [(w) + L(w').

In particular T] p. extends uniquely to a group homomorphism P < [;’,
hence it defines an action of P on U,,.
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The action of B on U, has the property that if B>Tw— weW,then T
maps elements of any degree § € @ to elements of degree w(/3).

Definition 8.8. The set ®"¢ of the real roots is
o ={a € Q|Fi eI, we W such that a = w(a)}.

The set ®7¢ of the positive real roots is

(I)rf = {a: Zmiai c CI>T5|mZ- >0Vie f}

icl
The sets ®° of the finite roots and <I>(_)|r of the positive finite roots are

' =0 NQy={acQ|Fcl, weWsuch that @ = w(a;)},
0 0 re
o, =" NPIE.
Recall 8.9. For all a € ®7¢ root vectors E, and F, = Q(E,) of degrees
respectively a and —a can be defined through the action of the braid group,
depending on a sequence ¢ : Z — I with suitable properties. Here we recall
the main facts on which the construction of the E,’s (and symmetrically of
the F,’s) is based:
i) if i # j € I then T,,,(E;) = Ej and T, T, = 1o, T.,;
ii) if w=s; -...-s; €W (i € I for all ) has length [, then

{siy - si (i) h=1,.... 0} = {a € " |w ! (a) € -}
and this set has [ elements;

iii) for all @ = v +md € ¢ (v € Qo) we have that:

-) if v > 0, then w™! () € ®7¢ for all dominant weights w € Py and
there exists a dominant weight w € P, such that w(a) € —®7¢;

-) if v < 0, then w(a) € ®7¢ for all dominant weights w € P, and
there exists a dominant weight w € Py such that w™!(a) € —®7¢;

iv) to any surjective map i : {1,..., M} — I such that Z;];/Izl wi, € PNW
we can attach a sequence ¢ : Z — [ as follows:

=) if Ny, is the length of w;, +--- +w;, € P C W then
Sy(1) "t Sy (Ny)Th = Wiy + -+ Wy,

for some Dynkin diagram automorphism 7, (of course 75y = id);
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-) ¢ is periodic of period Ny: ¢(r) = o(r + Nyy) for all r € Z;
v) given ¢ as in iv), the map Z 3 r — (3, € "¢ defined by

5, = {&(1)&(2) Coseen (o)) ifr>1
SU0)Su(~1) - -+ Surry () <0

establishes a bijection between Z and ®'¢.
For the details see [3, 2, 6, 7, 1].
We are now ready to introduce the root vectors.

Definition 8.10. Let ¢ : Z — I be as in Recall 8.9, iv). For all r € Z the
real root vectors Eg, and Fjp, are defined as follows:

E . {Z(I)TL(Q) Lt ﬂ(rfl) (EL(T)) lf T 2 1
Br =

—1p—1 -1 .
LTy - Ty (Byny) ir <0,

Remark that in general these root vectors depend on ¢, but Recall 8.9 implies
that E, j 5., is independent of the choice of ¢:

E Jié‘f‘ai - Tw_lT(EZ)a E

T T

ds-a, = ~TL(KT'F) = —K T7,(Fy).

rd;6—a; Tw

Finally, for all 7 > 0, ¢ € I the root vectors F(,.s; and Fl,s5; of degrees
respectively rd and —rd are defined by

exp (Z E(ra,i)u—r> =14+ (@~ )Y (BrisoaBi — a7 EE, g5 0 )u" ™,

r>0 r>0

Fusy = QE(rs))-

Remark 8.11. For all ¢ : | — {#£1}, € induces a groups homomorphism
€g : Q — {1} (eq(ai) = €(i) for all i € I) and a C(g)-algebra automorphism
ey 1 Uy — Uy setting

EL{(Ki) = Kz 6u(EZ‘) = E(Z)EZ Eu(ﬂ) = E(Z)F“

e is an involution of U, acting as eg(/5) on the elements of degree /3.
Remark that any e : I — {£1} can be (uniquely) extended to é : [ —
{£1} so that ég(d) = 1.
The automorphisms of U, that are determined by the maps e : I — {£1}
such that €g(d) = 1 commute among themselves and with the T;,,’s.
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Definition 8.12. Let o : [ — {+1} be such that

i) o(i)o(j) = —1 for all 4, 5 € I such that a;; < 0; and
ii) in the case Xrgk) # AP o(i) = 1 if there exists j € I such that a;; = —2.

2n

For all ¢ € I consider the map ¢; : I — {1} defined by

(i) = {o(i) if j=1i

1 otherwise,

extend it to & : [ — {£1} in such a way that &(6) = 1 and denote by (& )y
the corresponding automorphism of U, (see Remark 8.11).
We define T}, = (&)uT., and T, = [[;c; (T, )™ forallw = 37, ; miw; € P.

