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The number of multiplicity-free primitive ideals
associated with the rigid nilpotent orbits
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Abstract: Let G be a simple algebraic group defined over C and
let e be a rigid nilpotent element in g = Lie(G). In this paper we
prove that the finite W-algebra U(g, ) admits either one or two 1-
dimensional representations. Thanks to the results obtained earlier
this boils down to showing that the finite W -algebras associated
with the rigid nilpotent orbits of dimension 202 in the Lie algebras
of type Eg admit exactly two 1-dimensional representations. As
a corollary, we complete the description of the multiplicity-free
primitive ideals of U (g) associated with the rigid nilpotent G-orbits
of g. At the end of the paper, we apply our results to enumerate the
small irreducible representations of the related reduced enveloping
algebras.

1. Introduction

Denote by G a simple algebraic group of adjoint type over C with Lie algebra
g = Lie(G) and let X be the set of all primitive ideals of the universal
enveloping algebra U(g). We shall identify g and g* by means of an (Ad G)-
invariant non-degenerate symmetric bilinear form (-, -) of g. Given x € g we
write G, the centraliser of x in G and write g, := Lie(Gy).

It is well known that for any finitely generated S(g*)-module M there exist
prime ideals qi,...,q, containing Anng«) M and a chain 0 = Ry C Ry C
-+ C R, = R of S(g*)-modules such that R;/R;,_1 = S(g*)/q; for 1 <i <mn.
Let pi,...,p; be the minimal elements in the set {qi,...,q,}. The zero sets
V(p;) of the p;’s in g are the irreducible components of the support Supp(M)
of M. If p is one of the p;’s then we define m(p) := {1 <i <n| q; = p} and we
call m(p) the multiplicity of V(p) in Supp(M ). The formal linear combination
St m(p;)[pi] is often referred to as the associated cycle of M and denoted
AC(M).
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Given I € X we can apply the above construction to the S(g*)-module
S(g*)/gr(I) where gr(l) is the corresponding graded ideal in gr(U(g)) =
S(g) = S(g*). The support of S(g*)/ gr(!) in g is called the associated variety
of I and denoted V(). By Joseph’s theorem, V() is the closure of a single
nilpotent orbit O in g and, in particular, it is always irreducible. Hence in our
situation the set {p1,...,p;} is the singleton containing J := \/gr(I) and we
have that AC(S(g*)/ gr(Z)) = m(J)[J]. The positive integer m(J) is referred
to the multiplicity of O in U(g)/I and denoted multp(U(g)/I).

For a nilpotent orbit O in g we denote by X the set of all I € X with
V(I) = O. Following [25] we call I € Xo multiplicity-free if multo(U(g)/I) =
1 and we say that a 2-sided ideal J of U(g) is completely prime if U(g)/J is
a domain.

Classification of completely prime primitive ideals of U(g) is a classical
problem of Lie Theory which finds applications in the theory of unitary repre-
sentations of complex simple Lie groups. The subject has a very long history
and many partial results can be found in the literature. In particular, it is
known that any multiplicity-free primitive ideal is completely prime and that
the converse fails outside type A for simple Lie algebras of rank > 3; see [24]
and [16] for more detail. A description of multiplicity-free primitive ideals in
Lie algebras of types B, C and D was first obtained in [27]; that paper also
solved the problem fo the majority of induced nilpotent orbits in exceptional
Lie algebras.

Fix a nonzero nilpotent orbit O C g and let {e, h, f} be an sly-triple
in g with e € O. Let @@ be the generalised Gelfand—Graev module associ-
ated with {e, h, f}; see [28] for more detail. Let U(g,e) := (Endg Q)°P, the
finite W-algebra associated with (g, e). If V' is a finite dimensional irreducible
U(g, e)-module, then Skryabin’s theorem [19, Appendix] in conjunction with
[21, Theorem 3.1(ii)] implies @ ®y(q,¢) V' is an irreducible g-module and its
annihilator Iy in U(g) lies in X». Conversely, any primitive ideal in Xp has
this form for some finite dimensional irreducible U (g, e)-module V. This result
was conjectured in [21, 3.4] and proved in [22, Theorem 1.1] for the primitive
ideals admitting rational central characters. In full generality, the conjecture
was first proved by Losev; see [11, Theorem 1.2.2(viii)]. A bit later, alternative
proofs were found by Ginzburg in [7, 4.5] and by the first-named author in [23,
Sect. 4]. The ideal Iy, depends only on the image of V' in the set Irr U(g, e) of
all isoclasses of finite dimensional irreducible U(g, e)-modules. We write [V]
for the class of V in Irr U(g, e).

