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A 1-dimensional formal group over the prismatization of
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Abstract: Let X denote the prismatization of Spf Z,. The multi-
plicative group over ¥ maps to the prismatization of G, x Spf Z,,.
We prove that the kernel of this map is the Cartier dual of some
1-dimensional formal group over 3. We obtain some results about
this formal group (e.g., we describe its Lie algebra). We give a
very explicit description of the pullback of the formal group to the
quotient stack @Q /Z;, where @ is the g-de Rham prism.
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1. Introduction
Let p be a prime.
1.1. Subject of this article

In their remarkable work [BS] B. Bhatt and P. Scholze introduced the theory
of prismatic cohomology of p-adic formal schemes. B. Bhatt and J. Lurie
realized that the theory of [BS] has a stacky reformulation; it is based on
a certain prismatization functor, which we denote! by X — X D This is a
functor from the category of bounded p-adic formal schemes to that of stacks.?

Following [D3], we write ¥ := (Spf ZP)A. The stack X plays a fundamental
role in the theory of prismatic cohomology.
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1Bhatt and Lurie [BL, BL2] write WCart instead of X2 and WCart instead of
Y= (Sprp)A.

2Bhatt and Lurie also define a derived version of the prismatization functor.
The difference between derived and non-derived prismatization is irrelevant for our
article.
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In general, there is no canonical map X x ¥ — X A, However, such a
map exists if X = G,, x Spf Z,,. Moreover, this map is a faithfully flat group
homomorphism (more precisely, a homomorphism from a commutative group
scheme over ¥ to a Picard stack over ¥). Let Gy be its kernel; it is a flat
affine commutative group scheme over .

Our first main result (Theorem 2.7.5) says that Gy is the Cartier dual
of some 1-dimensional formal group over X, which we denote by Hyx. Then
Lie(Hy) = Hom(Gy, (G,)x) is a line bundle on X. It turns out to be inverse to
the Breuil-Kisin-Tate module Ox{1} (see Theorem 2.7.10). The correspond-
ing homomorphism Gy, — Ox{1} is explicitly constructed in [BL, BL2] and
called the prismatic logarithm; it is used in [BL] to define the prismatic first
Chern class.

We obtain some results about the formal group Hy, (see §2.9), but we are
unable to describe it explicitly. However, in §2.10-2.11 we give a very explicit
description of the pullback of Hy, to the quotient stack QQ/Z,;, where () is the
g-de Rham prism.

The author’s study of Gy and Hy was motivated by the desire to un-
derstand certain aspects of [BS] and [BL, BL2] (see Remark 2.7.4 and Ap-
pendix A for more details). On the other hand, Hy, could be interesting from
the topologist’s point of view.

Let us note that the group scheme Gy, is also introduced in [BL2] (under
the name of Gwcart)-

1.2. Organization

The main results are formulated in §2. We also formulate there a question
about Gy, and a conjecture about Hy, (see §2.8 and Conjecture 2.12.4).

In §3 we discuss some general results and constructions related to formal
groups. In §4 we prove the results formulated in §2.

In §5 we describe and compare several “realizations” of the group scheme
Gg = Gx x5 @Q; the first one immediately follows from the definition of G,
and the others come from the description of its Cartier dual. A key role is
played by the expressions (1 + (¢ — l)z)q%l and qqp%l; the second expression
is closely related to the g-logarithm in the sense of [ALB, §4].

In Appendix A we explain how to compute the prismatic cohomology of
the punctured affine line over Spf Z, using some results formulated in §2.

In Appendix B we discuss the Cartier dual of the divided powers version
of G,,. As explained in §4.6.1, the end of Appendix B is related to §4. Ap-
pendix B is closely related to the material from [BL] about the “Sen operator”.
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In Appendices C and D we describe the Cartier dual of Gy, and of its
“rescaled” version. This material is used in §5. As noted by the reviewer, a
substantial part of Appendices C and D is contained in [MRT].

2. Formulations of the main results

We fix a prime p. Let W denote the scheme of p-typical Witt vectors; this is
a ring scheme over Z.

2.1. Some conventions

A ring in which p is nilpotent is said to be p-nilpotent. A scheme S is said to
be p-nilpotent if p € H°(S, Og) is locally nilpotent.

Unless specified otherwise, the word “stack” will mean a stack of groupoids
on the category of schemes equipped with the fpqc topology.

Schemes and formal schemes are particular classes of stacks. E.g., Spf Z,
is the functor that associates to a scheme S the set with one element if S is
p-nilpotent and the empty set otherwise.

For us, A! := Spec Z[z]. Given a stack 2", we write A}, := Al x 2. E.g.,
Ads 7, is the Spf of the p-adic completion of Zj[z].

Similarly, G,, G,,, W are group schemes over Z, from which (G,)4,
(Gpn) 2, Wa are obtained by base change to 2.

2.2. O0-schemes and d-stacks

2.2.1. Definitions A Frobenius lift for a stack £~ is a morphism F : 2~ —
2" equipped with a 2-isomorphism between the endomorphism of 2" ® IF,
induced by F' and the Frobenius endomorphism of 2" ® IF,,. A §-stack is a
stack 2" equipped with a Frobenius lift.

We say “0-structure” instead of “d-stack structure”. We say “d-morphism”
instead of “morphism of §-stacks”.

A d-stack which is a scheme (resp. formal scheme) is called a d-scheme
(resp. formal 6-scheme).

2.2.2. Comparison with d-rings According to [BS, Def. 2.1], a -ring is
a ring A equipped with a map § : A — A satisfying certain identities. These
identities ensure that the map ¢ : A — A given by ¢(a) = a? +pd(a) is a ring
homomorphism (and therefore a Frobenius lift). If A is p-torsion-free then a
0-ring structure on A is the same as a Frobenius lift for A or equivalently, a
o-structure on Spec A in the sense of §2.2.1. If A is not p-torsion-free then the
two notions are different, so the definitions of §2.2.1 are not so good. However,
they are convenient enough for this article (because the rings that appear in
it are p-torsion-free).
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2.2.3. Group d-schemes and ring d-schemes By a group d-scheme over
a d-stack 2" we mean a group object in the category of §-stacks equipped with
a schematic® J-morphism to 2". The definition of ring d-scheme is similar.

2.2.4. Examples (i) The endomorphism F' : G,, — G,, defined by F(z) =
2P makes G, into a group d-scheme over Z.

(ii) The Witt vector Frobenius F' : W — W makes W into a ring d-scheme
over Z.

2.3. The formal §-scheme Wiim,

Let us recall the material from [D3, §4.1]. The same material is contained
n [BL], but the notation in [BL] is different: our Wiyyin, is denoted there
by WCarty.

2.3.1. A locally closed subscheme of W Let A C W ® F, be the
locally closed subscheme obtained by removing Ker(W — W;) @ F, from
Ker(W — W;) ® F,. In terms of the usual coordinates xg,x1,... on the
scheme W, the subscheme A C W is defined by the equations p = g = 0
and the inequality z1 # 0.

2.3.2. Definition of Wyyim Define Wy,im to be the formal completion of
W along the locally closed subscheme A from §2.3.1. In other words, for any
scheme S, an S-point of Wi is a morphism S — W which maps Sieq to
A. If S is p-nilpotent and if we think of a morphism S — W as a sequence
of functions x,, € H°(S, Og) then the condition is that x is locally nilpotent
and z; is invertible. If S is not p-nilpotent then Wiim(S) = 0.

Worim is a formal affine d-scheme (the d-structure is induced by the one
on W, see §2.2.4). In terms of the usual coordinates xg,z1,... on W, the
coordinate ring of Wy is the completion of Z,[xg,21,...|[z7 '] with re-
spect to the ideal (p,z() or equivalently, the p-adic completion of the ring
Zplwy, a7t 2o, w3, .. ] [[20]]-

2.4. The 6-stack X

Let us recall the material from [D3, §4.2]. The same material is contained in
[BL], but the notation in [BL] is different: our ¥ is denoted there by WCart
and called the Cartier- Witt stack.

3A morphism of stacks # — 2 is said to be schematic if % x 2~ S is a scheme
for any scheme S equipped with a morphism to s — 2 .
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2.4.1. Action of W* on Wpyim, The morphism
(2.1) W X Worim — Worim,  (4,€) /> u™'¢

defines an action of W* on Wy (“action by division”). The reason why
we prefer it to the action by multiplication is explained in [D3, §4.2.6]. The
difference between the two actions is irrelevant for most purposes. Note that
W* is a é-scheme, Wiyin, is a formal d-scheme, and (2.1) is a é-morphism.

2.4.2. X as a quotient stack The J-stack X is defined as follows:
(2.2) ¥ i = Wopim /W™
In other words, ¥ is the fpqc-sheafification of the presheaf of groupoids
R — Wpim(R)/W(R)™.
It is also the Zariski sheafification of this presheaf (see [BL] or [D3, §4.2.2]).

2.4.3. The S-points of ¥ Instead of using the definition from §2.4.2, one
can use a direct description of the groupoid of S-points of ¥, where S is any
scheme (see [BL] or [D3, §4.2.2]).

2.5. The group é-scheme G§; over X

2.5.1. The group scheme G@Vprim We are going to define a flat affine
commutative group d-scheme G{,Vprim over Whrim equipped with a homomor-
phism

(2.3) Worim — Wit i= Worim X W

prim
of group d-schemes over Wpyyim.
As a formal §-scheme, G’Wmm := Wprim X W. The map

/ / !
GWprim XWPrim GWprim _> GW

prim

) (f)xlv 1’2) = (§7 r1+ 22+ f.fl'}ll'g)

is a group operation (to check this, use that £ is topologically nilpotent).
The homomorphism (2.3) is given by

(& 2) = (6,14 &),
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2.5.2. The group scheme G'E over ¥ Recall that 3 = Wi /W, The
d-morphism

WX X (Wprim X W) — Wprim X W} (U,f,l’) = (U_1§7UCC)

defines an action of W* on G'Wmm := Wprim X W, which lifts the action (2.1)
on Wpim and preserves the group structure on Gy, - and the map (2.3).

So G,Wpr;m descends to a commutative group d-scheme G%, over ¥ equipped
with a J-homomorphism

(2.4) Gl — W =W* x %

% is affine and flat over ¥ because Gy, | - is affine and flat over Wyim.

2.5.3. Relation to the prismatization of G,, The Bhatt-Lurie ap-
proach to prismatic cohomology is based on the prismatization functor X —
X2 from the category of p-adic formal schemes* to that of -stacks algebraic
over X, see [D3, §1.4]. If X is a scheme over Z we set X0 .= (X®ZP)A, where
X ®Zp is the p-adic completion of X.

In particular, one can apply the prismatization functor to G,, = A\ {0}.
It is easy to check that G%L has a natural structure of strictly commutative
Picard stack over ¥, and one has a canonical isomorphism of of strictly com-
mutative Picard stacks

(2.5) G2 =5 Cone(GY — W),

where the meaning of “Cone” is explained in [D3, §1.3.1-1.3.2]; moreover, the
isomorphism (2.5) is compatible with the J-structures. We skip the details
because the isomorphism (2.5) will be used only to motivate the study of G%
and its subgroup Gy introduced below.

2.6. The group d-scheme Gy over X
2.6.1. Teichmiiller embedding We have the Teichmiiller embedding
G — WX

and the retraction W* — G, (to a Witt vector one assigns its 0-th com-
ponent). Both G,, and W* are group d-schemes over Z (see §2.2.4). The
Teichmiiller embedding is a §-homomorphism. The retraction W* — Gy, is
a homomorphism but not a J-homomorphism.

4A p-adic formal scheme is a stack X equipped with a schematic morphism
X — SpfZ,,.
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2.6.2. Definition Gy is the preimage of the subgroup (G,,)s; C Wi under
the homomorphism (2.4). Equivalently, Gy, is the kernel of the homomorphism

(2.6) Gy — (WX /Gp)s
that comes from (2.4).

2.6.3. Pieces of structure on Gy Clearly, Gy is a commutative affine
group d-scheme over ¥ equipped with a d-homomorphism

2.6.4. Notation For a stack 2" over X, we write G2 (resp. G'y-) for the
pullback of Gy, (resp. G%) to 2.

2.7. Results about Gx,

Proposition 2.7.1. The homomorphism (2.6) is faithfully flat.
The proof is given in §4.2.

Corollary 2.7.2. Gy is flat over X.

Proof. Follows from Proposition 2.7.1 because Gy is the kernel of (2.6). O
Combining Proposition 2.7.1 with (2.5), one gets the following

Corollary 2.7.3. One has a canonical isomorphism of strictly commutative
Picard stacks

(2.8) G2 = Cone(Gs — (Gp)s),

compatible with the d-structures. ]

Remark 2.7.4. Combining Corollary 2.7.3 with our results on Gy and its
Cartier dual Hy, one can compute the derived direct images of the structure
sheaf under the morphism

(A {op® =GL — (Spfz,)t = %,

see Appendix A. This is not really a new result but rather a new point of

view® on a key result of [BS].

°The prismatization functor and the groups G, Hs do not appear in [BS].
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Corollary 2.7.2 can be strengthened as follows.

Theorem 2.7.5. Gy is the Cartier dual of some 1-dimensional commutative
formal group Hy, over X.

The proof is given in §4.3.4. The precise definition of a formal group over
a scheme 4 is given in §3.2; in the case that 2" is a stack see §3.3.3(ii).
(According to these definitions, a formal group is locally on 2~ defined by a
formal group law.)

Corollary 2.7.6. Hom(Gy, (G,)x) is a line bundle over 3.
Proof. By Theorem 2.7.5, Hom(Gs, (G,)x) = Lie(Hy). O

Our next goal is to formulate Theorem 2.7.10, which says that the line
bundle Hom(Gy, (G,)x) is canonically isomorphic to Ox{—1}, i.e., the inverse
of the Breuil-Kisin-Tate module® Ox{1}. To explain the word “canonically”,
we have to discuss pjrGs, where par : SpfZ, — ¥ is the “de Rham point”
of 2.

2.7.7. The “de Rham pullback” of Gy The element p € W(Z,) defines
a morphism

Spf Zp — Wprim-

The corresponding morphism Spf Z, — X is called the de Rham point of ¥
and denoted by par : SpfZ, — .

Let Gar = pjrGyx. By the definition of Gy, for any p-nilpotent ring A
we have

(2.9) Gar(A) ={x e W(A)|1+pxr e AX CW(A)*},

where A* C W(A)* is the image of the Teichmiller embedding, and the
group operation on G4r(A) is given by (x1, z3) — x1 + 2 + pr1T9.
We have a canonical homomorphism

o \n—1
(2.10) Gar — (Ga>Sprp, X — p_l log(l +p$0) = Z 7( p’r)L .Tg,
n=1

where x¢ is the 0-th component of the Witt vector = (the formula makes sense

because the numbers % are in Z, and converge to 0).

SFor the definition of Ox{1}, see [D3, §4.9] or [BL]; one of the equivalent defini-
tions is essentially recalled in §2.9.6. Let us note that in [BL] our Og{1} is called
the Breuil-Kisin line bundle and denoted by Owcart{1}.
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Proposition 2.7.8. The homomorphism (2.10) induces an isomorphism
Gar —= (G%)sptz,,

where G, is the divided powers version of G,.
The proposition is proved in §4.4.

Corollary 2.7.9. The homomorphism (2.10) induces an isomorphism
(2.11) (Ga)sprz, — Hom(Gar, (Ga)sprz,)-

Theorem 2.7.10. There is a unique isomorphism

(2.12) Os{-1} — Hom(GY, (Ga)sx)

whose par -pullback is the isomorphism (2.11).

In the theorem and the next corollary we tacitly use that pjrOx{1} is
canonically trivial, see [D3, §4.9]. The existence of (2.12) is proved in §2.9.6;
uniqueness follows from the equality

(2.13) H°(%, Ox5) = Zy,

which is proved in [D3, Cor. 4.7.2]. Combining Theorem 2.7.10 with (2.13),
we get

Corollary 2.7.11. There is a unique homomorphism Gy, — Ox{1}, whose
par-pullback is the homomorphism (2.10). O

A homomorphism Gy, — Ox{1} with this property is explicitly con-
structed in [BL] (see also [BL2, §4]); it is denoted there by logy and called
the prismatic logarithm. The prismatic logarithm is used in [BL] to define the
prismatic first Chern class.

2.7.12. Pullback of Gx to the Hodge-Tate divisor We have a homo-
morphism W — W; = Al (to a Witt vector it associates its O-th coordinate).
It induces a morphism

Y = Worim/ W™ — A /Gy,

Let Ay C ¥ be the preimage of {0}/G,, C A'/G,,. Then Ag is an effective
Cartier divisor on ¥ (in the sense of [D3, §2.10-2.11]). It is called the Hodge-
Tate divisor. Let us note that in [BL] this divisor is denoted by WCart"T.
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Let G, be the pullback of G, to Ag. Let .# be the conormal line bundle
of Ag C ¥. Let .#* be the divided powers version of .# (so .#* and .4 are
obtained from G and G, by twisting them with the same G,,,-torsor on Ag).

Proposition 2.7.13. Gya, is isomorphic to .#*. Accordingly, the Cartier
dual of Ga, is isomorphic to the formal completion of the line bundle #*
along its zero section.