We can now recall the results concerning the isomorphism between

~. A

U(A, k,d) and Uy(A).

Recall 8.13. It is well known that U(A, k, d) = U, (A) (see [4] and [5]). More

precisely if o : I — {£1} is as in Definition 8.12, there exists an isomorphism

~ A

Y U(A k,d) — Uy(A) characterized by the identification
E,‘ — X:O, E <~ Xz'TO7 Kl — kl

and by the condition 1) ot; = T}, o (for all i € I).
In particular 1) o Q = Qo and Eqgsy < o(i)"H, g4, forallr>0,i€I.

From now on we consider the identification U(A, k,d) = U,(A) = U.
Definition 8.14. 1. We shall denote by Q4+ C Q4 C @ the sets
Q+ = {ﬁzréJeriai € Q|mz >0Vs 6[}7
iel

Qiy = {B = 7“5+Zmiai € Q|3i € I such that m; > 0} = Q4 \ Zd.

il
2. Given 1, B2 € Q we say that
pr 2> 02if B1 — P €@y and By > Boif B1 — o € Q.

Remark 8.15. Remark that > is not an ordering (but its restriction to Qo
is).

Remark 8.16. In U/ we have that, independently of the sequence ¢:
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i) U™* is the C(g)-subalgebra generated by {E(.s;|r >0, i € I};
ii) U™ is the C(g)-subalgebra generated by

{Ey, Ky Fo|la,a' € "¢ a/ < 0 < a}.
iii) U~ is the C(g)-subalgebra generated by
{Fo, K_owEyla,d € ¢ a <0< a}.

iv) The C(g)-subalgebra generated by {E,|0 < o € &7} is the intersection
between Ut and the C(q)-subalgebra generated by {E;|i € I}.

v) The C(q)-subalgebra generated by {E,|0 > o € "¢} is the intersection
between ©s<oksld; and the C(g)-subalgebra generated by {£;]i € I}.

vi) Finally, for all » > 0, i € I the sequence ¢ (see Recall 8.9 and Defini-
tion 8.10) can be chosen so that if [ = (w;) then

rd;d + o = 50(0)Su(=1) " - - - * Su(—ri41) (Qu(=r1))
and
{500)8u=1) - - Sy ()| =1l < h <0} =
= {a € Yw; (o) € =P} C {a € P > o}
(see [6, 7]).

Remark 8.17. We are now ready to describe, not completely but with some
accuracy that will turn out to be sufficient for our aim, the (Drinfeld-Jimbo)
coproduct A on the (Drinfeld) generators H;, and X;’T with positive r. No-
tation 8.18 is introduced to help this description.

It is interesting to recall that the following results depend on a strong
relation between A and the braid group action, which, avoiding too many
details, can be summarized as follows (see [24, 6, 7]): for every dominant
weight w € Py there exists a “partial R-matrix” R., such that

(T, ®T,) o AoT, Y (x) = R, - Alx) - R,' Vo cU.

w

This property, that we shall use in Section 9 to describe A, as P-equivariant
limit of A, was already useful to find a relation of conjugation between A
and A,: for example in [30] the author proved that A and A, are conju-
gate through an invertible element R. arising from a decomposition of the
universal R-matrix; see also Remark 9.16.
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Notation 8.18. Given i € I we denote by U;" the left and right U*-
submodule of U (two-sided ideal of ) generated by { X', [r € Z}; if moreover
r > 0 define L{:’T and Z/{Zf by

= @ W) UL = B W)

0<s<r, YEQQ:
YEQQ y>a;

Recall 8.19. A has the following properties: for all ¢ € 1
i) A(H,)— (Hip ®1+C"® Hyy) € @ogs(jr, CUG 5y UG, Y > 0.
ii) The homogeneous component of A(H, 7)) in U_n,) @ Uja,) is

_(Qi — (Jfl)bndlcle;gl ® XzTO

i) AX;) — (X 01+ kCT @ X)) eU @ (U)o @ULT) Vr > 0.

T

See [6] for the untwisted case and [7] for the general affine case (and
Remark 8.16, vi)).

The next Lemma, which is a refinement of Recall 8.19, iii), is the main
result used in Section 9 to compare A and A,,.