It is well-known that group C(e) := G. N Gy is reductive and its fi-
nite quotient I' := C(e)/C(e)° identifies with the component group of the
centraliser G.. From the Gan—Ginzburg realization of the finite W-algebra
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Ul(g, e) it follows that C'(e) acts on U(g, ) by algebra automorphisms; see [5,
Theorem 4.1]. By [21, Lemma 2.4}, the connected component C'(e)° preserves
any 2-sided ideal of U(g,e). As a result, we have a natural action of I' on
Irr U(g, e). For V as above, we let Iy, denote the stabiliser of [V] in T". In [15,
4.2], Losev proved that Iy, = Iy if an only if [V'] = [V]7 for some v € I'. In
particular, dim V' = dim V. In conjunction with [15, Theorem 1.3.1(2)], this
result of Losev also implies that

multe(U(g)/Iy) = [T : Ty] - (dim V)2,

As a consequence, a primitive ideal I, is multiplicity-free if and only if
dimV =1 and I'y = I'. This brings our attention to the set £ of all one-
dimensional representations of U(g, €) and its subset ' consisting of all C'(e)-
stable such representations. Since £ identifies with the maximal spectrum of
the largest commutative quotient U(g, e)*? of U(g, e), it follows that £ is an
affine variety and €' is a Zariski closed subset of €.

If g is a classical Lie algebra then it is proved in [27, Theorem 1] the variety
ET is isomorphic to the affine space A () where cr(e) = dim(ge./[ge, ge])" (one
should keep in mind here that the connected component of G, acts trivially
on ge/[ge, ge)). This result continues to hold for g exceptional provided that
the orbit O is induced (in the sense of Lusztig—Spaltenstein) and not listed
in [27, Table 0]. That table contains seven induced orbits (one in types Fy,
Eg, E7 and four in type Eg).

It is also known that £ # @ for all nilpotent orbits O in the finite di-
mensional simple Lie algebras g and £ is a finite set if and only if the orbit
O C g is rigid, that is cannot be induced from a proper Levi subalgebra of g
in the sense of Lusztig—Spaltenstein. This was first conjectured in [21, Conjec-
ture 3.1]. Several mathematicians contributed to the proof of this conjecture
and we refer to [25, Introduction] for more detail on the history of the subject.

Furthermore, it is known that &7 # @ in all cases. If e is rigid and g
is classical then g. = [ge, 8c] by [30], whilst if g is exceptional then either
e = [0e,8e) or ge = Ce @ [ge, gc] and the second case occurs for one rigid
orbit in types Ga, F4, E7 and for three rigid orbits in type Eg; see [3, 26]. The
Bala—Carter labels of these orbits are listed in Table 1.

Table 1: Rigid nilpotent elements with imperfect centralisers

Type of ¢ G2 F4 E7 Eg Eg Eg

Label of e A, KQ + Ay (Ag + Al)/ As+A1 | A +Ay D5(a1) + A,
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Since £ # @, it follows from [27, Proposition 11] that for any simple Lie
algebra g the equality ge = [ge, gc] implies that £ is a singleton. In view of
the above we see that for any rigid nilpotent element in a classical Lie algebra
the set £ = E' contains one element, whilst for g exceptional and e rigid the
inequality |€| > 2 may occur only for the six orbits listed in Table 1.

Let T be a maximal torus of G and t = Lie(T"). Let ® be the root system
of g with respect to T" and let II be a basis of simple roots in ®. By Duflo’s
theorem [4], any primitive ideal I € X has the form I = I()) := Annyg) L(A)
for some irreducible highest weight g-modules L(A) with A € t*, and all
multiplicity-free primitive ideals I constructed in [25] are given in their Duflo
realisations. It is known that if (\,a¥) € Z for all a € II then V(I) is the
closure of a special (in the sense of Lusztig) nilpotent orbit in g. One also
knows that to any sly-triple {e, h, f} in g with e special there corresponds
an sla-triple {eY,hY, f¥} in the Langlands dual Lie algebra g¥ with h" € t*.
As Barbasch—Vogan observed in [1, Proposition 5.10], for e special and rigid
there is a unique choice of hY such that (3hY,a") € {0,1} for all o € II.
Furthermore, in this case we have that I(1hY — p) € Xp (here p is the half-
sum of the positive roots of ® with respect to II and O is the nilpotent orbit
containing e).