The proposition will be proved in §4.3.5.

Let us note that Proposition 2.7.13 agrees with Theorem 2.7.10 because
the pullback of Ox{1} to Ag is known to be canonically isomorphic to .4
(e.g., see [D3, Lemma 4.9.7(ii)] and [D3, §4.9.1]).

2.7.14. Warning Let pgr : SpeclF,, — ¥ be the restriction of
PdR - Sprp — 2.

Then pgr lands into Ag C X. So one can compute pjg G using either Theo-
rem 2.7.10 or Proposition 2.7.13. Thus we get two isomorphisms

pirGs — (GY)g, .

In §4.4.6 we will see that they differ by a non-linear automorphism of (G#)p
(there are plenty of such automorphisms because the Cartier dual of (G¥)g

A

is (Go)r, )

p

P

2.8. A question about Gx

2.8.1. By §3.5, any formal group has a canonical “degeneration” into its
Lie algebra. In particular, we have a canonical formal group over ¥ x A whose
restriction to X x {1} is Hy, and whose restriction to ¥ x {0} is Lie(Hy). By
Theorem 2.7.10, Lie(Hy) = Ox{—1}.

2.8.2.  Passing to the Cartier dual, we get a canonical affine group scheme
over ¥ x Al whose restriction to X x {1} is Gx; and whose restriction to ¥ x {0}
is (Os{1})* (i.e., the divided powers version of the line bundle Ox{1}).

Question 2.8.3. How to give a direct construction of the group scheme from
§2.8.2¢
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2.9. Results about Hs

2.9.1. Pieces of structure on Hyx The §-structure on Gy is a group
homomorphism

GZ — F*GZ

whose restriction to ¥ ®IF,, is the geometric Frobenius. Dualizing this, we get
a group homomorphism

(214) (o F*HZ — HE

whose restriction to ¥ ® I}, is the Verschiebung.
The homomorphism (2.7) yields a section

(2.15) s: Y — Hy.
Since (2.7) is a d-homomorphism, we have
(2.16) ©(F*s) = ps

(when writing ps we are using the additive notation for the group operation
in HE)

Theorem 2.9.2. Let s: > — Hy and ¢ : F*Hy — Hyx, be as in §2.9.1. Then
(i) s71(0x) = Ay, where Ox. C Hy, is the zero section and Ao C X is the
Hodge-Tate divisor (see §2.7.12);
(ii) ¢ : F*Hyx, — Hs, factors as F*Hy, — Hx(—Ag) — Hy.

Here Hy(—Ay) is the formal group obtained from Hy, by rescaling via
the invertible subsheaf Ox(—A() C Oy, see §3.4. If you wish, Hx(—Ay) is a
formal group equipped with a homomorphism Hyx(—A() — Hy, vanishing at
Ay and universal with this property (see Lemma 3.4.9 and Proposition 3.6.3).

A proof of Theorem 2.9.2 is given in §4.8.

Corollary 2.9.3. The substack of zeros of the section p"s equals Ao+ - -+,
where A; :== (F)71(Ay).

Proof. Combine Theorem 2.9.2 with (2.16). O

2.9.4. The “de Rham pullback” of Hy Let Hqr := pjrHs, where
par : SpfZ, — ¥ is as in §2.7.7. Then Hgg is a formal group over SpfZ,
equipped with the following pieces of structure. First, (2.15) induces sqr :
SpfZ, — Hgr. Second, (2.14) induces a homomorphism ¢qr : Har — Har
(here we use that F' o pgr = paRr)-
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Proposition 2.9.5. (i) There ezists a unique isomorphism

(Har, sar) — ((Ga)sptz,,p : SPEZp — (Ga)spez, ),

A

where (Gq)spez, is the formal additive group over Spf Z,.

(ii) par equals p € End Hyg.
Proof. Uniqueness in (i) is obvious. Existence in (i) follows from Proposi-
tion 2.7.8 because G, is Cartier dual to G¥ via the pairing

Gy x Gf, — G, (u,v) — exp(uw).
Statement (ii) follows from (i) because ¢(sqr) = psar by (2.16). O

2.9.6. Proof of Theorem 2.7.10 Hom(Gy,(G,)s) = Lie(Hy) because
Hy, is dual to Gy. By Theorem 2.9.2(ii) and Proposition 2.9.5(i), Lie(Hy) is
a line bundle on ¥ equipped with an isomorphism

F* Lie(Hy) — Lie(Hs)(—Ao)

and a trivialization of pjj Lie(Hy). So one has a canonical isomorphism
Lie(Hy) — Og{—1}, see [D3, §4.9]. The corresponding isomorphism

Hom(Gy, (G,)x) — Og{-1}
has the desired property. O
2.10. The pullback of Hs to the g-de Rham prism Q

2.10.1. Recollections on Q Let QQ := SpfZ,[[¢ — 1]], where Z,[[q — 1]]
is equipped with the (p,q — 1)-adic topology. Define F' : Q@ — @ by ¢ —
g?. Then (@, F) is a formal d-scheme. More abstractly, @ is the formal J-
scheme underlying the formal group §-scheme (Gm)spf z, over Spf Z,,, and the
d-structure on () comes from the d-structure on G, introduced in §2.2.4.

Let @, denote the cyclotomic polynomial. The element

@p(lg]) = 1+ [q] + - [¢"'] € W(Zy[[q — 1]])

defines a morphism ) — W and, in fact, a morphism ) — Wyyin,. This is
a d0-morphism because F'(®,([¢]) = ®,(¢”). Let 7 : ) — X be the composite
morphism @ — Wpim — 2. It is known that 7 is faithfully flat. For us, the
g-de Rham prism is the pair (Q, ).
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Set (Ag)g := Ag x5 @ C @Q; by the definition of m, we have

(2.17) (Ao)q = Spf Zp[lg — 1]]/(Pp(q)) C Spf Zy[lg = 1]] = @.

More details about (@, 7) can be found in [BL] and [D3, Appendix B].

2.10.2. Pieces of structure on Hg Let G := 7"Gy, Hg := n*Hyx. By
definition, a section ) — G¢ is the same as an element x € W(Zy[[q — 1]])
such that 1 4+ 2®,([¢]) is Teichmiiller. We will use the section o : @ — Gg
corresponding to x = [g] — 1 (then 1+ z®,([¢]) = [¢"]). It is easy to see that
0 :Q — Gg is a d-morphism. The section o is a key advantage of @) over ¥.

Since Gg is dual to Hg, the section 0 : Q — G defines a homomorphism

(2.18) 0" Hg = (Gm)o-

On the other hand, base-changing the pieces of structure on Hy, described
in §2.9.1, we get similar pieces of structure on Hg. Namely, we get a group
homomorphism

(2.19) PYQ - F*HQ — HQ

whose restriction to ) ® ), is the Verschiebung and a section

(220) SQ - Q — HQ.
such that
(2.21) ©Q(F*sq) = psq

(when writing psg we are using the additive notation for the group operation
in Hg).
(2.18) interacts with (2.19)-(2.20) as follows.

Lemma 2.10.3. (i) The following diagram commutes:

PQ

F*Ho Ho
F*(Ué)l o5
(Gm)e — (Gm)e

(it) % 0 sg = ¢ € G (Q).
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Proof. Statement (i) follows from ¢ being a é-morphism.

Composing og : @ — G with the homomorphism Gg — (G,,)q that
comes from (2.7), we get 1 + (¢ — 1) - D,(¢) = ¢* € G,,,(Q). Statement (ii)
follows. O

Theorem 2.10.4. The homomorphism o* : Hg — (Gpn)q induces an iso-
morphism

Hg = (Gm)o(-D),
where D C Q is the divisor ¢ = 1.

The proof is given in §4.7.3.

2.10.5. Hq as a formal scheme By Theorem 2.10.4, Hg identifies with

(Gm)Q(—D). So the formal scheme Hg can be obtained as follows: first, blow
up the formal scheme

(Gm)o =Q x G =SpfZy[lg — 1,4 — 1]]

along the subscheme ¢ = ¢’ = 1, then Hg is the formal completion of the

blow-up along the strict preimage of the unit section of ((@m)Q In other
words,

/
-1
(2.22) Hqg = SpfZ,[[q —1,2]], where z = a T
q —_—

2.10.6. The formal group Hg in explicit terms In terms of the coor-
dinate z from (2.22), Hg corresponds to the following formal group law over

Zyllg —1]J:

(1+(g—1z)(1+(g—1)z) -1
qg—1

(223) 21 k% 29 = =21+ 29 + (C] — 1)2122.

Let us describe in these terms the pieces of structure on Hg defined in
§2.10.2. The homomorphism o* : Hgy — (Gm)Q is just the map (¢,2) —
(q,1+ (q —1)z). By Lemma 2.10.3(ii), the section s¢g : () = Hg is given by
z = qp = ®,(¢). It remains to describe the homomorphism ¢g : F*Hg —
Hg. The formal group F*Hg corresponds to the group law

(2.24) y1xy2 =41 +y2 + (¢ — Dyaya,

which is the F-pullback of (2.23). By Lemma 2.10.3(i), the homomorphism
¢ is the homomorphism from (2.24) to (2.23) given by z = ®,(q) - v.
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2.10.7. The group scheme Hgg Let Hgg := Spf A, where A is the com-

pletion of Zy[q, z] for the (p,q — 1)-adic topology. The morphism Hgg —
Spf Z,[[qg — 1]] = Q is affine (in particular, schematic). The r.h.s. of (2.23) is
a polynomial, so it gives a morphism

alg alg alg
HY® xq HY® — HYE.

This morphism makes Hglg into a smooth affine group scheme over (). The
formal completion of H g;g along its unit identifies with Hg (if you wish, H, nglg
is an algebraization of the formal group Hg in the sense of §2.12.1). The
homomorphism ¢¢q : F*Hg — Hg comes from a homomorphism F*H, g;g —
Hglg . The group Hglg has a remarkable section g : Q — Hglg given by z = 1;
one has a commutative diagram

Q —- 1y

o

Ho— Hy®
(sq was defined in §2.20 and described in §2.10.6).

2.10.8. Restriction of Hglg to (Ao)g To get a feel of Hglg let us discuss
its restriction to (Ag)g.

Recall that (Ag)g := Ag x5 @, where Ay C ¥ is the Hodge-Tate divisor;
explicitly, (Ao)q = SpfZy[lg — 1]]/(®p(q)) C SpfZp[lg —1]] = Q. Let ¢ €
Zpllg — 1]]/(®,(q)) be the image of ¢; then ( is a primitive p-th root of 1.

Let H%E. be the restriction of Hgg to (Ag)g- It is easy to check that

(Ao)q
one has an exact sequence
i 1 A
(2.25) 0— (Z/pZ)(AO)Q — H?AgO)Q — (Ga)(Ao)Q = 0;

here i takes 1 € Z/pZ to the section 5ay), : (Do) — H(ay), given by
z =1 (then 1 4+ (¢ — 1)z = ( is a p-th root of unity), and A is given by
(¢ — 1)1 -log(1 + (¢ — 1)2) (which is a power series in z whose coefficients
are in Zy[(] = Zy[[q — 1]]/(®,(¢)) and converge to 0).

The exact sequence (2.25) shows that H(a,), is isomorphic to (@a)(AO)Q.

But H#

(M) 18 mot isomorphic to (Ga)(ay), because

Hom((Z/pZ)(a0)q (Ga) (a0)g) = 0.
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2.11. The action of Z)5 on Hq
We keep the notation of §2.10.

2.11.1. The action of Z; on Q The pro-finite (and therefore pro-algeb-
raic) group Z,; acts on the formal d-scheme Q) = Spf Z,[[g — 1]]: the automor-
phism of @ corresponding to n € Z; is

nn—1)...(n—i+1 ,
g=q" =y (n=1) 5 J(g- 1)
= !
In terms of the identification @ = (Gm)spfzp, this action comes from the
isomorphism

Zp = End((Gyn)sptz,)-

2.11.2. The action of Z;f on Hg It is easy to show that the morphism
7 Q — ¥ from §2.10.1 factors through the quotient stack QQ/Z; (see [BL] or
[D3, Appendix BJ). Therefore the formal group scheme Hg, is Z,;-equivariant.

The morphisms ¢q : F*Hg — Hg and sq : () — Hgq are Z;-equivariant
because they are mw-pullbacks of ¢ : F*Hy — Hy, and s: ¥ — Hy.

Proposition 2.11.3. The morphism o* : Hg — (@m)Q = (Gm)Sprp X Q is

7, -equivariant assuming that (G, )sprz, s equipped with the following 7 -
action.” n € Z, acts as raising to the power of n.

The proof is given in §4.9. Proposition 2.11.3 means that if we think of

A

Hg as an affine blow-up of (G, )sprz, x @ (see §2.10.5) then the action of Z)
on Hg is the most natural one.

Corollary 2.11.4. In terms of §2.10.6, the action of n € Z,; on Hgq is given
by

(q,2) — <q”, h"(Z’Q)),

where
(1 q) = 1+ (qq—_l)lz)” -1 Z n(n—1). Z'(n —i+ 1)zi(q )t
(30 hn(va) = (];1%11) O

"This Z,-action is the same as the one from §2.11.1 (recall that @ is just the

A

formal scheme underlying the formal group (G, )sptz,)-
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Remark 2.11.5. Corollary 2.11.4 combined with §2.10.6 gives a complete de-
scription of the image of the formal group Hy under the pullback functor

(2.26) {Formal groups over ¥} — {Z;-equivariant formal groups over Q}.

If p > 2 this functor is fully faithful by [BL, Thm. 3.8.3], so our description
of the image of Hy, under (2.26) could be considered as a (not very good)
description of Hy; itself.

Remark 2.11.6. Let Hgg be as in §2.10.7. The action of Z; on Hg comes
from an action of Z; on Hgg ; the latter is given by the formula from Corol-

lary 2.11.4 (this formula makes sense in the context of Hz;g because the
reduction of h,(z,¢) modulo any power of ¢ — 1 is a polynomial in z).

2.12. A conjectural algebraization of Hy

2.12.1. Algebraizations of formal groups Let H be a formal group over
a stack 2. By an algebraization of H we mean an isomorphism class of pairs
consisting of a smooth affine group scheme G over 2 with connected fibers
and an isomorphism H -~ G, where G is the formal completion of G along
its unit. Let Alg(H) denote the set of algebraizations of H.

2.12.2. The sheaf property of Alg Suppose that in addition to 2~ and
H, we are given a morphism of stacks 2 — £ such that the corresponding
morphism of fpqc-sheaves of sets is surjective (in other words, for every scheme
S and every morphism S — £, the morphism 27 x - S — S has a section
fpgc-locally on S). Then we have an exact sequence of sets

Alg(H) — Alg(H') = Alg(H"),

where H' and H” are the pullbacks of H to 2 and 2”7 x 9~ 2", respectively.
In particular, the map Alg(H) — Alg(H’) is injective.

2.12.3. Good news (i) By Theorem 2.9.2(ii), F*Hy, = Hx(—Ap). On the
other hand, Hs(—A() has a canonical algebraization constructed in §3.6.4
“by pure thought”. Thus we get a canonical element o € Alg(F™* Hy).

(ii) The morphism F': 3 — 3 satisfies the condition of §2.12.2 (because
F: W — W is faithfully flat). So the canonical map Alg(Hy) — Alg(F*Hy)
is injective. Thus a comes from at most one algebraization of Hy.

Conjecture 2.12.4. Such an algebraization of Hy, exists.

The conjectural algebraization of Hy, will be denoted by H2®.
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2.12.5. Evidence in favor of Conjecture 2.12.4 Even though Hglg is
conjectural, the corresponding algebraizations of Hg and Ha, are uncondi-
tional, as explained below.

(i) Let a be as in §2.12.3(i). Then the image of a in Alg(F*Hg) comes
from a (unique) element 5 € Alg(Hg), namely the one described in §2.10.7.

(ii) Let 8o € Alg(H(a,),) be the image of 3. Using the explicit description
of By from §2.10.8, one can check that 5y comes from a (unique) algebraization
Hzlf of Ha,. Namely, while Ha, is the formal completion of a certain line

bundle .Z* over Ay (see Proposition 2.7.13), Hzlf is a (Z/pZ)-covering of .4*.
3. Generalities on formal groups and their Cartier duals
3.1. The notion of based formal S-polydisk

3.1.1. Notation If S is a scheme then the formal completion of Ag :=
A"™ x S along its zero section will be denoted by A%.

3.1.2. Definition Let S be a scheme. Let X be a formal S-scheme and
o : S — X a section. We say that (X, o) is a based formal S-polydisk if
Zariski-locally on S there exists an S-isomorphism (X, o) —= (A%,0) for
some n € Z,; here 0: S — Ag is the zero section.

3.1.3. Notation The category of based formal S-polydisks will be denoted
by Polyd(S). For fixed n € Z,, let Polyd,,(S) C Polyd(S) be the full subcat-
egory of based formal S-polydisks of dimension n (i.e., locally isomorphic to

(A%,0)).

3.1.4. Automorphisms of (Ag, 0) The functor that to a scheme S asso-

ciates the group of S-automorphisms of (Ag, 0) is representable by an affine
group scheme %, over Z.