Lemma 8.20. Foralli € I,r >0

AXE) = XL @14+ kO His @ X[ +Y,

8:0 1,7r—S8
with Y, € U @ U
Proof. Thanks to Recall 8.19, iii) we already know that
AKX =X L o1+Y/+Y,

with Y, — k;,C" ®X;“T EUR (U;;)[ai], Y, € U®U;fr, so we just need to prove
that

V! = kC"H; s ® X,
s=0

We proceed by induction on r, the cases r < d; being trivial (Y = 0, X;;q =0
ifo<r< d~z)
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Let r > d;. Since [H, ;, X}"\] = bdX+ a (g, #0) for all 5, Recall 8.19

implies that there exists Y € 690%? Cdiz,{(;Zi73)677 ® U, 5 such that

biiJiA(Xi—t_r) =

7

— |‘Hl7d~i ®1+ Cdi & Hi,tii — (qi — q;l)biiJiCdiX;Ji (=) X;’FO,

Xt @1+ kiCT_di_S ~¢‘75 ® X"

i,r—d; i,r—d;—s

+

T*Ji ~ _
VX' o @l+ Y kC"H, X . ]

’L,T‘—Ji d;,—s
s=0

so that

AXF,) =

i,r—s

’r‘—di
=X, @1+ > kO H @ X\, + ki, ® X+ Y,
s=0

(which is the claim) because

2

[AH, 7)Y, g]+ Y. D kO Hie @ XF o

obviously belongs to U ® Z/l;rf and
vV, X" - ®1]
i,r—

also belongs to U ®UZTT+ because it belongs to U @ U;" (see Remark 8.16, vi),
which implies that the root vectors E, involved in the right hand factors of Y
are of the form a = v +md with Q¢ > v > a;) and its component in U @U,,|
is zero (because of the condition v # «; in the definition of V).

One can also prove by direct computation that [Y, X;Lri o ® el @L{;fj

remarking that X commutes with X;“T i for all j # i, s € Z: indeed Y =

Y+Y with Y € URUT (so that v, X;“Td®1] € UU; ") and Y = Zl:/h’@{/,;’
where the SZ/}{’S belong to the subalgebra of U generated by { X ([j # i,s € Z}

(so that [Y, X;'TJ_ ® 1] =0). O
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9. Affine quantum algebras: A, as t-equivariant limit of A

We are now ready to concentrate on the connection between A and the action
of the weight lattice P.

We shall prove that A, is the “t-equivariant limit” of A (see Notation 9.7
and Definition 9.8): the first concern of this section is to discuss the notion
of limit and convergence in U & U.

Recall that U & U is a Qo ® Qo @ Z-graded vector space whose components
are the completions of Z-graded vector spaces.

The notion of convergence and limit in the completion V' of a Z-graded
vector space V = @TGZV(T) is easy to describe: a sequence {Z, }meny C V is
convergent, if

VN € Z 3M > 0 such that ¥m > M : x,, — 2y € BeenV';
its limit is the element z € V whose n'* component for n > N is the n'*-
component of x,, for m > M (which is independent of m thanks to the choice
of M).

Now if we have the direct sum V = @,V of a family of Z-graded vector
spaces and the direct sum V = @V, of their completions, every element
of V (respectively V) is the (finite) sum of its own a-components (that is
projections on the V,’s, respectively V;); and to each sequence o with values
in V there corresponds for all a a sequence 4o with values in V, (the projection
of o).

Which are the conditions for ¢ to have limit in V? The first condition is
that every ,o has limit in V,. Then the limit of ¢ should be the sum of the
limits of the ,0’s: so the second condition is that just a finite number of ,o’s
have limit different from zero.

Notation 9.1. For all 71,72 € Qo, r € Z let ppy, be the projection

y2;7]
Plyiyesr] - USU — (U ®u)h’1ﬂ2;T]'

Of course pjy, . maps U @ U onto (U @ Uy, o)

Definition 9.2. Let us consider a sequence {Z;,}men € U @ U. We say
that {Z,}men is convergent, and converges to T € U ®U, if the following
conditions are satisfied:

i) for all v1,v2 € Qo, r € Z there exists

lim ppy, yom] (Tm) € (U ®u)[7lm;r];

m—oQ
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equivalently: for all N € Z there exists M > 0 such that for all m > M

Pl yair) (Tm — i) € @ Uy, 4 (r—5)5 @ Uyyyss;
s<N

11) #{(71;727T) € QO X QO X Z’ liInm—)oo p['yl,'yg;v“] (xm> 7é O} < 0Q;
111) T = Z(Wl,wﬂ’)EQOXQUXZ limy, 00 Plyi,v2ir] (mm)

If {2 }men converges to T € U @ U we write T = limy, 00 T

Remark 9.3. The sequence {2, }men € U @ U converges to & € U DU if
and only if for all 1,79 € Qq, r, N € Z there exists M > 0 such that for all
m > M

p['yl,'yz;r] (‘i' - xm) € Z uwﬁ»(rfs)ﬁ ® u’yz+s5 g (Z/{ ®u)[71,72;r]-
s<N

From this remark it is clear that in the general definition of convergence
M depends on 71,72, 7, N but we have no control on this dependence. The
problem is that for our needs this notion of convergence is too weak, and it is
useful to introduce a stronger notion of convergence requiring some condition
on the dependence of M on 71,72, 7, N (we shall require that M be actually
independent of 1,72, 7 and depend “almost linearly” on N).