If g is classical and e is special rigid, then it follows from [17] that one
of the Duflo realisations of the multiplicity-free primitive ideal in X is ob-
tained by using the Arthur-Barbasch—Vogan recipe described above. By [25,
Theorem A], this result continues to hold for the special rigid nilpotent orbits
in exceptional Lie algebras. (It is worth mentioning here that all nilpotent
elements listed in Table 1 are non-special.) It was also proved in [25] that for
any orbit O listed in Table 1 the set X» contains (at least) two multiplicity-
free primitive ideals and their Duflo realisations I(A) and I(A’) were found
in all cases by using a method described by Losev in [14, 5.3].

It should be stressed at this point that in the case of rigid nilpotent orbits
in exceptional Lie algebras the set £ was first investigated by Goodwin—
Rohrle-Ubly [8] and Ubly [29] who relied on some custom GAP code. In
particular, it was checked in [8] that |£| = 2 for all orbits in types Go, F4 and
E7 listed in Table 1. After [8] was submitted Ubly has improved the GAP
code and was able to check that |E| = 2 for the nilpotent orbit in type with
Bala—Carter label A3 + A; in type Es; see [29]. This left open the two largest
rigid nilpotent orbits (of dimension 202) in Lie algebras of type Es.

The main result of this paper is the following:

Theorem A. If e lies in a nilpotent orbit O listed in Table 1 then |E| =
|EY] = 2. Consequently, the set Xo contains two multiplicity-free primitive
ideals.
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Combined with the main results of [25], Theorem A provides a full list
of all multiplicity-free primitive ideals of U(g) associated with rigid nilpotent
orbits. Since I' = {1} for all nilpotent elements listed in Table 1, in order to
prove the theorem we just need to show that |£| = 2 for the nilpotent elements
in Lie algebras of type Eg labelled A5 + Ay and Ds(a;) + Ag. By the proof of
Proposition 2.1 in [25] and by [28, Proposition 5.4], the largest commutative
quotient U(g, e)®® of U(g, e) is generated by the image of a Casimir element
of U(g) in U(g, €)*?; we call it ¢. Looking very closely at the commutators of
certain PBW generators of Kazhdan degree 5 in U(g, e) we are able to show
that Ac? +nc+ & = 0 for some A € C* and 7, ¢ € C. This quadratic equation
results from investigating certain elements of Kazhdan degree 8 in the graded
Poisson algebra P(g, ) associated with the Kazhdan filtration of U(g, e€).

Let R = Z[%, %, %] In [28, 4.1], a natural R-form, Qg, of the Gelfand-
Graev module @) was introduced, and it was proved for e rigid that the ring
U(gr,€) = Endg(Qgr)° has a nice PBW basis over R. In the present paper,
we use these results to carry out all our computations over the ring R. In
particular, we show that A € R* and n,£ € R. The explicit form of A and A’
in [25, 3.16, 3.17] in conjunction with [28, Theorem 1.2] and [19, Theorem 2.3]
then enables us to obtain the following:

Theorem B. Let gy := Lie(Gy) be a Lie algebra of type Eg over an alge-
braically closed field k of characteristic p > 5 and let e be a nilpotent element
of g with Bala—Carter label A5 + Ay or D5(A1) + Ay, Let x € g, be such
that x(x) = k(e,z) for all x € gj. where k is the Killing form of gi. Then the
reduced enveloping algebra U, (gk) has two simple modules of dimension px)
where d(x) = 101 is half the dimension of the coadjoint Gy-orbit of x.

We recall that U, (gx) = U(gxk)/I, where I, is the 2-sided ideal of U(gk)
generated by all elements 2P — xlP! — y(2)P with z € gy (here 2 — zP! is the
[p]-th power map of the restricted Lie algebra gy ). By the Kac-Weisfeiler con-
jecture (proved in [18]) any finite-dimensional U, (gx)-module has dimension
divisible by p?®)_ It would be interesting to prove an analogue of Theorem B
for the first four orbits in Table 1 and to reestablish the remaining results of
[8] and [29] by the methods of the present paper.