Lemma 3.1.5. The underlying groupoid of Polyd,, (S) is canonically equiva-
lent to that of Z,-torsors on S.

Proof. 1t suffices to show that any Z,-torsor on S is Zariski-locally trivial.
Indeed, Z,, can be represented as a projective limit of a diagram of group
schemes

—>G2—>G1—>G0:GL(TZ)

in which all morphisms are faithfully flat and for each n the group scheme
Ker(Gp4+1 — Gy) is isomorphic to a power of G,. O

Corollary 3.1.6. The assignment S +— Polyd(S) is a stack for the fpqc
topology (not merely the Zariski topology). O
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3.2. Formal groups

Let §(S5) (resp. §.(S5)) be the category of group objects in Polyd(S) (resp. in
Polyd,,(S)). Objects of F(S) will be called formal groups over S; in other
words, by a formal group over S we mean a group object H in the category
of formal S-schemes such that the pair (H,e : S — H) is a based formal
S-polydisk. Objects of §,(5) are called n-dimensional formal groups.

3.3. Cartier duals of commutative formal groups

Lemma 3.3.1. Let S be a scheme and H € §°°™(S). Then the Cartier dual
H* exists as a flat affine group scheme over S. Moreover, H* = Spec A, where
the quasi-coherent Og-algebra A is locally free as an Og-module.

Proof. We can assume that S is affine and that the based formal polydisk
(H,e : S — H) is isomorphic to (A%,0). Let A := H°(S,Og). Then the
coordinate ring of H (viewed as a topological A-module) is the dual of a free
A-module. The lemma follows. O

3.3.2. Notation Let §*(5) be the full subcategory of the category of group
S-schemes formed by Cartier duals of commutative formal groups over S.

3.3.3. Remarks (i) The assignments S — §(S) and S — F*(5) are stacks
for the fpqc topology (not merely the Zariski topology). This follows from
Corollary 3.1.6.

(ii) By Corollary 3.1.6 and the previous remark, if S is a fpqc-stack rather
than a scheme one can still talk about Polyd(S), §(S5), and §F*(.5).

Proposition 3.3.4. Let S be a scheme and So C S a closed subscheme whose
ideal is nilpotent. Let G be a flat commutative group scheme over S such that

G x5Sy € F(So). Then G € §*(S).

As pointed out by the reviewer, the above proposition appears as Lemma
1.1.21 in J. Lurie’s work [Lu]. Moreover, the Cartier duals of commutative
formal groups play an important role in [Lu]

Proof. We can assume that S = Spec A and Sy = Spec Ay, where Ag = A/I
and 1?2 = 0. We can also assume the existence of an isomorphism of based
formal Syp-polydisks

(G, e) = (A3, 0),

where G is the Cartier dual of G. To simplify notation, we will assume that
n = 1.
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G is affine because Gy € §*(Sp). So G is affine. Let B be the coordinate
ring of G and By := B ®4 Ag. Then G = Spec B and Gy = Spec By.

Let B* := Homa(B, A) and B := Homu,(By, Ag) be the dual modules.
We equip them with the weak topology. The coproduct in B and By yields a
topological algebra structure on B* and Bj.

By assumption, we have an isomorphism of based formal Sp-disks

(Gy,e) = (A, 0).

It induces an isomorphism of topological algebras fo : Ag[[x]] — Bg such
that lo(1) = 0, where Iy := fo(z) € Bf and 1 € By is the unit. We will lift it
to an isomorphism f : A[[z]] — B such that I(1) = 0, where [ = f(z) € B*.
This will show that Spf B* is a formal group over S = Spec A, whose Cartier
dual is G.

The Ap-module By is free because f identifies By with the topological
dual (Ap[[z]])*, which is a free Ag-module. By assumption, B is flat over
Spec A. So B is a free A-module. Therefore we can lift [j to an element
[ € B*. Moreover, adding to [ a multiple of the counit of B, we can achieve
the equality {(1) = 0.

Let us prove that {™ — 0. The problem is to show that for every b € B
we have ["(b) = 0 for big enough n. Let F C B be a finitely generated A-
submodule such that the coproduct A : B — B ®4 B takes b to Im(F ®4
F — B ®y B). Since lj — 0, there exists m € N such that for n > m
one has I"(F) C I := Ker(B — By). Then for n > 2m one has ["(b) =
(Im @ 1"=™)(A(b)) € I? = 0.

Since I — 0, there is a homomorphism of topological A-algebras f :
Al[z]] — B such that f(z) = [. The dual map f*: B* — (A[[z]])* is a homo-
morphism of free A-modules inducing an isomorphism modulo I. Therefore
f* is an isomorphism, and so is f. O

3.4. Rescaling formal groups

3.4.1. The monoidal category .#(S) Given a scheme S, let .Z(S) be
the category of pairs (£, a : £ — Og), where .Z is an invertible Og-module;
this is a monoidal category with respect to tensor product.

Let Mij(S) C 4 (S) be the full monoidal subcategory of pairs (.2, a)
such that Ker o = 0. In fact, the category .#i,j(S) is an ordered set, which
identifies with the set Div, (S) of effective Cartier divisors on S equipped
with the ordering opposite to the usual one: the invertible subsheaf of £ C
Og corresponding to Div, (S) is Og(—D). Moreover, the tensor product in
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Minj(S) corresponds to addition in Div, (S). For this reason, objects of .Z(.5)
are called generalized Cartier divisors in [BL].

Let Mip(S) C A (S) be the full subcategory of pairs (£, ) such that
« vanishes on Sreq. One has 1, (S) N Aini(S) = 0.

The assignment S — Z(S) is an fpqe-stack of monoidal categories.
For any f : S — S one has f*(#rip(S)) C Anip(S); if f is flat then
P (Mg (8)) © Ming(S).

8

3.4.2. Remark The unit object of .Z(S) is a final object.

3.4.3. Goal We have the stack of monoidal categories .Z from §3.4.1. In
§3.4.6 we will define an action of .#Z on Polyd and on §, where Polyd is the
stack of based formal polydisks (see §3.1) and § is the stack of formal groups
(see §3.2).

3.4.4. The prestacks Polyd,,, and .#p. Let Polyd,.(S) C Polyd(S)

be the full subcategory formed by formal schemes Ag Then Polyd,,, is a
prestack of categories such that the associated fpqe-stack is Polyd.

Let Mpee(S) C A (S) be the full subcategory of pairs (£, o) with £ =
Og. Then . is a prestack of monoidal categories such that the associated
fpqe-stack is .. Explicitly, Ob #e(S) = H(S, Og), a morphism from « €
HY(S,03) to o/ € HY(S, Og) is a presentation of o as o/a”, one has a; @ ag =
ajag, and so on. In other words, .#,.(S) is obtained as follows: start with
the multiplicative monoid H?(S, Og) viewed as a discrete monoidal category,
then add morphisms v, : @ — 1, subject to the relations ¥q,0, = Va; ® Va,.

3.4.5. Action of .#},re on Polyd,,., (i) First, let us define a strict action
of the multiplicative monoid H%(S, Og) on the category Polyd,.(S), which is

trivial at the level of objects of Polyd,,.(5). To this end, note that a morphism

A% — A% is just a collection

(fi,-. s o)y fi € HYS,08)[[x1,...2m]], [f:(0)=0.
Definition: o € H(S, Og) takes (f1,..., fn) to (fi,..., fn), where
(3.1) ﬁ(a:l,xm) = ailfi(ole,...oaxm).

The r.h.s. of (3.1) makes sense (even though a~! is not assumed to exist)
because f;(0) = 0.

8The same stack is introduced in [D3], where it is denoted by (Al/G,,)_.



254 Vladimir Drinfeld

(ii) Let @, : Polyd,,.(S) — Polyd,.(S) be the functor corresponding
to a € H°(S,Og). The explicit description of #pe(S) (see §3.4.4) shows
that extending the above action of H°(S,Og) on Polyd,(S) to an action of
Mpre(S) amounts to specifying natural transformations 1, : ®, — Id so that
Vayos = Ve © Par, (a,). We define the morphism A% = ®,(A%) SZN A% to be
multiplication by a.

3.4.6. Action of .#Z on Polyd and § (i) In §3.4.5 we defined an action
of M e on Polyd,,,.. Tt induces an action of .# on Polyd.
(ii) The endofunctor of Polyd(S) corresponding to each object of .Z(.S)

preserves finite products. So Polyd(S) acts on the category of group objects
in Polyd(S), i.e., on §(5).

Lemma 3.4.7. Let Myip(S) be as in §3.4.1 and (£, a) € Mryip(S). Then
the rescaling functor @ o : §(S) — F(S) canonically factors as

(3:2) §(5) — Aff(S) = (5),

where Aff(S) is the category of smooth affine group S-schemes with connected
fibers and the second arrow in (3.2) is the functor of formal completion along
the unit. Moreover, if G is in the essential image of the functor F(S) — Aff(S)
then Zariski-locally on S, the pointed S-scheme (G, 0) is isomorphic to (A%, 0)
for some m.

Proof. 1f in the situation of §3.4.5 the function o € H(S, Og) is nilpotent
then the formal series (3.1) is a polynomial. O

3.4.8. Notation Recall that Z(S) D Minj(S) = Divy(S) (see §3.4.1). If
D € Divy(S) then the action of D on Polyd(S) or §(S) will be denoted by
X — Z(—D). By §3.4.2, we have a canonical morphism 2 (-D) — 2.

Lemma 3.4.9. Let S be a scheme and D <5 S an effective Cartier divisor.
(i) For any ", Z"' € Polyd(S), the map

Mor(2", Z (=D)) — Mor(Z", Z)
is injective. Its image is equal to the preimage of the distinguished element’

of Mor(i* 2", i* Z").
(ii) The same is true if Z', Z" are formal groups over S. U

9This element is due to the fact that we are dealing with based formal S-
polydisks.
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3.4.10. Remark Lemma 3.4.9(i) can be generalized as follows. Assume

that (2, a) € .#(S). Let D < S be the closed subscheme corresponding to
the ideal Ima C Og; let S’ <y S be the closed subscheme corresponding to
the ideal Ker(a* : Og — £*). Let 27, 2" € Polyd(S), and let 2" € .#(S) be
obtained by acting on 2" by (£, ). By §3.4.2, we have a canonical morphism
2 — 2 and therefore a morphism f : Mor(2”, 2°) — Mor(2”, Z), where
Mor denotes the sheaf on S formed by morphisms. Then the sequence

Mor(2”, 27) L5 Mor(27, 2) — i, Mor(* 2, 2)

is exact in the following sense: the sections of Im f are precisely those sections
of Mor(2”, Z) which map to the distinguished section of i,Mor(i* 2", i*2").
Moreover,

Im f = v,Mor(v* 2", v* %)
(the two sheaves are equal as quotients of Mor(2”/, Z)).

3.4.11. What if S is a stack? It is straightforward to generalize the
material of §3.4.1-3.4.10 to the situation where S is an algebraic stack'® of
groupoids in the sense of [D3, §2.4]. But algebraic stacks are not enough for
us: the stack ¥ and the ¢-de Rham prism @ are formal stacks rather than
algebraic ones.

If S is any fpqc-stack we still have the monoidal category . (S) and
its action on Polyd(S) and §(S5). For a reasonable class of stacks S (which
includes all formal stacks, e.g., X, @, and @ xx @) one also has a good notion
of effective Cartier divisor on S and an analog of Lemma 3.4.9, see §3.6 below.

3.5. Deformation of a formal group to the formal completion of its
Lie algebra

In this subsection we briefly discuss a formal version of a particular case of
the Fulton-MacPherson construction of deformation to the normal cone, see
[F, Ch. 5], [Ve, §2], and also §10 of the article [R] (where some generalizations
of the original construction are discussed).

10et us note that the definition of algebraic stack from [D3, §2.4] involves no
finiteness conditions.
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3.5.1. Let 2" € Polyd(S5), Z = (X,0: S — X). Let A4 be the o-pullback
of the tangent bundle of X relative to S (or equivalently, the normal bundle
of 0(S) C X). Let m : AL, — S be the projection and iy : S — Ak the zero
section. Let D :=io(S) C AL. Let

X = (7" Z)(=D) € Polyd(A%).

One checks that 233&7 canonically identifies with the formal completion of the
vector bundle .4 along its zero section.

3.5.2.  Now let 2" € F(5). Just as in §3.5.1, let 2 = (7 Z)(-D) €
Z(AL). Then the formal group i§2 canonically identifies with the formal
completion of the vector bundle Lie(.2") along its zero section.

3.6. An analog of Lemma 3.4.9 if S is a stack

3.6.1. A class of stacks Let S be an fpqc-stack of groupoids which can
be represented as

(33) S = h_I)H(Sl — Sg — .. .)7

where each S; is an algebraic stack in the sense of [D3, §2.4] and the mor-
phisms S; — S;11 are closed immersions. Such S is pre-algebraic in the sense
of [D3, §2.3].

3.6.2. The notion of effective Cartier divisor We will use the notion
of effective Cartier divisor on a pre-algebraic stack introduced in [D3, §2.10—
2.11]. If S admits a presentation (3.3) the definition from [D3] is equivalent
to the following one: an effective Cartier divisor on S is a closed substack
D C S such that

(i) the ideal Z,, of the closed substack D NS, C S, is an invertible sheaf
on some closed substack S;, C Sy;

(ii) the inductive limit!! of the stacks S/, equal S; equivalently, for every
quasi-compact scheme S every morphism f : S — S factors through some Sl

In this situation one can define the line bundle Og(—D): its pullback to
S/ equals Z,,. Therefore we have 2" (—D) for 2~ € Polyd(S) or for 2~ € F(S).

Proposition 3.6.3. Lemma 3.4.9 remains valid for any stack S which admits
a presentation (3.3).

1t is easy to check that S}, C S, so the stacks S}, form an inductive system.
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Proof. 1t suffices to prove the analog of Lemma 3.4.9(i) for the stack S. To
this end, for each n apply the analog of §3.4.10 for algebraic stacks to the
pullback of Og(—D) to Sy,. O

The author expects that using §3.4.10 one can prove that Lemma 3.4.9
remains valid for any pre-algebraic stack in the sense of [D3, §2.3].

3.6.4. A corollary of Lemma 3.4.7 Let S be as in §3.6.1 and H € §(.9).
Let D C S be an effective Cartier divisor such that for every scheme T and
every morphism T — S one has T" Xg D D Tieq. Lemma 3.4.7 implies that in
this situation the formal group H(—D) can be canonically represented as a
formal completion of a smooth affine group S-scheme with connected fibers.
We denote this group scheme by H(—D)s.

In particular, we have the group scheme Hx(—Ag)*8 over X.

4. Proofs of the statements from §2
4.1. Recollections on the Hodge-Tate divisor Ay C X

By definition, Ag C X := Wyim/W* is the preimage of {0}/G,, C A'/G,,
under the morphism Wyyim/W>* — Al/G,,.
The element V(1) € W(Z,) defines a morphism
(4.1) n: SptZ, — Ay.
n is faithfully flat, and it identifies Ag with the classifying stack
(Spf Z,)/ (W),

where (W>)F) .= Ker(F : W* — W*); the proof of this fact is straightfor-
ward (see [BL] or Lemma 4.5.2 of [D3]).

4.2. Proof of Proposition 2.7.1

We have to show that the composite morphism
(4.2) Gy — WS = (WX /Gp)s

is faithfully flat.
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4.2.1. Reductions Both G5 and (W*/G,,)y, are flat over ¥. For any mor-
phism from a quasi-compact scheme S to 3, the ideal of the closed subscheme
S x5 A C S is nilpotent. So it suffices to check faithful flatness of (4.2) af-
ter base change to Ag and even after further pullback via the faithfully flat
morphism (4.1).

4.2.2. Pullback via n : SpfZ, — X Let G} be the pullback of Gf,

via ) : SpfZ, — Ag C X. By §2.5.1, G}, = Wsprz, (disregarding the group
operation), and the n-pullback of (4.2) is the map

Waptz, = (W /Gp)sprz, = Ker(W* — Gp)sptz,

given by
(4.3) r—1+V({1)-2=1+V(Fx).
This map is faithfully flat because F': W — W is a Frobenius lift. O

4.3. The group schemes G,,Ga, and the proof of Theorem 2.7.5

Let Ga, be the pullback of Gx to Ag. Let G, be the pullback of Gy via
n : Spf Z,, — Ao C X; this is a group scheme over Spf Z,,.

Proposition 4.3.1. (i) There is a canonical isomorphism of group schemes
(4.4) Gy = (W N)gpez,,

where W) .= Ker(F : W — W).
(i) The homomorphism Gy — (Gy,)spez, induced by (2.7) is trivial.
(iii) The n-pullback of the morphism Gy, — F*Gx, from §2.9.1 is trivial.

Proof. Let us prove (i). By §2.5.1, Gy, is Wgptz, equipped with the group
operation

(x1,m9) — 1 + 29+ V(1) - 2129.

By (4.3), the subgroup G, C G, is defined by the equation V(1) -z = 0 or
equivalently, F'xz = 0.
Statement (ii) is clear because the homomorphism G, — (Gp)sptz, is
the restriction of the map Gy, = Wsprz, — Wy 7, given by x — 1+ V().
To prove (iii), note that the morphism in question is = — Fz, but we
already know that G, C G} is defined by the equation F'z = 0. O
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Lemma 4.3.2. The canonical homomorphism W — W1 = G, induces an
isomorphism

(F) ~ #
WSpec Zp) (Ga)SPBC Lpys

where G¥, is the divided powers additive group and Ly s the localization of
Z at p.