Definition 9.4. A sequence {, }men C URU is said to strongly converge to
T € U QU if there exist R, € Z, M, € N such that for all v;,7, € Qo,7, N € Z
and for all m > max{M,, R, — N} we have

p[’yl,'yg;r] (ff - xm) € Z ufy1+(rfs)6 ® u’yz+55 g (U ®Z/l)['yl,’yg;’r‘]'
s<N

A sequence {z, tmen €U QU is said to be strongly convergent if there exists
T € U ®U such that {z,,}men strongly converges to .
A sequence that strongly converges to Z is convergent and converges to .

Remark 9.5. A sequence {Z,, }men € URU strongly converges toz € U QU
if and only if there exist R, € Z, M, € N such that for all N € Z and for all
m > max{M,, R, — N} we have

T — Ty € Z U QU155 € v MU ® Ul[v]].
BEQYEQ0,sSN
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Equivalently {2, }men € U ® U strongly converges to 7 € U ®U if and only
if there exist R, € Z, M, € N such that for all m > M, we have

T — Ty € V"R U @ U]

Remark 9.6. If {z,, }men and {ym fmen € U ® U strongly converge respec-
tively to Z € v=%U @U[[v]] and y € v=%U UI[v]], then {xp, + Ym tmen and
{ZmYm }men strongly converge respectively to & + y and zy.

Let us now turn to the equivariant side of the problem.
Notation 9.7. From now on we denote by ¢ the automorphism of ¢ defined
by
t=]]te.
iel
Equivalently t = t,, = T, where w = >, w.

Definition 9.8. Let z be an element of . The t-equivariant limit A(z) of
A(z) in U2 is, if it exists,

Alz) = lim (t® ™A™ (x).

m—0o0

Proposition 9.9. The set
U={z cU{(t@t)"At™™(x)}men is strongly convergent}

is an Q-stable C(q)-subalgebra of U and AU —URU is an Q-equivariant
C(q)-algebra homomorphism, that is A is a C(q)-algebra homomorphism such
that AQ = Q@A

Proof. Since A, t and ¢®t are algebra homomorphisms, that U is a subalgebra
of U and A a C(q)-algebra homomorphism follows from Remark 9.6.
The Q-equivariance of A follows from the fact that

(t@ )AL (Q(x)) = 09 0 QF2(t @ )AL (1)
and from the fact that if x € U with § =~y + 170 (v € Qo, r € Z) then

(t ® t)mAt_m(x) € @ u71+7"15 ® u72+7"25

71:72€Q0
r1+ro="r
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and
09 O Q®2( )mAt_ @ u—’yg 20 ®u—'yl+(7"2 —r)d>s

71:72€Q0
r1t+re=r

so that if z € U C @peqUs there exists r € Z such that Roy) = Ry —
satisfies the condition for the strong convergence of {(t®#)™ At~ (£ z))}meN
to QPA(x). O

Remark 9.10. For all § € Q (t ® t)"At™"(kg) = kg ® kg is a constant
sequence, hence

A(kg) = A(kp) = kg @ k.

Lemma 9.11. 1. Let x € U, ® Ug, with B1, P2 € ) such that <w, 2> > 0.
Then {(t @ t)™(x) }men Strongly converges to zero.
2. Let r € Z and {xm }men € U @ U be such that x,, € U @ U;:jrmd for
all m >> 0.
Then {(t @ t)™(Tm) fmen Strongly converges to zero.

Proof. 1. Let By = 75 + 190 with v9 € Qq, 72 € Z. Then
(t ® t)m<x) € uﬁl—m<w,ﬁ1>5 QU Yot (ro—m<w,y2>)d>

which implies the claim because ro — m<w, > <19 —

2. z,, is a (finite) sum of elements in U ® (U;: i Jy+ss With 0 < s <

r+md; and oy < v € Qp. Since
(@)™ (U Q@ Uytss) S U Unt(s—mewy>)s
the claim follows because

<w, > > <w, > =d;, s<r+md; =
= 5 —m<w,y> <r+m(d; — <w,y>) <r—m

that is s — m<w,v> < r —m. O

Proposition 9.12. Leti € I, r # 0. Then (t ® t)"At™™(H,,) is strongly
convergent and

A(H)* Hi7r®1+CT®Hi7r if?">0,
1@ Hy + Hiy, @ CT i r < 0.