2. Notation and preliminaries

Let Gz be a Chevalley group scheme of type Eg and gz = Lie(Gz). Let R =
Z[%, %, %} (recall that 2, 3 and 5 are bad primes for Gz). We set gr := gz®z R,
and g := gz ®z C. Let ® be the root system of Gz with respect to a maximal
split torus 77 of Gz. Let IT = {a,...,as} be a set of simple roots in ¢ and
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write @ for the set of positive roots of ® with respect to ®. We always use
Bourbaki’s numbering of simple roots; see [2, Planche VII].

We choose a Chevalley system U,cq, {ha; €as fa} of gz so that that the
signs of the structure constants N, g € {—1,0,1} with «, 8 € ® follow the
conventions of [9] and [13]. Recall that h, = [eq, fo for all @ € ®,. We set
e = €q;, fi = [a, and h; := h,, for all a; € II and denote by (-, -) the
Z-valued invariant symmetric bilinear form on gz such that (eq, fo) = 1 for
all € &

Given x € g we denote by g, the centraliser of = in g. Of course, our
main concern is with the nilpotent elements ¢ € gz labelled A5 + A; and
Ds(a1) + As. A lot of useful information on the structure of g, can be found
in [12, pp. 149, 150]. We note that the cocharacter 7 € X,(7%) introduced
in op. cit. is optimal for e in the sense of the Kempf-Rousseau theory; see
[20] for detail. The adjoint action of 7(C*) on g gives rise to a Z-grading
ge = Dicz., 9e(e) of ge. As explained in [28, 3.4], this grading is defined over
R, that is gre := ge N gr = @iEZZO Or.e(1) where gre(i) = gr N ge(7). Also,
gR,e is a direct summand of the Lie ring gg.

In what follows we adopt the notation introduced in [19] and [28]. Let
Q@ be the generalised Gelfand-Graev module associated with e and write Qg
and U(gg,e) for the R-forms of @ and U(g,e) defined in [28, 4.1, 5.1]. We
write F;(Q) and F;(Qr) for the i-th components of the Kazhdan filtration of
@ and Qg, respectively, and regard U(g, e) as a subspace of Q). By [26, 4.5]
and [28, Sect. 5], the associative algebra U(g, e) is generated by elements O,
with y € U;<5 8c(i) and every such element is defined over R, i.e. has the

property

(2.1) O(y) =y + > Aij(y)z's
(Dl Snat2, fi+12

for some \ij(y) € R; see [28, 4.2]. The monomials x'29 involved in (2.1) will
be described in more detail in Subsection 3.3.

3. Dealing with the orbit AsA;
3.1. A relation in g.(6) involving four elements of weight 3

Following [12, p. 149] we choose e = €1 + €2 + €4 + €5 + e + e7. Then

f=fi+5f2+8f1+9f5+8fs+5f7
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and h = hy + 2hg — 9hg + 2hy + 2hs + 2hg + 2h7 — 9hg. The Lie algebra g.(0)
consists of two commuting slo-triples generated by eg, fa and €' := e1232100 +

2
€1232110 — € 1222210, f/ = f1232100 + f1232110 - f1222210. The 4-dimensional graded
1 1 2 1 1

component ge(3) is a direct sum of two ge(0)-modules of highest weights
(1,0) and (0,1). As in loc. cit. we choose

VU = €1243211 — €1233221 + €1233321,
2 2 1
v = e1121100 — €0122100 — €0121110 + 2e 1111110
1 1 1 1
as corresponding highest weight vectors. Setting v := —[fz,u] and v’ :=

—[f’, '] and using the structure constants N, g tabulated in [13, Appendix]
we then check directly that

U = f1232111 — f1232211 =+ f12222217
2 1 1
u = f1110000 + f1111000 + foulooo + 2fo111100.
1 0 1 0
One has to keep in mind here that
Ni222221 1243211 = N 1232221 1233211 = Ni2s2111 1233321 = 1,