For a proof of the lemma, see [BL] or [D3, Lemma 3.2.6].
Corollary 4.3.3. G, = (G)sprz,, so G, is Cartier dual to the formal

A

group (Ga)Sprp.
Proof. Follows from Proposition 4.3.1 and Lemma 4.3.2. O

4.3.4. Proof of Theorem 2.7.5 Corollary 4.3.3 and Proposition 3.3.4 im-
ply (similarly to §4.2.1) that Gy is the Cartier dual of some 1-dimensional
formal group over ¥ (which is denoted by Hy). O

4.3.5. Proof of Proposition 2.7.13 We have to construct an isomor-

phism G, — .#*, where .# is the conormal bundle of Aqg C ¥. Corol-

lary 4.3.3 provides an isomorphism f : G, — n*.#*. By §4.1, (WX)E) acts

on G, and n*.#*, and the problem is to check that f is (W) F)_equivariant.

Indeed, u € (W*)#) acts on G, = W) as multiplication by u, and it acts on

n*#* = G¥ as multiplication by the 0-th component of the Witt vector u. [
We can now prove the following weaker version of Theorem 2.9.2(i).

Corollary 4.3.6. The section s : ¥ — Hy, vanishes on Ag.

Proof. As already mentioned in §4.1, n : SpfZ, — Ay is faithfully flat. So
Proposition 4.3.1(ii) implies that the canonical homomorphism Gy, — (G,,)x
vanishes on Ag. By the definition of s (see §2.10.2), this means that s : 3 —
Hy, vanishes on Ay. O

4.4. The “de Rham pullback” of Gx and the proof of
Proposition 2.7.8

4.4.1. Recollections Recall that Gar := pjrGx, where pgr : Spf Z, — X
comes from the element p € W(Z,). For any p-nilpotent ring A we have

(4.5) Gar(A) ={x e W(A)|1+pre A* C W(A)*},

where A* C W(A)* is the image of the Teichmiller embedding, and the
group operation on Gqr(A) is given by

(4.6) (21, m2) — X1 + T2 + pr1X2.
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4.4.2. The homomorphisms f : Gaqr — Wsprz, and fo : Gar —
(Ga)sprz, The coefficients of the formal series

00 n—l

(4.7) f(z) :==ptlog(l + px) :Z

n=1

belong to Z, and converge to 0. One has

f(x1 + 20 + priw2) = f(21) + f(22).

So the series (4.7) defines a group homomorphism f : Gar — Wsprz,.
Composing it with the canonical homomorphism Wsyez, — (Wl)Spfzp =
(Ga)spfz,, we get a homomorphism

(4.8) fo 1 Gar = (Ga)sptz,;

equivalently, fo(x) = p~!log(1 + pxg), where zq is the O-th component of the
Witt vector x.

By Lemma 4.3.2, (Gf,)sprz, = WS(QZP, where W) .= Ker(F : W — W).
So Proposition 2.7.8 is equivalent to the following one.

Proposition 4.4.3. There exists an isomorphism Gqr — Ws(gf)zp whose
composition with the canonical homomorphism Ws(sf)zp — (Ga)sptz, equals
(4.8).

Note that the isomorphism in question is unique (to see this, identify

WS(;)ZP with (G%)sprz,)- In §4.4.5 we will deduce Proposition 4.4.3 from the
following lemma, which will be proved in §4.5.

Lemma 4.4.4. The homomorphism f : Gqr — Wsptz, from §4.4.2 induces
an isomorphism

(4.9) Gar — Wsi?gp, where WSpr ={y € Wspz, | F'y = py}.

The inverse isomorphism is given by y — g(y), where g is the formal power
series

(4.10) o) = exp(py) =1 _ i P

Note that if A is a p-nilpotent ring and y € W (A) satisfies F'y = py then
y is topologically nilpotent, so h(y) makes sense for any formal power series
h over Z,. In particular, this is true for the power series (4.10) (even though
in the case p = 2 its coefficients do not converge to 0).
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4.4.5. Deducing Proposition 4.4.3 from Lemma 4.4.4 The equation
Fy = py from (4.9) can be rewritten as F'(y — Vy) = 0. The operator id —V
is invertible because V' is topologically nilpotent. So we get an isomorphism

(4.11) id=V Wit Wi,
Composing it with (4.9), we get an isomorphism

(4.12) Gar — Wiy |

which has the required property. O

4.4.6. Warning about the base change of (4.12) to SpecF,, In W(F,)
we have p = V(1). So by Proposition 4.3.1(i), the base change of Ggr

to SpeclF, identifies with WS(;)CFP. The group scheme WSJT;&FP = {y €

Wspecr, | F'y = py} also equals WS(QCFP: indeed, if A is an [F,-algebra and
y € W(A) then

Fy=py& (id-V)Fy=0«< Fy=0.

We claim that the base change to SpeclF, of the isomorphism (4.9) equals
the identity (so the base change to SpeclF, of (4.12) is id =V # id!!). This
follows from the next

Lemma 4.4.7. Let A be an Fy-algebra and x € W) (A). Then pr = P = 0.

Proof. We have pr = FVax = VFx = 0. Write x = [xo] + Vy, where zg is
the 0-th coordinate of the Witt vector z. Then z5 = 0 and Fy = 0 (because
in characteristic p the Witt vector Frobenius equals the usual one). So py =
VFy =0 and (Vy)? = V(py?) = 0. Therefore 27 = 0. O

4.5. Proof of Lemma 4.4.4

4.5.1. By Corollary 2.7.2, Ggr is flat over SpfZ,. By (4.11) and Lem-
ma 4.3.2, W;;;gp is also flat over Spf Z,,.

4.5.2.  Let us prove that the homomorphism f : Gaqr — Wsprz, from

Lemma 4.4.4 factors through Wst?gp- Since fo F' = F o f, it suffices to show
that for € Ggr(A) one has

(4.13) Fr = h(z),
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where h : Gqr — Ggr is raising to the power of p in the sense of the opera-
tion (4.6); explicitly,

Since 1 +pr € A* C W(A)* we have F(1 + px) = (1 + px)?, so
(4.14) p(Fx — h(x)) =0.

But the coordinate ring B of Gggr is flat over Z, (see §4.5.1), so W(B) is
also flat over Z,. The elements F'x — h(x) for all p-nilpotent rings A and all
x € Gar(A) define an element v € W (B), and by (4.14) we have pu = 0. So
u = 0, which proves (4.13).

4.5.3.  The formal series (4.10) defines a homomorphism g : WS};?%: —
Gir = pirGS,, where G, is as in §2.5. Let us prove that this homomorphism
factors through Gar C Gl The problem is to show that for any p-nilpotent
ring A and any z € WSI;?Z (A) the Witt vector 1+ pg(z) is Teichmiiller. It is
clear that

F(1+pg(x)) = (1 +pg(x))’.

But the coordinate ring C' of WS];?Z is flat over Z,, (see §4.5.1), so an element
u € W(C) such that Fu = uP has to be Teichmiiller.

4.5.4. By §4.5.1, Ggr and W;;?gp are flat over SpfZ,. The morphism

f:Gar — WSP;Z becomes an isomorphism after base change to SpecF,, see
§4.4.6. So f itself is an isomorphism. Finally, it is easy to see that fog =
id. O

4.5.5. Remark In §4.5.2-4.5.3 we used a flatness argument. Instead, one
could use the canonical d-ring structure on W (A).

4.6. Remarks related to §4.4
Let (WX)) .= Ker(F : W* — W*). In §4.6.1 we identify the group scheme
Gar from §4.4 with (W) /p,)spe7,. This allows us to think of (4.12) as

an isomorphism

~ F
(4.15) (WD pp)spez, — Wikl
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In §4.6.2 we show that the base change of (4.15) to SpeckF, is somewhat
unexpected. Related to this is Lemma 4.6.6, which says that the restriction
of the formal group Hg to the subscheme SpfZ,[[q — 1]]/(¢" — 1) C Q is
somewhat unusual.

4.6.1. Ifwe (W) (A) and wy € A* is the 0-th component of the Witt
vector w then [wy]/w = 14V z for a unique x € W(A); moreover, x € Ggr(A)
because

1+ pr = F([wo] /w) = [ug).

It is easy to check that one thus gets an isomorphism
(4.16) (W) p)spez, — Ga.

Composing (4.16) and (4.12), one gets an isomorphism (4.15).
On the other hand, one has canonical isomorphisms

F ~ F ~
(W), = (Gh)sprz,,  Witls = (Gh)spez,,

where G¥, and G¥ are the divided powers versions of G,, and G, (see [BL] or
Lemma 3.2.6 and §3.3.3 of [D3]). So one can think of (4.16) as an isomorphism
(G, /pp)spez, — Gar, and one can think of (4.15) as an isomorphism

(4.17) (Gho/mp)sptz, — (Gh)sptz,-

It is easy to check that the isomorphism (4.17) is equal to the isomorphism
log : (G}, /mp)sptz, — (Gh)sprz,

from Proposition B.5.6(i) of Appendix B.

4.6.2. Warning In Wy, one has VF' = F'V. Using this, it is easy to check
that the map Wg, — W]FXP defined by x — 1+ Vz induces an isomorphism

) ~
Fraive : W& 5 (W) 1),
On the other hand, let f : Wﬂgf) 5 (W) /p,)r, be the base change of

the inverse of (4.15) to SpecF,,. It turns out that f # fyqive; more precisely,
using §4.4.6 one gets

(418) f(I) = fnaive(vw - 1})

The remaining part of §4.6 is closely related to formula (4.18).
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4.6.3. Notation Let
T :=Spft B, where B :={(z,y) € Z, X Z, |z =y mod p}.

The element (p, V(1)) € W(Z,) x W(Z,) = W(Z, x Z,) belongs to W(B).
It defines a morphism 7" — Wiy and therefore a morphism 7" — 3. Let G'r
and Hp be the pullbacks of Gy, and Hy, to T' (so Hr is a formal group over
T, and Grp is the Cartier dual affine group scheme over T').

Lemma 4.6.4. (i) The pullback of Gr (resp. Hr) via each of the two closed
immersions i1, 12 : Spf Z, — T is isomorphic to WS(?ZP (resp. to (Ga)spfzp).
(ii) G is not isomorphic to W}F), and Hr is not isomorphic to (GQ)T.

Proof. We have the isomorphisms i{Gp — ngf)zp and i5Gp — Ws(gf)z

given by (4.12) and (4.4). Their pullbacks to SpecF,, = i1 (Spf Z,) Nia(Spf Z,)
are different: by §4.4.6, they differ by id —V € Aut Wléf).
It remains to show that the automorphism id —V € Aut Wﬂgf) is not in

the image of Aut Ws(sf)z,; The Cartier duals of Wléf) and id —V are (@a)yp

and id —Fr € Aut(G,)p,. It is clear that id —Fr is not in the image of

A

Aut(Ga)Spf z, = Z;; |

4.6.5. A subscheme T’ C @ Let us formulate a variant of Lemma 4.6.4.
As usual, let @ be the ¢-de Rham prism, i.e., Q) := SpfZ,[[¢ — 1]]. Let 7" C
@ be defined by the equation ¢ = 1. Let T be as in §4.6.3. We have a
commutative diagram

7 ——Q

|

T——X
in which the morphism @ — X is as in §2.10.1 and the morphism 7" — T
comes from the ring homomorphism

ﬂ.(

B = Zyplg)/(¢" = 1), (z,y)—y+ L+q+-+q"),

where B is as in §4.6.3.

Lemma 4.6.6. As before, let T' C @ be defined by the equation ¢P = 1.
Let T C T (resp. Ty C T') be defined by the equation ¢ = 1 (resp. by
l+qg+---q°1=0). Let Hyv, Hryy, Hry be the pullbacks of Hg to T', T, T;.
Then
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(i) Hy; ~ (Go)7; and Hyy = (Go)y;

(ii) Hyp is not isomorphic to (Ga)pr.
Proof. Statement (i) follows from Lemma 4.6.4(i). Statement (ii) is proved
similarly to Lemma 4.6.4(ii). O

4.6.7. Remark In connection with Lemma 4.6.6, let us note that Hg has
a very explicit description, see (2.23). This description was deduced from
Theorem 2.10.4, which will be proved in the next subsection.

4.7. Proof of Theorem 2.10.4

4.7.1. Recollections By (2.17), the effective divisor (Ag)g := Ag x5 Q C
@ is defined by the equation ®,(q) = 0. Recall that D C () denotes the divisor
g=1.Since ¢ —1=(¢—1)- Pp(q), we get

(4.19) F~Y(D) =D+ (Ao)g-

We have a section sq : Q — Hg and a homomorphism o* : Hg — (Gy)o-
By Lemma 2.10.3(ii), 0* o sq is given by ¢ € G,,(Q), so sél(Ker o*) is the
divisor ¢* = 1. By (4.19), we get

(4.20) sg (Kero*) = D + (Ag)o-

Lemma 4.7.2. (i) The closed subscheme Ker 0* C Hg is equal to the divisor
Hp + 0g, where Hp C Hg is the preimage of D and Og C Hq is the zero
section.

(ii) sq' (0g) = (D).
Proof. By (4.20), Ker o* # Hg. Since Ker 0* = (6*)7'(0g) and 0 is a divisor
in Hg, we see that Kero* is a divisor in Hg.

From the definition of o (see §2.10.2) it is clear that o : ) — G vanishes

A

on D. So o* : Hy — (G,,)¢g vanishes over D. Therefore Kero* > Hp + 0.
In other words,

Kero* =Hp+ 0+, where® >0.
Combining this with (4.20), we see that
sq (0g) + 5 (D) = (Ao)g.

OBut sél(OQ) > (Ag)g by Corollary 4.3.6. So sél(’D) = 0. Therefore © E
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4.7.3. Proof of Theorem 2.10.4 We have to show that o* : Hg —
(G,n)q induces an isomorphism Hg —~» ((@m)Q(—D). Choose an isomor-
phism Hg — Spf Z,[[q — 1, z]] of formal schemes over Q. Then ¢* is given
by a formal series f € Z,[[q — 1, z]] such that f(x1*x2) = f(z1)f(z2), where
* is the group operation in Hg. By Lemma 4.7.2(i), f =1+ (¢ — 1)g, where

(4.21) g € x-Lpllg — 1,z]]".

Then g(z1 * 22) = g(x1) + g(z2) + (¢ — 1)g(z1)g9(22) = g(21) * g(x2), where

* is the group operation in (G,,)g(—D). Combining this with (4.21), we see
that g defines an isomorphism of formal groups Hg — (Gyn)o(—D). O

4.8. Proof of Theorem 2.9.2

As already mentioned in §2.10.1, the morphism 7 : ) — ¥ is faithfully flat. So
to prove Theorem 2.9.2, it suffices to check analogous statements about Hg,.
The analog of Theorem 2.9.2(i) has already been proved, see Lemma 4.7.2(ii).
It remains to show that the morphism ¢q : F*Hg — Hg factors as F*Hg —
Hg((—Ap)g) — Hyx. This follows from Lemma 2.10.3(i), Theorem 2.10.4 and
formula (4.19). O

4.8.1. Remark The interested reader can prove Theorem 2.9.2 without
using the ¢-de Rham prism. One can deduce it from Proposition 2.9.5 and the
description of G, given in the proof of Proposition 4.3.1(i). (Proposition 2.9.5
was deduced in §2 from Proposition 2.7.8, and the latter was proved in §4.4.)

4.9. Proof of Proposition 2.11.3

4.9.1.  Recall that Q) = SpfZ,[[q — 1]], Hg = SpfZy[lqg — 1, z]], and the
group operation on Hg is given by 21 * 2o = 21 + 22 + (¢ — 1)z122. We have
a canonical section sg : () — Hg; as explained in §2.10.6, it is given by
P—1
pu— (ItITl'
Lemma 4.9.2. Let K C Hg be a closed group subscheme such that sg : QQ —
Hgq factors through KC. Then KK = Hg.

Proof. Assume the contrary. Then there exists a nonzero regular function f
on Hg which vanishes on the image of each composite morphism

(4.22) Q% Hy s Hy, nel.
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Without loss of generality, we can assume that f € Z,[[¢ — 1, 2]] has the form

Zal )(g—1)", where a; € Z,|[z]], ao # 0.

By §4.9.1, the morphism (4.22) is given by z = q: —L The value of =1

q—1
at ¢ = 1 equals pn. So ag(pn) = 0 for all n € Z, Wthh contradicts the
assumption ag # 0. O

4.9.3. Proof of Proposition 2.11.3 Recall that the formal groups Hg
and (G,,)q are Zy-equivariant (the action of Z, on (Gyn)g is as in the for-
mulation of Proposition 2.11.3). So Z) acts on Hom(Hg, (Gym)g). We have an
element o* € Hom(Hyg, (G,)g), and the problem is to show that a(o*) = ¢*
for all a € Z,;. By Lemma 4.9.2, it suffices to check that for every a € Z)
one has

(4.23) sQ(Q) C Ko, where K, := Ker(a(c") — ") C Hg.