In particular U° CU and A U — U @ U°.
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Proof. Since H; _, = $(H;,) it is enough to prove the claim for r > 0,
observing that 1 ® H; _, + H; -, @ C™" = 05Q%*(H;, @ 1+ C" ® H; ).
Remark that t~™(H;,) = H,,, so that we want to study the sequence
(t@t)"A(H;,).
By Recall 8.19, i) we have that if r > 0 then

A(H;,) — (H;p, ® 1+ C"® H;,) € (CTU™ @UT),s,

which implies that it is a (finite) sum of elements satisfying the condition of
Lemma 9.11, hence strongly converges to zero; since H;, ® 1 + C" ® H;, is
t ® t-stable, this implies that (t ®t)™A(H;,) strongly converges to H; , ® 1+
C" ® H;,, which is the claim. O
Corollary 9.13. Remark 9.10 and Proposition 9.12 imply that also FI;; and
f(fr = k;tll:lfr belong to U and that on these elements A coincides with A,.

Proposition 9.14. Let i € I, r € Z. Then (t ® t)mAt*m(Xf;,) is strongly
convergent and

AXG)=Xh@l+ > kCHS, ® Xi,v™,

1’7T1 Z7T2
r1+ro=r
AX)=10X v+ Y X, ®@k'C'H;, v "
7,7 7,7 1,71 7 1,72 :
r1+ro=r

Proof. As in Proposition 9.12 it is enough to prove the claim for X;;n, since
X = Q(X;,Qr) and, as already remarked,

1o X v "+ > X, ®k'CMH v =

1,71 2,72
r1+ro=r

A (9 T2 ] -
—Q® (Xfr ®1+ > kCPHS @X}v 2) .
ri+re=—r

Let us fix r € Z. Then with the notations of Lemma §.20 we have that for all
m >> 0 (more precisely if m > 0 is such that r + md; > 0)

r+mczi _
-m +\ _ v+ r+mdi—s 7. + ~
AT =X @1+ Y kC His® X! i ot Yimd
s=0
hence
r-‘rmd}

i,r—s md;

tRO™ATX) =X @1+ Y kCTUH @ X _ 4+ (@)Y, )
s=0
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Lemma 9.11,2. implies that {(t®%)™(Y,.,,q,) tmen strongly converges to zero.
On the other hand

T+mczi B
{ )3 kCH®X}
5=0 meN

obviously strongly converges to

> kCTH; s @ X,

i,r—8?
s>0

which proves the claim. O

Theorem 9.15. The subalgebra U of U (see Proposition 9.9) is U, that is
for all x € U the sequence {(t @ t)" At~ (x)}men s strongly convergent.
The t-equivariant limit A : U — USU of A is an Q-equivariant C(q)-
algebra homomorphism.
The map A‘X s equal to Ay: in particular the map A, defined in Defi-
nition 4.5 extends to a well defined C(q)-algebra homomorphism, that is the

Drinfeld “coproduct” is well defined and it is the t-equivariant limit of A.

Proof. Remark 9.10, Propositions 9.12 and 9.14 and Corollary 9.13 imply that
U contains the set X', on which A, is defined, and that A and A, coincide
on this set of generators of &. Then Proposition 9.9 implies the claim. O

Remark 9.16. We have thus proven that for all x € U

Ay() (tet)™ AL~ (x) (T7, ® )" AT, (x)

= lim = lim
m—ro0 m—00

where w =} w;.
Remark that (T, @ T))" AT, = (T,, @ T,,) ™" AT, ™ (see Definition 8.12
for the action of T}, on Uz), so that

Ay(z) = lim (T, ® T,,)" AT, ™ (z).

m—o0

But as we have already remarked (see Remark 8.17) there exist “partial R-
matrices” R, = R,,, such that

(T, @ T,)" AT, ™(x) = RpAz) R,
On the other hand (see [30])

A, (7) = ReA(z)RZY,
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so that
R_A(z)RZ' = lim R, A(2)R,}.

m—oQ
Of course this observation suggests the problem, that it is not possible to
study here, of understanding if the R. considered in [30] is defined in our
setting (that is if it belongs to U ®@U), if the R,’s (which are element of
U ® U) have limit in U @U, and if R. can be described also as limit of the

R,,’s, or which is its relation with them, if there is any.
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