2 2 2 71

NOllllOO 1111110 — NllllOOO 0121110 — NlllOOOO 0122100 — —N0111000 1121100 — 1,
0 71 0 71 1 71 1 ’1

and Nog = —N_q_p for all o, 8 € ®4; see [9, p. 409] and [13, Appendix].
Let

W = €0011000 + €0011100 + € 0001110.
1 0 0

Since both [u,v] and [v/, '] lie in g.(6) and have weight (0,0) with respect
to ge(0) it follows from [12, p. 149] that [u,v] = aw and [v/,v'] = bw for
some a,b € C. Applying ad e4 to both sides of the equation [u,v] = aw gives
[lea, u], v] + [u, [es,v]] = ales, w] implying that

—[[6’47 .](’1232211]7 ’U] — [U, [64, 61233221“ = a[(347 60001110].
1 2 0

It follows from [13 Appendix] that [64,60001110] = 60011110 and [64,61233221] =
2
€ 1243221, AISO, {61232211 f4] = 661222211 for some ¢ € {:f:l} As N _ 1232211 =
2 1 1
N 2, by [9, p. 409], applylng ad eq4 to both sides of the 1ast equa-
tion gives [ei2s2211, hy| = €ley, €122221]. In view of [13, Appendix] this yields
1 1

—e 1232211 = €e12s2211 forcing € = —1. As a result,
1 1

[f1222211, 61233321] — [f1232111, 61243221] = @ae€oo1111o.
1 1 2 2 0
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Using [13, Appendix} we see [60011110,61222211] = e12s3321 and [60011110,61232111] =
0 1 1 0 2

—€ 1243221, Therefore,
2

[f1222211, [60011110, 61222211]] + [f1232111, [60011110, 61232111]] = @Ge€oo1111o.
1 0 1 2 0 2 0
Equivalently, —[60011110, h1222211] - [60011110, h1232111] = aeoouio. Thus a = —2 so
0 1 0 2 0
that
[u,v] = —2w.

Since [eq, u'] = 0, applying ad e4 to both sides of the equation [u/, v'] = bw we
get

[u', [64, 2e 1111110“ = 2[’LL,7 61121110] = b[€4, 60001110] = beooii11o
1 1 0 0
(we use the fact that N, 1o = 1 which follows from the conventions
[
in [9]) Our formula for u’ implies that [u’,enznm] = [f1110000761121110}. As
1 1 1
[600111107 61110000] = —e€1121110 by [13, Appendix], we now obtain
0 1 1
—2{f1110000, [600111107 61110000]] = 2[600111107 hlllOOOO] = beooio.
1 0 1 0 1 0

Hence b = 2 so that [u/,v'] = 2w. In view of the above the following relation
holds in g.(6):

(3.1) [u, v] + [u/, 0] = 0.
3.2. Searching for a quadratic relation in U(g, e)*"

Our hope is that despite (3.1) the element [©,,0,] + [O., 0] € U(g,e) is
nonzero; moreover, that lies in Fg(Q) \ F7(Q). Let

P(gae) = (gr}'(U(gve))v { Tyt })

denote the Poisson algebra associate with Kazhdan-filtered algebra U(g, e). It
is well-known that P(g, e) identifies with the algebra of regular functions on
the Slodowy slice e + g5 to adjoint G-orbit e; see [19, 5]. We identify P(g, e)
with the symmetric algebra S(g.) by using the isomorphism between g and
g* induced by the G-invariant symmetric bilinear form (-,-) on g. We write
T for the ideal of P(g,e) generated by ;. g.(i) and put P = P(g,e)/T.
Obviously, P = S(g2(2)) as C-algebras.

Given y € g.(i) we write §, for the F-symbol of ©, in P;12(g, e). We put
¢ :={04,0,} + {0, 0}, an element of Py (possibly zero), and denote by ¢
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the image of o in P. By [12, p. 149], the graded component g, (2) = g(2)%(©
is spanned by e and e; = e,,. In view of (3.1) and [19, Theorem 4.6(iv)] the
linear part of ¢ is zero and there exist scalars A, i, v such that

@ = Ae? + pee; + Ve%.

In fact, the main results of [28, Theorem 1.2] imply that A\, u,v € R. Since
it follows from [25, Prop. 2.1] and [28, 5.2] that the commutative quotient
Ul(g, e)*® is generated by the image of O, we wish to take a closer look at
the image of {0y, 0,} + {0u,0,} in P.