The section sq : Q — Hgq is Z;-equivariant because it comes from s :
) — Hy. By Lemma 2.10.3(ii), 0* 0 5q : Q@ = (G,,)q is also Z,-equivariant.
So (4.23) holds. O

5. Several realizations of the group scheme G

By definition, G¢ is the pullback of Gy to the ¢g-de Rham prism ). This
immediately leads to the first realization of G¢g and its coordinate ring, see
§5.1-5.2. In §5.3 we note that the coordinate ring of a certain extension of
G by (pp)q appears in the theory of g-logarithm from [ALB, BL].

On the other hand, Theorem 2.10.4 identifies G¢g with the Cartier dual of
a very explicit formal group (G,,)q(—D). This Cartier dual is denoted by G!Q.
We explicitly describe G!Q (see §5.4-5.5) and the isomorphism G!Q — Go
(see §5.6).

In §5.7 we define group schemes G57 G!c!;) and isomorphisms between them
and G!Q. Unlike G!Q and similarly to G, both Gg and Gg are defined in
terms of Witt vectors.

Let us note that in §5.5-5.6 a key role is played by the expressions (1+(q—
1)2)4%1 and qqp%l. The closely related g-logarithm (in the sense of [ALB, BL])
appears in formula (5.16).
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5.1. Recollections

5.1.1. The formal §-scheme Q Let () := Spf Z,[[q—1]], where Z,[[q—1]]
is equipped with the (p, ¢ — 1)-adic topology. Define F' : Q — @ by ¢ — ¢*.
Then (@, F) is a formal d-scheme.

5.1.2. Pieces of structure on Gg Recall that according to the definition
from §2.10.2,

Go =Gy xx Q,

where Gy, is as in §2.6. G is a formal scheme over . The morphism Gg — @
is schematic and affine; by Corollary 2.7.2; it is flat.

Let us recall the pieces of structure on Gg. Most of them come from
similar pieces of structure on Gy (the only exception is (iii).

(i') G is a formal d-scheme over the formal d-scheme @Q; in other words,
G is equipped with a Frobenius lift ' : Gg — G, which is compatible with

(i") Gg is a group scheme over ). The group structure is compatible with
F:Gg — Gg, so Gg is a group é-scheme over Q).

(ii) One has a canonical map Gg — (Gy,)g, which is a homomorphism
of group d-schemes over Q. As usual, (G,,)g = G, x Q, and the J-scheme
structure on Gy, is given by raising to the power of p.

(iii) In §2.10.2 we defined a canonical section ¢ : @ — G, which is a
d-morphism.

5.1.3. Who is who For any p-nilpotent ring A one has

Q(A) ={q € A*|q— 1 is nilpotent},
(5.1) Go(A) = {(g,7) € Q(A) x W(A)[1+ Py([g])x € Gin(A)},

where ®,, is the cyclotomic polynomial and G,, is identified with a subgroup
of W* via the Teichmiiller embedding. The morphism F': G — G is given
by

F(g,x) = (¢" Fx).
The group operation on G and the homomorphism Gg — (G,,)¢q are given
by the maps

Go xqQGq — Gq, (q,71,22) = (q, 71 + 22 + Pp([g])7172),
Go = G, (q,7) = 1+ Qp([q])m.
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The section o : Q — G is given by
(5.2) o(q) = (g, [q] = 1)
5.2. The coordinate ring of Gg

The coordinate ring H°(Gg, Oc,,) is a (p, ¢ — 1)-adically complete Zy[[g — 1]]-
algebra. Since G¢ is flat over @), for any open ideal I C Z,[[g — 1]] the
tensor product H(Gg, Og,) @z, (q—1)) (Zpllg—1]]/1) is flat over Zy[[q—1]]/1.
In particular, H O(GQ,OGQ) is p-torsion-free, so F' : Gg — G induces on
H°(Gg,O¢,) a d-ring structure in the sense of [J85] and [BS, §2]. Let us
describe H(Gq,Og,,) as a d-algebra over Zy[[q — 1]], where Z,[[g — 1]] is
considered as a d-ring with 6(q) = 0.

Proposition 5.2.1. Let Ry be the d-algebra over Zq] with a single generator
xo and a single defining relation 6(14+®,(q)zo) = 0. Let R be the (p,q—1)-adic
completion of Ry. Then there is a unique isomorphism Ry — HO(GQ, Oa,)
of d-algebras over Zy[|qg—1]] such that xy € R goes to the following function on
Gq: the value of the function on a pair (q,x) as in (5.1) is the 0-th component
of the Witt vector x.

Proof. Let Y be the affine scheme over Z|[q] such that for any Z[q]-algebra A
one has

Y(A) ={z € W(A)[1+ y([g])x € 7(A)},

where 7 : A — W(A) is the Teichmiiller embedding. Then G is the (p,q—1)-
adic formal completion of Y.

Let us construct an isomorphism Ry — H°(Y, Oy). By definition, Y is
a closed subscheme of Wy, := W x Spec Zlq]. By §C.3.7 of Appendix C, the
coordinate ring of Wy is a free d-algebra over Z[g] on a single generator o,
where zq is the function that takes a Witt vector to its 0-th component. Since
the Teichmiiller embedding A' — W is a J-morphism, we see that the ideal
of Y in Wy, is generated by 6" (1+®,(q)xo), n > 0. So H(Y,Oy) = Ry. O

5.3. Gg and the g-logarithm in the sense of [ALB, BL]

This subsection is a commentary on the notion of g-logarithm'? from [ALB,
§4] and [BL, §2.6]; the main point is that the g-logarithm is the unique group
homomorphism G¢g — (G,)q with a certain property (see the last sentence
of §5.3.2). This material will be used in formula (5.16) and nowhere else.

12As explained in [BL, Prop. 2.6.10], the g-logarithm is closely related to the
prismatic logarithm (i.e., to the homomorphism Gy — Ox{1} from our Corol-
lary 2.7.11). We do not discuss this relation here.



270 Vladimir Drinfeld

5.3.1. An extension of Gg by (tp)qg The definition of g-logarithm given
in [BL, §2.6] following [ALB, §4] secretly uses the coordinate ring of a slight
modification of Gg. Namely, for any p-nilpotent ring A let

(5:3)  GalA) = {(g,z,u) € Q(A) x W(A) x A™ |1+ y([g])x = [u"]}

(so Gg is an extension of Gg by (ip)g). The d-ring constructed in [BL,
Prop. 2.6.5] is just the coordinate ring of G; this easily follows from Propo-
sition 5.2.1.

We have a section

(5.4) 5:Q— Go, 6&(q):=(q,]d—1q),

which lifts the section o : Q — G defined by (5.2).

5.3.2. The g-logarithm On GQ we have an invertible regular function
u, see formula (5.3); note that w? is a regular function on G¢ (unlike w).
The authors of [ALB, BL] define another regular function on G denoted by
log,(u) and called the q-logarithm'® of u. As explained below, log, (u) is, in
fact, a regular function on G¢ itself.
1%;1 -logu (so log,(u) is ¢ — 1 times the
logarithm of u with base ¢). From this informal description we see that
log,(u1uz) = log,(u1) + log,(u2) and log,(q) = ¢ — 1.

The precise definition of log,(u) from [ALB, BL] can be paraphrased

Very informally, log,(u) =

as follows: log,(u) is the unique group homomorphism Gq — (Ga)g that
takes the section (5.4) to the section ¢ — 1 : Q — (G4)q (the existence and
uniqueness of such a homomorphism is proved in [ALB, §4]; see also [BL,
Prop. 2.6.9]).

Note that the group Ker(Gg — Gg) = (11,)q is killed by log,(u) because

Hom((41p)q, (Ga)q) = 0.

So log,(u) is a group homomorphism Gq — (Ga)q; it is the unique ho-
momorphism that takes the section o : QQ — C~¥Q from (5.2) to the section
q—l:Q%(Ga)Q.

13Warning: in the literature the word “g-logarithm” is used for many quite dif-
ferent functions, see the article [KVA], especially its last section.



A 1-dimensional formal group over the prismatization of SpfZ, 271

5.4. The group scheme G!Q

5.4.1. Definition of Hé) and G’Q Let D C @ be the effective divisor
qg=1. Let

Hg = (Gum)a(-D),

ie., HéQ is the formal group over @) obtained from (Gm)Q by rescaling via the
invertible subsheaf Og(—D) C O, see §3.4.

Now define G!Q to be the Cartier dual of H'Q Then G!Q is a flat affine
group scheme over Q.

Theorem 2.10.4 yields canonical isomorphisms Hg — H!Q, G!Q - Gg.
But we will disregard these isomorphisms until §5.6.

5.4.2. H'Q in explicit terms  As a formal scheme, H¢, = Spf Z,[[q—1, z]],
and the group operation is

(I1+(¢—1D2)A+(g—1)z) —1

(5.5) 21 %29 = ) =2+ 2+ (¢—1)z12.

Let H' be the formal group over A! = SpecZ[q] defined by the group
law (5.5); then H'Q =H' x5 Q.

5.4.3. Pieces of structure on H b Hb is a formal group over () equipped
with a homomorphism

(5.6) H'Q - (@m)Q

In terms of the coordinate z from §5.4.2, it is given by the function 1+ (¢—1)z.
Since F~1(D) D D, there is a unique homomorphism ¢, : F*Hé — Hé
such that the diagram

PQ

(5.7) F*Hp, Hp,

l l

F*(Gm)g — (Gm)q
commutes; here the lower horizontal arrow comes from the fact that (Gm)Q =
G x Q. Over Q ® F,, the upper horizontal arrow of (5.7) becomes the Ver-
schiebung (because the lower horizontal arrow does).
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Moreover, the map Q — Gy, ¢ — ¢, defines a section Q — (Gm)Q,
which comes from a section

(5.8) sQ : Q — H,.

In terms of §5.4.2, s¢ is given by z = ®,(q).
The following diagram commutes:

wxppl PR !
F*Hy —— Hy,

F*(SQ)T TP

Q" Hj

Note that (5.6) and g : F *Hb — Hb come from similar pieces of struc-

ture on the formal group H' from §5.4.2; on the other hand, (5.8) does not
have an analog for H'.

5.4.4. Pieces of structure on G!Q Dualizing §5.4.3, we get the following
pieces of structure on G!Q, which are parallel to those from §5.1.2.

(i) The homomorphism ¢ : F*Hb — H'Q yields a map F : G!Q — G!Q,
which makes G!Q into a group d-scheme over Q).

(ii) The section (5.8) yields a canonical map G!Q — (Gpn)g, which is a
homomorphism of group d-schemes over Q.

(i) The homomorphism (5.6) yields a canonical section o' : Q — Gy,
which is a J-morphism.

An explicit description of G!Q (together with the above pieces of structure
on it) will be given in Proposition 5.5.2.

5.4.5. The group scheme G' Let G' be the Cartier dual of the formal
group H' from §5.4.2. Then G’Q =G xu Q.

The pieces of structure from §5.4.4(i,iii) are pullbacks of similar pieces
of structure on G'. On the other hand, the piece of structure from §5.4.4(ii)
does not have an analog for G'.

The affine group scheme G' and its coordinate ring are described in Ap-
pendix D. We will use these results below.

5.5. Explicit description of G’Q

5.5.1. The ring B Let By be the Hopf algebra over Z[h] from Proposi-
tion D.2.2 (see also §D.3.6 for a description of By ® Z)). Let B be the (p, h)-
adic completion of By. Then B is a topological Hopf algebra over Z,[[q — 1]],
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where ¢ = 1 + h. Elements of B are infinite sums

(5.9)
i ap - =g+l (tn'_ (n=1)(g = 1)), where a,, € Z,[[q — 1]], an, — 0.
n=0 .

An element (5.9) is in By if and only if a, € Z[q] for all n and a,, = 0 for
n > 0. Note that B is torsion-free as a Zy[[g — 1]]-module.

Proposition 5.5.2. (a) The group scheme G!Q identifies with Spf B so that
in terms of this identification the pairing G’Q X Hé) — (Gy)q is given by the
formal series

(5.10)

(1+(q—1)z)q1ﬁ — i t(t_q+1)"'(tn!_ (n_ 1)(q_1)) LT EB[[ZHX7

n=0

where z is the coordinate on Hb from §5.4.2.

(d') The regular function on G!Q corresponding to t € B defines a group
homomorphism

(5.11) Gy — (Ga)o-

(b) The homomorphism ¢ : B — B corresponding to the morphism F :
G!Q — G!Q from §5.4.4(i) is given by

?(q) =", ¢(t) = Pp(q)t.

Moreover, ¢ makes B into a d-ring.
(¢) The homomorphism G!Q — (Gp)g from §5.4.4(ii) is given by the
element

(5.12) 2 i t(t—q—l—l)...(tn!— (n—1)(qg—-1)) “d,(q)" € B,

which is obtained from (5.10) by setting z = ®,(q) (the sum converges because
®y(1) =p).
() One has

ptipt —q+1)...(pt—(n—1)(¢g—1))
n! ’

Pt e
qi—1 = E ap,  where oy =
n=0
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more precisely, o, € By and the series Y - oy, converges in B to the element
t
qqul defined by (5.12).
(d) The section o' = Q — G!Q from §5.4.4(iii) corresponds to the algebra
homomorphism B — Zp|[q — 1]] such that t — ¢ — 1.

The “true meaning” of the homomorphism (5.11) will be explained later,
see formula (5.16).

Proof. Statement (a) follows from Proposition D.2.2 and formula (D.4).
Statement (a’) is clear from §D.2 or Proposition D.2.2(iii). It also follows
from (5.10) combined with the formula

t1+tg t1 ty

(I+(g=1D2) 7 =1 +(g=1)z)v - (1+ (¢ —1)z)oT.

By Lemma D.3.5(ii), F' : G!Q — G!Q is the base change of the morphism
v, : G' — G' from §D.3.4, so ¢ : B — B is the base change of the homomor-
phism P : By — By from Lemma D.3.3. Since B is p-torsion-free, ¢ makes
B into a d-ring. This proves (b).

Statement (c) is clear because the homomorphism Gy — (Gy)q comes
from the section (5.8), which is given by z = ®,(q).

To prove (d), recall that o' comes from the homomorphism (5.6), which
is given by the function 1+ (q¢ — 1)z; this function is the result of substituting
t =q— 1 into (5.10).

Let us prove (¢’). By Lemma D.2.3, o, € By and in the ring Byl[[z]] one
has

(o] o
(5.13) Z ap2" =1+ (¢—vz)t = Z B2,
n=0 n=0

where 3, := t(t—q“)~--(t;!(n—1)(q—1)) and

O+ (g-Dzp-1 &p i—1 i—1
v=uv(q,2) = =) —;(Z)(q—l) 27 € Zg, 2.

Note that v € I[z], where I C Z[q| is the ideal (p, ¢—1). So the r.h.s of (5.13)
belongs to the subring lim (B/I™B)[z] C B[[#]]. Therefore we can set z = 1

m

Zan = Zﬂn : U(Q7 1)n = Zﬁn : (I)p(Q)n;

in other words, Y, v, equals the r.h.s of (5.12). O

and get
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5.6. The isomorphism G!Q = Gq in explicit terms

5.6.1. The isomorphisms Hg — Hc';) and G!Q —~» Gg Theo-
rem 2.10.4 yields a canonical isomorphism Hg — Hc'g It is compatible
with the pieces of structure on Hg and Hb introduced in §2.10.2 and §5.4.3.
So the Cartier dual isomorphism G’!Q — (g transforms the pieces of struc-

ture on G!Q from §5.4.4 into the corresponding pieces of structure on G (see
§5.1.2-5.1.3).

5.6.2. The isomorphism between the coordinate rings of G’Q and
Gq Recall that Gg = Spf R, G’Q = Spf B, where R := Ry and B := By are
the (p,q — 1)-adic completions of the Z|[g]-algebras Ry and By from Propo-
sitions 5.2.1 and D.2.2. So the canonical isomorphism G’Q — G induces
an isomorphism R —— B; using it, we identify R and B. Then the element
To € Rg from Proposition 5.2.1 and the element ¢ € By from §5.5.1 live in
the same ring R = B. Let us discuss the relation between them.
By Proposition 5.5.2(c), we have

pt

(5.14) 1+ ®@,(q)zo = g7,
(5.15) 20 = qZ(q_)l _ n; tt—q+1)... (tn!— (n—1)(g—1)) B, (q)" .

We claim that in terms of the g-logarithm (see §5.3.2) one has
(5.16) t =log,(u), where u” =14 &,(q)zo,

which implies that pt = log, (1 + ®,(q)zo). This follows from parts (a’), (d)
of Proposition 5.5.2 and the definition of log,(u) at the end of §5.3.2.

5.6.3. Remark Using (5.15), it is easy to show that Ry and By are different
as subrings of R = B; moreover, Ry/(q—1)Rg and By/(q— 1) By are different
as subrings of the ring R/(¢ — 1)R = B/(q¢ — 1)B.

5.6.4. Plan of what follows By Proposition 5.5.2, G’Q = Spf B. By (5.1),
the isomorphism

5.17 SpfB=GhH =5 G
Q Q

is given by an element x € W (B) such that 1 + ®,([¢])z € B*, where B* C
W (B)* is the subgroup of Teichmiiller elements. In Proposition 5.6.6 we will
write a formula for z.
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5.6.5. The homomorphism ¢ : B — W/(B) According to A. Joyal
[J85], the forgetful functor from the category of -rings to that of rings has a
right adjoint, which is nothing but the functor W. Our B is a J-ring, so the
unit of Joyal’s adjunction yields a homomorphism of d-rings ¢ : B — W (B).
It is the unique homomorphism of §-rings B — W(B) whose composition
with the canonical epimorphism W (B) — W;(B) = B equals idg. For any
b € B the n-th Buium-Joyal component (see §C.3.7) of the Witt vector ¢(b)
equals §™(b).

Proposition 5.6.6. One has

5.18) ¢(¢_())

(5.19) 1+ @ ([g])z = [g7-7],

where ¢ : B — W(DB) is as in §5.6.5 and qqutl € B is defined by (5.12) (so
qqutl — 1 s divisible by ®,(q)).
Proof. By §5.6.1, the morphism Spf B = G’Q — Gg is a d-morphism.
So z : Spf B — W is a dé-morphism. Therefore the corresponding map
HY(W,Ow) — B is a §-homomorphism. So the description of H*(W, Oy)
from §C.3.7 shows that z = (xg), where x( is the 0-th component of the
Witt vector x. Combining this with (5.15), we get (5.18).

Formula (5.19) follows from (5.14) because 1 + ®,([¢])z is a Teichmiiller
element. O

5.7. The group schemes Gg and Gg

Using Witt vectors, we will define group d-schemes Gg and Glé over (); each
of them is canonically isomorphic to G’Q and therefore to Gg. The author
is not sure that Gg is really useful; this explains the question mark in the
notation.

5.7.1. Definition of Gg For any p-nilpotent ring A let

(5.20) Go(A) ={(q.9) € QA) x W(A) | Fy =g —1]""" - y}.

Then Gg C Wg is a group subscheme. The map

Gy = Go, (a.9) = (%, [24(0)] - y)
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makes Gg into a group d-scheme over the formal §-scheme Q.

Proposition 5.7.2. One has a canonical isomorphism
(5.21) Gh = G%;

of group 0-schemes over Q); it is induced by the map (D.20).
Proof. Follows from Proposition D.4.10 and (D.17). O

5.7.3. Definition of G’é For any p-nilpotent ring A let

(5.22) Go(A) = {(a,y) € Q(A) x W(A)| Fy = @,(lg]) - y}-

Then Ggg C Wy is a group subscheme. Moreover, ng is a d-subscheme if
Wgo =W x @Q is equipped with the product of the standard ¢-structures on
W an Q.

5.7.4. The isomorphism G!Q - G!Q! Let t € HY(Gg, (’)Gzczz) be the
function that takes (¢,y) € G!C!Q(A) to the O-th component of the Witt vector
y. Similarly to the proof of Proposition 5.2.1, one shows that H° (G!c!ga ch) is
the (p, g—1)-adic completion of the §-algebra over Z[g] with a single generator
t and a single relation
P +pi(t) = Pp(q) - t.

Combining this with §D.3.6 and Proposition 5.5.2(a,b), we get an isomor-
phism of §-rings HO(G!C!Q,OGzQ) — HO(GQ,O@Q). The corresponding iso-
morphism G!Q = G!(!Q is a group isomorphism by Proposition 5.5.2(a’).

5.7.5. Remark Combining Proposition 5.7.2 and §5.7.4 with the isomor-
phism G!Q — G from §5.6, we get canonical isomorphisms between the
group d-schemes Gy, Gg, and G'C'? These group d-schemes are defined in
terms of W, but I do not know an explicit description of these isomorphisms
in terms of the standard Witt vector formalism. However, after the “de Rham”
specialization ¢ = 1 the isomorphisms in question specialize to the explicit iso-

morphisms from §4.4 (note that Gy, Gg, and Gg specialize to Gqg, Ws(gf)zpv

and Wsi?gp, respectively).
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Appendix A. On the prismatic cohomology of (A" \ {0})sprz,
A.1. The result

Let Gﬁ be the prismatization of (A!\ {0})sps 2z, = (Gm)sptz,- The projection
(Gm)sptz, — Spf Z, induces a morphism 7 : Gﬁ — (Spf Zp)A = Y. The goal
of this Appendix is to compute the higher derived images RiTF*OGA using

some results of §2. Here is the answer; it is almost contained!* in [BS; §16].

Theorem A.1.1. (i) R'm,Ogp =0 if i #0,1.

(i) ROr.Ogp = Os.

(1it) RIW*Ogﬁ =@, ez Mn, where My := Ox{—1} and if n # 0 and m
is the biggest number such that p™|n then M,, := Ox(Ag + -+ + Ap,)/Os.
Here Ag C X is the Hodge-Tate divisor and A; := (F")71(Ay).

A.2. Proof of Theorem A.1.1
By Corollary 2.7.3, G% = Cone(Gy, — (Gy,)x). Thus
ROy = H'(Gs, 05 ® A),

where A is the regular representation of G,, (so Osx ® A is a (G, )x-module
and therefore a Gy-module). Equivalently,

(Al) Ri’ﬂ'*OGﬁ - @ Hi(G27 OZ & XTL)7

neZ

where x, is the 1-dimensional G,,-module corresponding to the character
z = 2"

By Theorem 2.7.5, Gy, is the Cartier dual of a 1-dimensional formal group
Hy,. Let s : ¥ — Hyx, be the section corresponding to the canonical homomor-
phism Gy, — (G,)xn. For n € Z, let D,, C Hyx, be the image of the composite
morphism ¥ = Hy, = Hy; in particular, Dy C Hy, is the image of the zero
section. Then

(A.2) H'(Gs, 05 ® x,) = R'0'Op,,,

where 0 : ¥ — Hy is the zero section and Op,, is viewed as an Op,-module.

141n [BS, §16] the pullback of Rir, Oga to the g-de Rham prism () was computed.
Theorem A.1.1 can be easily deduced from this computation.
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Lemma A.2.1. R'0'Op, =0 fori # 0,1, R°0'Op, = Oy, and R'0'Op, =
Os{-1}.

Proof. By Theorem 2.7.10, Lie(Hy) = Os{—1}. O
The following lemma is a reformulation of Corollary 2.9.3.

Lemma A.2.2. Let n = p™n/, where (n',p) = 1. Then the projection Hy, —
Y induces an isomorphism Dy N D,, — Ag + - -+ A, where Ag C ¥ is the
Hodge-Tate divisor and A; = (F")7Y(Ap). O

Corollary A.2.3. Ifn # 0 then R'0'Op, = 0 fori # 1 and R'0'Op, = M,,
where M, is as in Theorem A.1.1(iii). O

Combining Lemma A.2.1, Corollary A.2.3, and (A.1)—(A.2), we get The-
orem A.1.1.

Appendix B. The Cartier dual of the divided powers version
of G,,

B.1. Plan

As usual, let G,, = SpecZ[z,z7!] be the multiplicative group over Z. Let
M, denote the scheme A! = SpecZ[z] viewed as a multiplicative monoid
over SpecZ. Let Gf, (resp. M) be the PD hull of the unit in G,, (resp. in
M., ); explicitly,

—1)? (z—1)

(B.1) Mgn = Spec A, where A :=Z|x, (= ST T

and G¥, = Spec A[1/x]. The monoid structure on M, and G,, extends to a
monoid structure on Mf, and G¥ . Moreover, the monoid G#, is a group.

Theorem B.2.3 below describes the Cartier duals'® of Gf, and M, (this
description is likely to be known, but I was unable to find a reference). The
description becomes even simpler after base change to Spf Z,, see §B.4.

In §B.5 we construct an exact sequence (B.10) of group schemes over
Spf Z,, which plays an important role in [BL]. In §B.6 we discuss a variant
of (B.10) over Spec Zy), where Z,) is the localization of Z at p.

5By the Cartier dual of M, we mean Hom (M , M,,); equivalently, the bialge-
bras corresponding to M¥ and its Cartier dual are dual to each other.



280 Vladimir Drinfeld

B.2. Formulation of the theorem

We will define ind-schemes I" and I'y equipped with a monoid structure;
moreover, I' is a group. Then we will identify the Cartier duals of G and
I\\/JIBn with I and I', respectively.

B.2.1. Definition of I' and I'y  Given integers a < b, define a polynomial
fap € Z[u] by

b
(BQ) fa,b(u) = H(u - Z)
Define a closed subscheme T1*! ¢ A = Spec Z[u] by
Tl .= Spec Z[u] /(fas)-

The addition map A' x A' — A! induces a morphism I'l®! x [led —
[lotebdtd Qo the ind-schemes

[ = rleeel . — li;m p-VN pt = ploeo] . iy plO]
— ’ —
N N

are monoids; moreover, I' is a group.

B.2.2. The pairings We have a pairing

. 00 r— 1)"
(B.3) M < TF = My, (2,u) — 2" = ;)fo:n(“)‘ ( n! ! ’

where fg,, is defined by formula (B.2). Since G¥, is a group, the morphism
(B.3) maps G¥, x I'" to G,,. Define a pairing

(B.4) G} xT — G,

as follows: for each integer a > 0 its restriction to G¥, x I''=®> is given by

(v,u) =27 % 2"t =277 i fon(u+a)- u
= n!

Theorem B.2.3. (i) The pairings (B.4) and (B.3) induce isomorphisms

G}, = Hom(T',G,,), M! = Hom(T'",M,,).
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(ii) The coordinate ring of G¥, is a free Z-module.'
B.3. Proof of Theorem B.2.3

B.3.1. Distributions on I' and 't Let Distr(I'[*") be the Z-module
dual to the coordinate ring of T'l®%; equivalently, Distr(I'*?) is the Z-module
of those linear functionals Z[u] — Z that are trivial on the ideal (f, ) C Z[u].
We think of elements of Distr(I'%!) as distributions on T'®?, Let

Distr(I") := lim Distr(TEN), Distr(IF) := lim Distr (T,
N N

Then Distr(T") and Distr(I'") are rings with respect to convolution; moreover,
they are bialgebras over Z.

For each n € Z we have the functional Z[u| — Z given by evaluation at
n; it defines an element 4, € Distr(I'). If n > 0 then §,, € Distr™(T). It is
clear that 8,8, = 8,1 and &g is the unit of Distr(I"). So §_,, = 6, *.

Lemma B.3.2. (i) For every n > 0 one has (6, — dp)" € n! - Distr(T'07]);
(i) the distributions :;!50)" = (51;!1)71} n >0, form a basis in Distr(I'");
(iii) Distr(T) is equal to the localization Distr(T')[6; '] = Distr(I")[6_4].

Proof. (61 — 6y)" is the unique element of Distr(I'®"]) such that the corre-

sponding functional Z[u] — Z takes u™ to n! and «"!,... u,1 to 0. The
value of this functional on the polynomial fj,—1 equals n!. This implies (i)-
(ii). Statement (iii) follows from (ii). O

B.3.3. End of the proof The pairings (B.4) and (B.3) induce bialgebra
homomorphisms

(B.5) Distr(T') — Fun(G¥ ) and  Distr(I'") — Fun(M?),

where Fun stands for the coordinate ring. The homomorphisms (B.5) take 4,
to a™, where z is the coordinate on G,, or M,,. Lemma B.3.2 implies that
the maps (B.5) are isomorphisms. Theorem B.2.3(i) follows.

It is easy to see that the Z-module Distr(I=N=1N+11) / Distr(DI-NN) s
free. Therefore the Z-module Distr(I") is free. Theorem B.2.3(ii) follows. [

16 A similar statement for Mf_ is obvious, see formula (B.1).
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B.4. Base change to SpfZ,

Fix a prime p. Let I be as in §B.2.1. Let
I'zpmz =T x SpecZ/p"Z, Tsprz, := T x SpfZy,.

I'z/pmz is a group ind-scheme over Z/p"Z, and I'sptz, is a group ind-scheme
over Spf Z,,. The next lemma shows that in fact, these ind-schemes are formal
schemes.

Lemma B.4.1. I'z/,nz is the formal completion ofA%/an = Spec(Z/p"Z)[u]

along the subscheme of A%FP defined by the equation u(u—1)...(u—p+1) =

0. O
The lemma yields canonical exact sequences

(B.6) 0= (Ga)zyprz — Taypnz — L/pZ — 0,

(B7) 0— (@ra)spfzp — FSprp — Z/pZ — 0.

Remark B.4.2. If n = 1 the exact sequence (B.6) has a unique splitting. If
n > 1 then (B.6) has no splittings.

B.5. Dualizing the exact sequence (B.7)

B.5.1. The homomorphism log : (an)spfzp — (Ga)sprz, We have
the homomorphism log : (G?W)Spf z, = (Ga)sptz, given by

logz := il(—l)"_1 : W = i(—l)”‘l(n ) (93;17'1)”

Let Gg be the divided powers additive group, i.e., the PD hull of 0 in Gg;
as a scheme,

2,3
- vy v
Gl = SpeCZ{y7 o1 3!,...].
Lemma B.5.2. The homomorphism log : (G% )sprz, — (Ga)sprz, factors

through (Gg)spfzp, so we get a homomorphism

(B.8) log : (G,)sptz, — (Gh)spez, -
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Remark B.5.3. In the lemma the factorization is unique because the map
Fun(G,) — Fun(G%) becomes an isomorphism after tensoring by Q (here
Fun stands for the ring of regular functions).

Proof of Lemma B.5.2. We have to show that (logz)¥ is divisible by k! in
the ring of regular functions on (G%,)sprz, for any k > 0. Since - (logz)* =

kz~'(logz)*~!, this follows by induction on k. O
Lemma B.5.4. The embedding (j1,)sprz, — (Gm)sprz, comes from a unique
homomorphism

(B.9) (p)spiz, = (Glhy)sprz,-

Proof. It suffices to show that (ju,)specz, is a PD-thickening of the unit of
(tp)specz,- We have (f1,)specz, = Spec A, where A = Z,[x]/(2P — 1), and the
unit corresponds to the ideal I := (x — 1) C A, so the problem is to show
that fP € pI for f € I. Indeed, the image of (z — 1)? in A/pA is zero, so for
felonehas fPe pAnI =pl. O

Remark B.5.5. The composition of (B.9) and (B.8) is zero because

Hom((4)spt 2, , (G%)sprz,) = 0.

Proposition B.5.6. (i) The sequence

1
(B.10) 0 = (p)sprz, — (GE)sprz, —2 (GE)spz, — 0,

whose morphisms are (B.9) and (B.8), is exact.
(11) The ezact sequence (B.10) is Cartier dual to (B.7); the pairing between
(G,)sprz, and Tspz, is given by (B.4), and the pairing

(G)spez, x (@(Z)Spfzp — G

is the exponent of the product.

Proof. Tt suffices to prove that the morphisms (B.9) and (B.8) are dual to the
corresponding morphisms in the exact sequence (B.7). This follows from the
equality 2" = exp(u - log x). O

In the next subsection we describe another approach to the exact se-
quence (B.10).
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B.6. A variant of (B.10) over Zy,

Let Z,) be the localization of Z at p. Base-changing G, and p,, to Z,), one
gets group schemes (G, )z, and (up)z,, over Z). Similarly to Lemma B.5.4,
one sees that the embedding (pp)z,,, — (Gn)z,,, comes from a unique homo-
morphism

Zp) Zp)

(B.11) (bp)zpy = (ng)z(m-

We are going to describe the cokernel of (B.11), see Proposition B.6.3. Then
we will deduce exactness of (B.10) from this description, see §B.6.5.

B.6.1. The group schemes G and G! Let G be the group scheme over
Z whose group of A-points is the set {z € A|1+ pz € A*} equipped with
the operation z1 * 29 := 21 + 29 + pz129; in other words, GG is the p-rescaled
version of G,,. We have a canonical homomorphism

(B.12) G— Gy, z—14pz

As usual, let G* be the divided powers version of G (i.e., the PD hull of the
unit in G).

Lemma B.6.2. There is a unique homomorphism

(B.13) G} — Gt
such that the diagram
G! —— Gt
BN
G,

commutes; here the vertical arrow comes from (B.12).

Proof. As above, let z be the coordinate on G. Let z be the usual coordinate
on Gy, and t :=  — 1. The homomorphism (Gf,)g — (Gf )g = G& is given
by z = %. The problem is to check that (H’;# =3P myy(t) for
some m; € Z (here ~; is the i-th divided power). This is clear. O

Proposition B.6.3. The homomorphism (G )z, =~ — (Gﬁ)z(m corresponding

— (Gﬁ)%)'

Zp)

to (B.13) induces an isomorphism (G%)Z(m/(ﬂp)z(m

For a proof, see §B.7.
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B.6.4. Passing to formal completions (i) Let G, G, be the formal com-
pletions of the group schemes G, G, along their units; these are formal groups
over Z. Let éz<p), (@a) be the corresponding formal groups over Z,. One
has an isomorphism

Zp)

(B.14) sz HadN (Ga)z(p), 2

log(l%-pZ):::jii (=)

4.2,”"
p

(ii) The isomorphism (B.14) induces an isomorphism
(B.15) GﬁSprp — (Gg)Spfzp

because one can think of Gﬁspf z, (vesp. (Gf,)sprz,) as the p-adically completed

PD version of éZ(p) (resp. (@a)z<p>)-

Note that (B.14) is an isomorphism of formal groups over the scheme
Spec Zp), while (B.15) is an isomorphism of group schemes over the formal
scheme Spt Z,.