By [12, p. 149], the graded component g.(1) is an irreducible g.(0)-
module generated by €2313210, & highest weight vector of weight (0, 3) for g.(0).

Hence [gc(1),ge(1)] € ge(2) = 8.(2)%(? has dimension < 1. On the other

hand, a rough calculation relying on the above expression of f’ shows that

(ad f7)3(e2313210) € Rey. Since in the present case g. = Ce @ [ge, 9], we see
2

that

[8e, 8] (2) = [9e(1), ge(1)] + [8e(0), 9¢(2)% V] = [ge(1), ge(1)] 9

has codimension 1 in g.(2). The preceding remark now entails that e; €
0.(1), 8.(1)].

Since it is immediate from [25, Prop. 2.1] and [28, 5.2] that the largest
commutative quotient of U(g,e) is generated by the image of ©, we would
find a desired quadratic relation in U(g, €)*" if we managed to prove that the
coefficient A of ¢ is nonzero. Indeed, let I, denote the 2-sided ideal of U(g, €)
generated by all commutators. If it happens that A € R* then the element
[Ou, O] + [Ow, On] € I.NQr has Kazhdan degree 8 and is congruent to A\©?
modulo I. NU(gg,e) + F7(Qr). As [28, Prop. 5.4] yields

U(g,e) N F7(Qr) C R1+ RO, + I.NU(gg,e)

the latter would imply that A©2+70,.+£1 € I, for some A € R* and 1, € R.

From the expression for f in Subsection 3.1 we get (e, f) =5+ 8+ 9+
8+5+1 = 36. As (e, f1) = (e1,f1) = 1 we obtain (ey, f — f1) = 0 and
(e, f — fo) = 35. Since all elements of Z vanish on f — f; this gives

(3.2) o(f = fi) = Me, f — fl)2 = 527°\.

This formula indicates that we might expect some complications in charac-
teristic 7.
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3.3. Computing A\, part 1

In order to determine A we need a more explicit formula for commutators
[O4, O] with a,b € g.(3). For that purpose, it is more convenient to use the
construction of U(g, e) introduced by Gan—Ginzburg in [5]. Let x € g* be such
that x(z) = (e,z) for all z € g and set n' := @, _,9(7) and n := P, g(7).
Let J, denote the left ideal of U(g) generated by all  — y(z) with z € n’
and put Q := U(g)/Jy. Since x vanishes on [n,0/] C @,._5a(i), the left
ideal J, is stable under the adjoint action of n. Therefore, n acts on @
Moreover, the fixed point space @ad“ carries a naturalAalgebra structure given
by (z+ T ) (y+Ty) = zy+T, for all e+ T, y+ Ty € Qy. By [5, Theorem 4.1],
U(g,e) = Q™™ ag algebras. The Kazhdan filtration F of Q (induced by that
of U(g)) is nonnegative.

Let (-, -) be the non-degenerate symplectic form on g(—1) given by
(x,y) = (e,[x,y]) for all z,y € g(—1) and let z1,..., 25, 2s41,..., 225 be a
basis of g(—1) such that (z1s,2;) = 0;; and (2, 2;) = (Zits, 2j4s) = 0 for
all 1 <1i,7 <s. Let p =@,;~,0(7), the parabolic subalgebra associated with
the cocharacter 7, and let 1, ...,z be a homogeneous basis of p such that
x1,...,%, is a basis of g. C p and x; € g(n;) for some n; € Z>0 (and all
i <m). Given (i,j) € Z7) x Z25 we set iz = a¥ ... gim 0. 22 Clearly,
Fa(Q) € U(g)/Jy has C-basis consisting of all z123 with

m 2s
= il +2) + Y i = wiy(212) + 2deg(aH) < d.
k=1 k=1

As explained in [21, 2.1] the algebra U(g, e) has a PBW basis consisting
of monomials ©' := OF - -- % with i € Z%,, where

O =z + > A atad, 1<k<r,
[(i.d)]e < ne+2, [i]+]j|>2

where )\’i] € Cand )\kJ = 0 whenever j = 0 and 7; = 0 for j > r. The elements
{6k | 1 <k <r} are unique by [28, Lemma 2.4].