B.6.5. A proof of exactness of (B.10) Using that log(z?) = p - logz,
one checks that the homomorphism log : (G, )sprz, — (G%)spez, from (B.10)
equals the composite map

(Gh)spez, = Grz, — (Gh)sprz, .

where the first arrow comes from (B.13) and the second one is (B.15). So
exactness of (B.10) follows from Proposition B.6.3.

B.7. Proof of Proposition B.6.3

B.7.1. Straightforward proof The kernel of the homomorphism

(ng)%) - (Gﬁ>Z<p>
equals (up)z,,. The problem is to show that the homomorphism is faithfully
flat.

We will use the coordinates z and ¢ from the proof of Lemma B.6.2. We
have

(L4t —1 _

(B.16) z = )

p—1
(t) + Z nit*  for some n; € Z,
i=1
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®
=
The coordinate ring of (Gﬁ)Z(p) is

where (1) :=

1 2
A[l —|—pz}’ where A 1= Z)[z,7(2),7"(2),...] C Q[z].

The coordinate ring of (an)@p) is

B Lit} = B[l—l—lpz}’ where B 1= Z,[t,v(t),7*(t),...] C Q[t].
It suffices to show that the homomorphism A — B given by (B.16) makes B
into a free A-module with basis 1,¢,...,t*~!. These elements form a basis of
B®Q = Q[t] over A® Q = Q[z], so we only have to check that 1,¢,...,#~1
generate B as an A-module. Note that as a Z,-module, B is generated by
elements

H(’Yi(t))mi, where 0 < m; < p and m; =0 for i > 0.
i=0

By (B.16), [T2(v*(£))™ =t - [L,-o(7"*(2))™ + {lower terms}, so we can
proceed by induction. O

B.7.2. Proof via Cartier duality (sketch) One can also prove Propo-
sition B.6.3 by passing to the Cartier duals. Similarly to Theorem B.2.3, the
Cartier dual of G¥ identifies with the group ind-scheme I', whose definition
is parallel to that of I' (see §B.2.1) but with the polynomial [T2_, (u — i) from
formula (B.2) being replaced by [[°_, (u — pi). Details are left to the reader.

Appendix C. The Cartier dual of @m

Let G, denote the formal multiplicative group over Z. For any ring A one
has

Gm(A) = {y € AX|y — 1 is nilpotent}.

In this section we give two descriptions of the Cartier dual of G,,, see §C.1 and
§C.3. They are probably well known: the description from §C.3 is contained
in [MRT], and the one from §C.1 was known to T. Ekedahl (see Remark 4 on
p. 197 of [EK]).
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C.1. The Cartier dual in terms of the ring of integer-valued
polynomials

A

C.1.1. The ring scheme # Let #% := Horp(@m, Gpn). This is a unital ring
scheme over Spec Z. The action of #Z on Lie(G,,) defines a homomorphism of
ring schemes

(C.1) & — G,

(the multiplication operation in G, is the usual one). The coordinate ring of
G, equals Z[u], so (C.1) induces a ring homomorphism

(C.2) Zu] — H(%#,0%).

As a group scheme, Z equals Hom((@m, Gm), i.e., the Cartier dual of Gom.
So Z is a flat affine scheme over Spec Z.
By Lie theory, the homomorphism (C.1) induces an isomorphism

(C.3) Z®Q - G, ® Q.

The action of SpecQu] =G, ® Q =Z®Q on G @ Q is given by Newton's
binomial formula

(04) YU = i (Z)(y_ 1)u7 <Z> — U(U— 1)...(u—n+1) c Q[u]

|
70 n:

The ring scheme % is commutative by virtue of (C.3) and flatness of %
over SpecZ.

The homomorphism (C.2) becomes an isomorphism after tensoring by Q.
So

Z[u] ¢ HY(%#,0%) C Q[u].
The homomorphism H°(%Z,0%) — H*(%#,04) @ H*(#,0%) corresponding
to addition (resp. multiplication) in % takes u to © ® 1 + 1 ® u (resp. to

u ® u). To finish the explicit description of Z, it remains to describe the
subring HY(%Z, O%) C Q[u).

Proposition C.1.2. H°(%,04) = Int, where Int C Q[u] is the subring
generated by the polynomials (%), n > 0.

Proof. H)(#,0g) is the smallest subring A C Q[u] such that the action
of SpecQu] = Z ® Q on G,, extends to an action of Spec A on G,,. So
HY(%,0%) is generated by the coefficients of the formal series (C.4). O
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C.1.3. On the ring Int It is well known that
Int = {f € Q[u]| f(m) € Z for all m € Z};

for this reason, Int is known as the ring of integer-valued polynomials. 1t is
also well known that

(i) the polynomials (%) form a basis of the Z-module Int;
(ii) one has

(C.5) Int = {f € Fun(Z,Z) | A™(f) = 0 for some m},

where Fun(Z,Z) is the ring of all functions Z — Z and A : Fun(Z,Z) —
Fun(Z,Z) is the difference operator A : Fun(Z,Z) — Fun(Z,Z) defined by

(Af)(u) = flu+1) = f(u).

More details about the ring Int and some references can be found in
[CC, Ch, Ek, El].

C.1.4. Remark Here is an interpretation of (C.5) via Cartier duality be-
tween Z and G,,,.

The Cartier dual of the embedding (@m — G,, is a morphism Z X
SpecZ — Z, and the embedding

(C.6) H°(%,04) = Int — Fun(Z,7Z)

is the corresponding homomorphism of coordinate rings. As a Z-module,
HY(%,O%) is the topological dual (Z[[y —1]])*, and the map (C.6) is just the
natural map

o (Zlly = 10)" = (Zly.y~'])"
So (C.5) means that ¢ is injective, and Im ¢ consists of those linear functionals

on Zl[y, y ] that are trivial on (y—1)™Z[y, y '] for some m. This is, of course,
true because Z[[y — 1]] is the (y — 1)-adic completion of Z[y, y~!].

C.2. The reduction of the scheme % modulo p™ and the A-ring
structure on Int

C.2.1. The reduction of # modulo p™ Let p be a prime. If A is a ring
in which p is nilpotent then G,, ® A is the inductive limit of p,» ® A. The
Cartier dual of puyn is Z/p"Z. So

(eky R &A= (L) = im(Z/p" D),

n
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where (Z/p™Z) 4 is the constant ring scheme over Spec A with fiber Z/p"Z.

C.2.2. Mahler’s theorem Let A = Z/p"Z. Combining (C.7) with the
equality H°(#,04) = Int, we get an isomorphism

(C.8) Int /p™ Int — {Locally constant functions Z, — Z/p"Z};

the map (C.8) is as follows: given a function f € Int C Fun(Z,Z), we re-
duce it modulo p"™ and then extend from Z to Z, by continuity. The isomor-
phism (C.8) is due to K. Mahler [Ma]. It is discussed, e.g., in [La, Ch. 4].

Lemma C.2.3. For every prime p, the Frobenius endomorphism of Int /p Int
equals the identity.

This well known fact follows from (C.8) or from (C.5).

C.2.4. Wilkerson’s theorem on A-rings Any A\-ring R is equipped with
an action of the multiplicative monoid N; the endomorphism of R correspond-
ing to n € N is denoted by ¥"™ and called the n-th Adams operation. So we
get a functor from the category of A-rings to that of rings equipped with
N-action. C. Wilkerson [W] proved that this functor identifies the category
of torsion-free A-rings with the category of torsion-free rings equipped with
an action of N satisfying the following condition: 1P (z) is congruent to aP
modulo p for every prime p and every =z € R.

C.2.5. The A-ring structure on Int By §C.2.4, a torsion free ring R
such that for every prime p the Frobenius endomorphism of R/pR equals the
identity is the same as a torsion-free A-ring such that ¢ = id for all n. It is
known (see [W, El]) that for such R one has

(C.9) )\n(x):x(x—l)...(x—n—kl) for all n € N,z € R.

n!

By Lemma C.2.3, this applies to the ring Int. On the other hand, in the case
R = Int the A-ring structure comes from the embedding Int < Fun(Z,Z) =
Z X Z x ... and the A-ring structure on Z, so (C.9) is clear.

C.2.6. Generators of Int ®Z,) Fix a prime p. Let Z,) be the localiza-
tion of Z at p and Int,) := Int ®Z,y C Q[u]. For x € Ind,) set

o(x) = (z = 2")/p;



290 Vladimir Drinfeld

then 0(x) € Int(,) by Lemma C.2.3. The pair (Int,,d : Inty) — Int,)) is a
0-ring in the sense of [J85] and [BS]. The following lemma is well known (e.g.,
see [El, §3]).

Lemma C.2.7. (i) The elements 0" (u), n € Z,., generate Int(, as an Zy,)-
algebra.
(ii) Elements of the form

H(di(u))di, where 0 < d; < p for alli and d; =0 for i >0

Jorm a basis of the Zy-module Int .

Proof. 1t suffices to proof (ii). Let n > 0 be an integer. Write n = 3, d;p’,
where 0 < d; < p for all ¢ and d; = 0 for 7 > 0. There exists ¢ € QQ such that
the polynomial

(Z) e[ ()"

has degree < n. It remains to check that ¢ € Z,). To do this, use that
n!Epm-Z(Xp),Wherem:Zidi(pi71+---+p+1). O

C.3. The ring scheme &% via Witt vectors

C.3.1. The ring scheme Wy;, Let Wi, be the ring scheme of “big” Witt
vectors. Recall that for any ring A, the additive group of Whiig(A) is the
subgroup of A[[z]]* that consists of all power series with constant them 1.
For each n € Z one has the Witt vector Frobenius map Fy, : Wyig — Wig,
which is a ring scheme endomorphism; one has F,,F,, = F,,, and F; = id.
Recall that the unit of Wi,g(A) corresponds to 1 — z € A[[z]]*.

C.3.2. The map #Z — Wiz By definition, an A-point of Z is an element
f € Ay — 1]] satisfying the functional equation

(C.10) fyy2) = f(y1) f(y2).

Associating to such f the formal power series f(1—z) € A[[z]]*, we get a group
homomorphism Z(A) — Whig(A) functorial in A, i.e., a homomorphism of
group schemes

(C.ll) X — Wbig-
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This morphism is a closed immersion because (C.10) is a closed condition.
Note that the map (C.11) takes 1 € Z(Z) to 1 € Whiig(Z) (see the end of
§C.3.1).

C.3.3. Remark Here is a slightly different way of thinking about (C.11).
Consider the unique homomorphism of unital rings f : Z — Whie(Z). Then
each component of the Witt vector f(n) is an (integer-valued) polynomial in

n, so we get an element of Wi,g(Int), i.e., a morphism SpecInt — Wh;,. This
is (C.11).

Proposition C.3.4. (i) The map (C.11) is a homomorphism of ring schemes.
(ii) It induces an isomorphism %# — ng, where

(C.12) Wiy == {w € Whig | Fu(w) = w for all n € N}.

Proof. We know that Z is flat over SpecZ and the morphism Z — Wy, is a
closed immersion. It is straightforward to check (i) and (ii) after base change
to Spec Q. It remains to show that W,f;g is flat over Spec Z. This follows from
Lemmas C.3.5-C.3.6 below. O

Lemma C.3.5. Let p be a prime and W the ring scheme of p-typical Witt
vectors. Let ' : W — W be the Witt vector Frobenius and

(C.13) W= {we W|F(w) =w}.
Then the natural ring scheme morphism Wy, — W induces an isomorphism
(C.14) Wiy ® Zpy — WE @ Zy,

Proof. The proof is based on the identification of Wyig ®Z,,) with the product
of infinitely many copies of W®Z,) (the copies are labeled by positive integers
coprime to p) and the usual description of the morphisms F), : Whg ® Z,) —
Whig ® Z(p) in terms of this identification. O

Lemma C.3.6. The scheme W defined by (C.13) is flat over Z.

Before proving the lemma, let us briefly recall the approach to W devel-
oped by Joyal [J85] (a detailed exposition of this approach can be found in
[B16] and [BG, §1]).
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C.3.7. Joyal’s approach to W Let C be the coordinate ring of W. Let
¢ : C' = C be the homomorphism corresponding to F' : W — W. The map
W ®F, - W ®F, induced by F' is the usual Frobenius, so there is a map
0 : C'— C such that ¢(c) = ¢ + pd(c) for all ¢ € C (of course, the map 0 is
neither additive nor multiplicative).

The pair (C,¢) is a o-ring in the sense of [J85] and [BS, §2]. The main
theorem of [J85] says that C'is the free §-ring on xq, where xy € C' corresponds
to the canonical homomorphism W — W/VW = G,. This means that as a
ring, C' is freely generated by the elements x,, := 0" (x), n > 0. We have

(C.15) P(xn) = o5 + prni

The elements x,, (which are regular functions on W) are called Buium-
Joyal coordinates or Buium-Joyal components (this terminology is introduced
in [BG]). For n > 1 they are different from Witt components (i.e., the usual
ones).

C.3.8. Proof of Lemma C.3.6 Let C be as in §C.3.7. Formula (C.15)
implies that the coordinate ring of W¥ is the quotient of C' by the ideal I
generated by the elements

(C.16) 2+ prpp1 — Tp, nE Ly

This quotient is a free Z-module whose basis is formed by elements i:vfi,

where 0 < d; < p for all ¢ and d; = 0 for ¢ > 0. Indeed, these elements clearly
generate C'/I, and they are linearly independent in (C/I) ® Q = Q[zo]. O

Appendix D. The rescaled G.n, and its Cartier dual

As noted by the reviewer, a substantial part of this Appendix and the previous
one is contained in [MRT].

D.1. Rescaling Gm

D.1.1. The formal group H' Let H' be the formal group scheme over
A' = Spec Z[h] defined by the formal group law

21k 29 = 21 + 29 + hz129.
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Note that 1+ h- (21 * 22) = (1 + hz1)(1 + hz2). So we have a homomorphism
of formal groups over A!

(D.1) H = G x A, 2+ 1+ hz,

which induces an isomorphism over the locus h # 0.
After specializing h to 1 and 0, the formal group H' becomes G,, and G,,
respectively. If you wish, H' is a deformation of G,, to G,.

D.1.2. Remarks (i) The action of G, on Al by multiplication lifts to an
action of G, on H': namely, A € G,, takes (h, z) to (A\h, \™'2). So H' descends
from A® to the quotient stack Al/G,,.

(ii) H' is obtained from G,, by rescaling depending on a parameter h.
This is a particular case of the construction of §3.5.

D.1.3. Plan In §D.2 (which is parallel to §C.1) we give a description of the
Cartier dual G' of H'. In §D.4-D.5 we describe G' in terms of Witt vectors
in two different ways; the description from §D.4 is quite parallel to §C.3. In
§D.3 we discuss a certain A-ring structure on the coordinate ring of G'.

D.2. The first description of the Cartier dual of H'

D.2.1. The group scheme G' Let G' be the Cartier dual of H'; this is a
flat affine scheme over A! = SpecZ[h]. The group scheme % from §C.1 can
be obtained from G' by specializing h to 1. In this subsection we describe
G' in the spirit of §C.1. Later we will give two different descriptions of G in
terms of Witt vectors (see Propositions D.4.10 and D.5.5).

For any Z|h]-algebra A, an A-point of G' is a formal series f € 1+2zA[[z]] C
(A[[z]])* such that f(z1 % z2) = f(21)f(22). Associating f’(0) to such f, we
get a homomorphism

(D.2) G' = G, x Al

of group schemes over A! = Spec Z[h]. The coordinate ring of G, equals Z[t],
so (D.2) induces a homomorphism of Z[h]-algebras

(D.3) Zlh,t] = H°(G", O¢).

By Lie theory, the homomorphism (D.2) becomes an isomorphism after
base change to Ag = Spec Q[h]. So we have a pairing G, x Hy, — Gy x A},
Q
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where Hj% = H' x A(b. The corresponding map G, x Hj% — Gy, is given
by the formal series

(D4) (14 h2)/" = i tit—"h)...(t—h(n—1))

n=0

-2" € (Qlh, 1][[=]]),

n!

where t is the coordinate on G, and z is the coordinate on H'. Note that after
substituting h = 0 the formal series (D.4) becomes equal to exp(tz).
The homomorphism (D.3) becomes an isomorphism after tensoring by Q.

Since G' is flat over Z[h], we see that Z[h,t] C H*(G',Og) C Q[h,1].
Proposition D.2.2. (i) H*(G',O) = By, where By C Q[h, t] is the subring
generated over Z[h| by the polynomials

tHt—h)...(t—h(n—1))

n > 0.
n!

(D.5) )
(ii) The polynomials (D.5) form a basis of the Z[h]-module By.
(iii) The Hopf algebra structure on By corresponding to the group struc-
ture on G' is given byt » t @1+ 1@ t.

Proof. The proof of (i) is parallel to that of Proposition C.1.2.

Let us prove (ii). The product of two polynomials of the form (D.5) can
be represented as an Z[h]-linear combination of such polynomials using the
formula

(1+hzl)t/h(1+h7;g)t/h = (1+h(x *22))t/h, where z1 ¥ 29 = 21 + 29+ hz1 20.