Given a = Y, &x; € ge we put O, := Y, &;0;,. Following [21, 2.4] we
denote by A, the associative C-algebra generated by z1,..., 2s, Zst1,-- -, 225
subject to the relations [zjis,2;] = d;; and [z, z;] = [zits, 2j4s] = 0 for
all 1 <i4,j < s. Clearly, A, = A,(C), the s-th Weyl algebra over C. Let
i +— i* denote the involution of the index set {1,...,s,s 4+ 1,...,2s} such
that i* =i + s for i < s and i* =i — s for i > s, and put 2z := (—1)PVz;
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where p(i) = 0 if ¢ < s and p(i) = 1 if i > s. Then [z}, z;] € d;; + T for all
7 < 2s.

Let a € ge(d) where d > 1. As g(—1) C nand O, € Q" it is straightfor-
ward to see that

2s
=a+ Z[a, zfzi + Z )\iyo(a)xi
i=1

[(1,0)[e=d+2, [i]=2

+ Z i ,J(a):z‘ 2 mod de(@)
[(1)le=d+2, |i|+]j|>3

where \;j(a) € C. By [21, Prop. 2.2], there exists an injective homomorphism
of C-algebras fi: U(g,e) — U(p) ® A% such that

f(Or) =z @1+ 3 Njpted, 1<k <r
|(i7j)‘e <np+2, |i‘+‘j|22

If uy,ug € U(p) and ¢, co € ASP then
[U1 &cr,u2 CQ} = U1U3 ® CaC] — UaU] X C1Ca = UTU2 X [Cl, CQ] + [ul, UZ} X cica.

Now let a € gc(dy) and b € g.(dy), where dy,ds are positive integers.
Combining the above expressions for ©, and ©, with the preceding remark
and properties of fi one observes that

[04,0] = ab+2ab zﬁ—z A0b, zi] + q(a, b)

+ Z Aij(a, b)x’ i mod fd1+d2+1(é),
‘(iaj)|€:d1+d2+27 |i‘+‘j|23

where A;j(a,b) € C and ¢(a,b) is a linear combination of [a, x;]x; with n; +
nj = dy + 2 and [b, z;]x; with n; +n; = dy + 2. In view of (3.1) this implies
that
2s
{em ev} + {eu’ﬂ ev’} = Z ([u7 Z:] [1), ZZ] + {ul7 Zf][v/’ Zﬁ])
i=1
+ q(u,v,u’,v") + terms of standard degree > 3,

where q(u,v,u’,v") = q(u,v) + q(v/,v"). All terms of standard degree >
3 involved in {6,,60,} + {6, 0, } have Kazhdan degree 8. Therefore, they
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must vanish at f — f; € g(—2). Since each quadratic monomial involved in
q(u,v,u’,v") has a linear factor of standard degree > 3 we also have that
q(u,v,u',0")(f — f1) = 0. As a consequence,
2s
({97“011} + {eu/, GU’})(f - fl) = Z([uv Z:(]a f - fl)([vv zi}v f - fl)

i=1

+Z 0 F = )Wzl f = f).

3.4. Computing A\, part 2

Our deliberation in Subsection 3.3 show that in order to determine A we need
to evaluate two sums:

A= Z o f = fo)([vs 2], f = f),

and B := Z = ) =) f = f).

To simplify notation we put F := ade, H := adH, F = ad f and H; :=
adh; = adhg,. Since u,u’,v,v’ € g.(3) there exist u_ € CF3(u), v_ €
CF3(v), v € CF3(u') and v". € CF3(v') such that u = E3(u_), v = E3(v_),

= E3(u") and v = E3(v"). As g. C p the sly-theory shows that the
elements u_,v_,u" ,v" lie in gy(—3). Using the g-invariance of (-, -) and the
fact that E3(f — f1) = 0 we get

A= ZE3 of = (B (o), 2], f = fu)
—z B, f = fi)) (2 (B3 (o), f = fi))

ZZ E*([u-, f = f])
BB, h— ) Bl ] — )~ SB(E (), h— )
—§<e,[E2<[u_,f—fl1>
= 3{B(u), b — Il 1) (e, [BA([o, f = fi)) = 3B, h — I, ).
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Our choice of the z}’s implies that (z,y) = 2% (2F,2)(z,y) for all z,y €
g(—1). The definition of (-,-) then yields