So polynomials of the form (D.5) generate By as a Z[h]-module. They are
linearly independent over Z[h] because the polynomial (D.5) has degree n
with respect to wu.

Finally, (iii) is clear because t is the pullback via (D.2) of the natural
coordinate on G,. O

The following simple lemma is used in the proof of Proposition 5.5.2(¢’).

Lemma D.2.3. Let m € N. Then

(i) the homomorphism g, : By — By induced by the morphism G* - G
takes t to mt;

(”) mt(mtfh)...(rntf(nfl)h) € By fO?" all n;

n

(iii) in By|[z]] one has the equality

i

2" = (14 hvz)n,

i mt(mt —h)...(mt — (n—1)h)

|
=0 n:
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where v := % € Zlh, z) and (1+hvz)r == 30 He=h)...4=(n=Dh) ynom

n=0 n!

Proof. Statement (i) follows from Proposition D.2.2(iii). The expression from
(ii) is just g, (t), where g, is as in (i); so (ii) is clear. In statement (iii) one
can replace By by By ® Q = Q][h, ], so (iii) is classical. O

D.2.4. The homomorphism Z% X Al =+ G' Recall that Z is the Cartier
dual of G,. So the Cartier dual of (D.1) is a homomorphism

(D.6) & x A — G

of group schemes over A! = SpecZ[h], which induces an isomorphism over
the locus h # 0.

D.2.5. Relation between By and Int The map (D.6) induces a homo-
morphism of Z[h]-algebras

(D.7) By — Int[h],

which becomes an isomorphism after base change to Z[h, h~!]. The homor-
phism (D.7) takes ¢ to hu, so the polynomial (D.5) goes to h™ ().

Equip Q[h, t] with the grading such that degh = degt = 1, then By is a
graded subring of Q[h, t]. Equip Int[h] with the grading such that degh =1
and all elements of Int have degree 0. Then the homomorphism (D.7) is
graded.

The subring Int C Q[u] from Proposition C.1.2 is filtered by degree of
polynomials. Let Int<, be the n-th term of this filtration. It is easy to see
that (D.7) induces an isomorphism

(D.8) By = @ h" Int<y, .

Thus the graded Z[h]-algebra By is obtained from the filtered ring Int by a
very familiar procedure.

D.2.6. Remarks (i) By/hBy = grlnt is the ring of divided powers poly-
nomials in u.
(ii) One can rewrite (D.8) as an isomorphism

(D.9) By — Int[h] N Q[h, hu] C Q[h, ul;

under this isomorphism ¢ € By corresponds to hu € Q[h, u]. Note that (D.9)
induces an isomorphism By @ Q — Q[h, hu] C Q[h, u].
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D.3. A-ring structure on By
D.3.1. Notation Let ¢:=h+ 1€ Z[h]; then Z[h] = Z[q].

D.3.2. A A-ring structure on Z[h] By §C.2.4, there is a unique A-ring
structure on Z[h| = Z|q| such that ¥"(q) = ¢" for all n € N.

Another way to get this A-ring structure is to chose a field £ and to iden-
tify Z[q, ¢7'] (resp. Z[q]) with the Grothendieck ring of the category of finite-
dimensional representations of (G,,) (resp. of the multiplicative monoid over
k) so that ¢ identifies with the class of the tautological 1-dimensional repre-
sentation.

Let us note that the A-ring Z[q] is studied in Pridham’s article [Pri].

In the next lemma we define a A-ring structure on By; the definition will
be motivated by Lemma D.3.5(ii).

Lemma D.3.3. Consider By as a graded ring (see §D.2.5). For n € N let
Y™ be the endomorphism of By whose restriction to the m-th graded piece of
By is multiplication by (%)m. Then

(i) the endomorphisms Y™ define a A\-ring structure on By;

(ii) in By one has ¥v"™(q) = ", so the map Z[q] = Z[h] — By is a
homomorphism of \-rings;

(7ii) the diagram

B() $ Bo ®Z[q] B()

pr l J/d)"@%b"

A
By —— By ®z[q Bo
commutes, where A is the coproduct.

Proof. By the definition of ¥ : By — By, in the ring By we have " (¢—1) =
q" — 1 (because ¢ — 1 = h is in the degree 1 graded piece) and therefore
Y(q) = q"

Let us prove (i). It is easy to check that 1™ o 9™ = ¢, So by §C.2.4, it
remains to check that for every prime p the endomorphism of By /pBy induced
by P equals the Frobenius. This follows from (D.8), the fact that ¢?(h) is
congruent to h? modulo p, and Lemma C.2.3, which says that the Frobenius
endomorphism of Int /pInt equals the identity.

To prove (iii), recall that By ® Q = Q[h,t], A(t) =t®@ 1+ 1 &1t (see

Proposition D.2.2(iii)) and ¢"(t) = ‘Iq"_—ll 1. 0
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D.3.4. The morphisms ¥, : G' — G' The endomorphisms " €
End Z[h] and ¥ € End By induce maps ¥,, : Al — Al and ¥, : G' — G".
By Lemma D.3.3(ii), the diagram

G'—=@G
Al ¥ Al
commutes, so we get a morphism
(D.10) G — UG

of schemes over A!, where U*G' is the pullback of G' via ¥, : Al — AL
Moreover, (D.10) is a group homomorphism by Lemma D.3.3(iii).

Lemma D.3.5. (i) Letn € N. Let W H' be the pullback of H' via ¥,, : A' —
Al. Then there is a unique group homomorphism

(D.11) UrH — H

which makes the following diagram commute:

(D.12) Ui H
G,y x Al

Here the vertical arrow is the map (D.1) and the diagonal one is its pullback
via U, : AT — Al

(it) The homomorphisms (D.10) and (D.11) are Cartier dual to each
other.

Proof. (i) H' is the formal group over A! given by the group law
z1xz2 =21+ 20+ (¢ — 1)2122.

So U* H' is given by the group law y; * y2 = y1 + v2 + (¢ — 1)y1y2. The
homomorphism (D.11) is given by z = % -y,
(ii) The Cartier dual of the vertical arrow of (D.12) is the homomorphism

f: % x A" - G' from (D.6). So it suffices to check commutativity of the
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diagram
UG G
o
A x A

whose horizontal arrow is (D.10). This is equivalent to commutativity of the
diagram

(D.13) % x AL ¢

idﬂ X\I’nl \L\Ijn

Zx A G
and then (after passing to coordinate rings) to commutativity of the diagram

Int ®Z[h] ~— By

id@y" l lw

Int ®Z[h] < By

in which each horizontal arrow is the homomorphism (D.7). The commuta-
tivity of the latter diagram is clear from the definition of ¥ : By — By from
Lemma D.3.3. U

D.3.6. The 4-ring By ® Z(p) Fix a prime p. Let Z,) be the localization
of Z at p. Let ¢ € End(By ® Z(p)) be induced by ¥ € End By. For every b €
By®Z), the element 0(b) := Qs(b;%bp belongs to By ®Zy,) by Lemma D.3.3(i).
The map ¢ : By ® Zy,) — Bo ® Z,) makes By ® Zy) into a d-ring in the sense
of [J85] and [BS]. The subring Z)[q] C By ® Z) is a d-subring.

By the definition of 97 (see Lemma D.3.3), the element ¢ € By ® Zy,)

satisfies the relation ¥P(t) := % -t or equivalently,
(D.14) P +pi(t) = Pp(q) - L.

On the other hand, let C' be the d-algebra over Zy)[q] with a single generator
(denoted by t) and the defining relation (D.14). We claim that the canonical
homomorphism C' — By & Z) is an isomorphism. Indeed, elements of the
form

H((Si(t))di, where 0 < d; < p for all ¢ and d; =0 for i > 0

7
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generate'” the Z,)[g]-module C and form a basis of the Z,)[¢]-module By ®
Zp) (the latter is similar to Lemma C.2.7).

D.3.7. Some generalizations The generalizations discussed here are not
used in the rest of the article.

(i) In §D.3.2 we set " (h) := (1 + h)™ — 1. This choice of ¥™ is motivated
by our interest in the g-de Rham prism. On the other hand, one could set
Y™ (h) := h™ and define ¢ : By — By by setting ¢"(b) = h™™~Y for b in the
m-th graded piece of By. Then we would still get a A\-ring structure on Z[h]
and Bpy; moreover, Lemmas D.3.3 and D.3.5 would remain valid.

(ii) In §D.3.6 we considered the 0-ring structure on By®Zy) corresponding
to the endomorphism of By ® Z,, that acts on the m-th graded piece as
multiplication by ((1 4+ h)? — 1)/h)™. If we replace ((1 + h)? —1)/h by any
polynomial f € Z)[h] congruent to hP~! modulo p we would still get a J-ring
structure on By ® Z,) such that the elements §°(t), i > 0, generate By ® Z,)
over Z(p) [h}

D.4. The group scheme G' in terms of Witt vectors. I

D.4.1. A-schemes By a A-scheme we mean a scheme X equipped with a
collection of endomorphisms ¥, : X — X, n € N, such that V,, oV, = ¥,,,.,
U, =id, and for every prime p the morphism ¥, : X ® F, = X ® I, equals
Frxgr,. (This definition is good enough for us because we will be dealing
with schemes flat over Z.) Similarly to §2.2.3 we have the notion of group
A-scheme over a A-scheme.

D.4.2. Plan of §D.4-D.5 G'is a group A-scheme over the A-scheme A! =
Spec Z[q] (see §D.3.2-D.3.4). We will describe two realizations of this group
A-scheme in terms of Witt vectors, denoted by G'* and G". The definitions
of G* and G" are given in §D.4.3 and §D.5.2, respectively. According to
Propositions D.4.10 and D.5.5, the group A-schemes G', G'7, and G" are
canonically isomorphic.

Probably G" is better than G** (this opinion is influenced, in part, by my
correspondence with Lance Gurney). However, let us start with G*?, which is
obtained by rescaling §C.3 in a straightforward way.

1"To see this, note that ()P = ¢(8°(t)) — pd*TL(t) = §'(®,(q) - t) — pd+1(2).
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D.4.3. Definition of G'* Let Whig be the ring scheme of “big” Witt vec-
tors (so Whig X Al is a ring scheme over Al). Define G C Whig X A to be
the following subgroup:

(D.15) G := {(w, q) € Whig x A | Fp(w) = [¢ — 1]™ "w for all m € N}.

For n € N define ¥, : G — G by

(D.16) U, (w, q) = <[qq”_‘11] .w,qn>.

It is easy to check that for each prime p the morphism W, : G!?®Fp — G!?®Fp
is equal to the Frobenius. So G'7 is a group A-scheme over A! = Spec Z[q].

D.4.4. Remark Let p be a prime and W the ring scheme of p-typical Witt
vectors. Similarly to the proof of Lemma C.3.5, one shows that the canonical
epimorphism Wy, — W induces an isomorphism

(DA7) G @Zy) > {(w,q) €W x Ay | F(w) =[q— 1" - w}.

Lemma D.4.5. G is flat over Z[q].

Proof. 1t suffices to show that the r.h.s of (D.17) is flat over Zy[q]. The
argument is parallel to that of §C.3.8, but the role of the elements

xﬁ + PTpy1 — Tn
from §C.3.8 is played by 22 + px, 11 — (¢ — 1)P" P Dy, O

D.4.6. A homomorphism G' — Wi, x Al For any Z[g]-algebra A,
an A-point of G' is an element f € 1+ 2A[[z]] C (A[[2]])* satisfying the
functional equation

(D.18) f(21)f(22) = f(21 + 22+ (¢ — 1)2122).
Associating to such f the formal power series
(D.19) F(=2) € 1+ 2A[[Z]] = Wisg(A),

we get a group homomorphism G'(A4) — 1+ zA[[z]] = Whig(A) functorial in
A, i.e., a homomorphism of group schemes over A'

(D.20) i G Whig x AL,
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The morphism (D.20) is a closed immersion because (D.18) is a closed con-
dition.

D.4.7. Relation to the homomorphism % — Wy, It is easy to check
that after the specialization ¢ = 2 (i.e., ¢ — 1 = 1) the homomorphism (D.20)
becomes the homomorphism

(D.21) B — Wiy = Whig

from §C.3.2 (the minus sign in (D.19) was introduced to ensure this). More-
over, one has the following

Lemma D.4.8. (i) The following diagram commutes:

G!

lg—1] [

Wbig X Al —— Wbig X Al

(D.22) B x A!

Here the upper horizontal arrow is (D.6), the lower horizontal arrow is mul-
tiplication by the Teichmiiller representative [q — 1] € Whig(Z[q]), the right
vertical arrow is (D.20), and the left vertical arrow comes from (D.21).

(ii) After base change to the open subset Spec Z[q, (q—1)~1] C Spec Z|q] =
Al the horizontal arrows of (D.22) become isomorphisms.

Proof. Recall that for any Z[g]-algebra A, multiplication by [¢—1] in W,g(A)
takes a formal series g(z) € 1+ zA[[z]] = Whig(A) to g((¢ — 1)z). The rest is
straightforward. O

D.4.9. Remarks (i) By Lemma C.2.3, #Z is a A-scheme with ¥,, = id for
all n. Moreover, commutativity of (D.13) means that the upper horizontal
arrow of (D.22) is a morphism of A-schemes.

(ii) The lower horizontal arrow of (D.22) induces a morphism Wlf';g XAl —
G" of A-schemes over A', which becomes an isomorphism over the locus ¢ # 1.

Proposition D.4.10. The homomorphism (D.20) induces an isomorphism
(D.23) G = G"

of A\-schemes over A'.
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Proof. The schemes G' and G'7 are flat over Z[q] (for G** this is Lemma D.4.5).
The morphism i : G' — Whig X A'is a closed immersion. So it remains to show
that ¢ induces an isomorphism of A-schemes Gfﬁﬂ = Gg‘;éh where Gg;ﬂ and

G;?# are the restrictions of G* and G' to the locus ¢ # 1. This follows from
Lemma D.4.8 and §D.4.9. O

D.5. The group scheme G' in terms of Witt vectors. IT

This subsection is a non-p-typical version of §5.7.4. Part (iii) of Lemma D.5.4
is somewhat surprising.

D.5.1. Recollections on G' G' is the group scheme over A! = Spec Z|q]
such that for any Z[g]-algebra A, G'(A) is the group of elements f € 1 +
zA[[z]] € (A[[z]])* satisfying the functional equation

(D.24) f(z21)f(22) = flz1 + 22+ (¢ — 1) 2122).

Recall that H(G',O¢) = By, where By is as in Proposition D.2.2. The
A-scheme structure on G' was defined in §D.3.2-D.3.4.

D.5.2. Definition of G"' Define G" C Whig X A! to be the following sub-
group:

-1
(D.25) G":= {(w,q) € Whig x A | F(w) = W for all m € N},

where [‘fg:ll =14 [q] + -+ [¢™ . Define ¥,, : G* — G" by the following

very simple formula:
(D.26) U, (w,q) = (F(w),q").
Then G* is a group A-scheme over A! = Spec Z[q].

D.5.3. Remark Let pbe a prime and W the ring scheme of p-typical Witt
vectors. Similarly to the proof of Lemma C.3.5, one shows that the canonical
epimorphism Wi, — W induces an isomorphism

D27)  G"©Zy < {(w,q) € W x AL |F(w) = B,(1q) - w}.
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Lemma D.5.4. Equip Whyig with the A-scheme structure given by the Frobe-
nius endomorphisms Fy, : Wyig — Whig, n € N. Equip G' and A' = Spec Z[q]
with the A-structure from §D.3.2-D.3.4. Let m : Wyig — G, be the morphism
that takes a Witt vector to its first component. Then

(i) there exists a unique morphism

(D.28) G' — Whig x Al

of A\-schemes over A' whose composition with the projection Wy x Al —
Whig — G, is given by the element t € By = H(G',Oq) from Proposi-
tion D.2.2;

(77) the map (D.28) is a group homomorphism;

(1it) the morphism (D.28) has the following explicit description: for any
Z|q]-algebra A, it takes a formal series f € 1+ zA[[z]] satisfying (D.24) to
the formal series f(%5) viewed as an element of Wig(A).

Proof. The coordinate ring of the A-scheme Wy, is known to be the free
A-ring on a single generator 7. This implies (i). Statement (ii) follows from
(ii).

Let us prove (iii). Our map G' — Whig is given by the unique element of
Whig(Boy) whose n-th ghost component equals " (t) = qq"_—_ll -t € By (see the
definition of 9" in Lemma D.3.3). Recall that the universal solution to (D.24)
is given by

f2) = (14 (g - 1))/,

So it remains to check that for this f one has

d 2\ = "
—zalogf(z_l)—t; P

This is straightforward; one uses that 1+(¢—1)z/(z—1) = (1—¢z)/(1—2). O
Proposition D.5.5. The homomorphism (D.28) induces an isomorphism
(D.29) G =G,

where G"' C Whig x Al ds as in §D.5.2.

Proof. Tt suffices to show that (D.28) induces an isomorphism G' ® Ly —
G" ® Zy) for each prime p. The description of G" ® Z,) from (D.27) allows
one to prove this quite similarly to §5.7.4. O
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