A= (e [[E*([u_, f = ) = 3[E(u_), h — m], [E*([v, f — fu])
E(v_),h — hi]])

(IE3u), f = fi], E¥ (v, f — £]) = 3[E(v_),h — h1])

= ([u, f = f], B*([v—, f = 1)) = 3([u, f = i), [E(v-),h = ha])
2([u,en], [, f = f1]) = 3(u, [f = fr,[le,v-],h — 1)
2[[u, 1], fil, v—) — 3w, [[—h + ha,v_], b — b))
+3(u, (e, [f1,v-]], b — ha]) = 6(u, [[e,v_], f — f1])

-)
-]
-) =
+3(e, [u, [f1, 0-]1, = ha) = 6([e, [u, v
=)=
)

= 2([[u, ex], Sr],v-) = 3(u, (H — Hy)*(v-))
=5
= 2([[u,e1], fil v-) = 3(u, (H — H1)*(v-))
= 6([f1, 0], [u,e = ea]) +6([u, -], h — ha)

22([[u,€1],f1],1}_ _3(u7 (H_Hl) v )
+6(uv [61,[f1,1),]]) _6(u’ [h_hlv ])
= 8([[w, e1], il v-) = 3((H — H1)(H — Hy — 2)(u),v-).

Absolutely similarly we obtain that
B = s(([u,ex). fil.v) = 3((H — Hy)(H — Hy —2)(u/),0").

The expression for v in Subsection 3.1 yields [ej,u] = [hi,u] = 0. Since
[h,u] = 3u this implies that A = —9(u,v_). Also, v’ = u} + ub where

= fruomn+ Fravo and 1wy = fornom+ 2 forsion
As [er,uh] = [f1,u)] = 0 and [hy,u]] = —u} we have
[, ex], fi] = [[wh, en], o] = [y, ha] = wy.
As [hy,ub] = uhy and uf, uf € g(3) we have
(H — Hy)(H — Hy = 2)() = (Hy = 3)(H1 — 1)(u) = —2(H; — 3)(u}) = 8uj.
From this it is immediate that B = 8(u},v" ) — 24(u},v" ) = —16(u},v" ) and

A+ B=-9(u,v_) — 16(u},v").
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Recall that v = E3(v_) and v' = E3(v"). Since both v and v’ have weight 3
it is straightforward to check that v_ = 5= F3(v) and v/ — = &LF3(/). As a
result,

36(A+ B) = 9(F?(u),v) + 16(F3(u}),v").

Our next step is to compute F3(u;) = (ad f)3(fi0000 + fiiueo). The
1 0
formula for f in Subsection 3.1 shows that

[, 5] = 91, Fraaod + 5[ fa, frusmor] + 8, Fronond.
Using the structure constants and conventions of [9] we get
[F, 0] = 4(frsnona + 2 frsnan).
Then

f; [f,uall

4(10[f1, flllllOO] + 8[f4, fllllOOO] + S[fﬁ, f1111000] + 8[f7, f11111oo])
0 1 1 0
4(—10f1111100 — 8f1121000 + 8f1111100 + 10f1111110)
1 1 1 0
8(—f1111100 — 4f1121000 + 5f1111110).
1 1 0

Finally,
F3(u’1) = 8( — 8[f4, f1111100] — 5[f7, f1111100] — 32{]‘)67 f1121000] + 25[f2, f1111110])
1 1 1 0
= 8(8f1121100 - 5f1111110 - 32f1121100 - 25f1111110)
1 1 1 1
— *48(4f1121100 + 5f1111110).
1 1

Therefore,

(F3(u'1), U’) = —48(4f1121100—|— 5f1111110, €1121100 + 261111110) = —25 -3-7.
1 1 1 1

Next we determine Fg(u) = (ad f)g(f1232111 — f1232211 + f1222221). Here we use
2 1 1

conventions of [9] and the structure constants from [13, Appendix|. We have

[fu] = 8o, fromusd] — 5[ fa, frassnd] — 5[fr, frasar] — O[fs, frasar]
T 8fa, frezm]
= —8 fuzgars + 5 f1agan1 + 5 frasns + O fragoons — 8 framn
— —3(framans — B framan + froseam).
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Then

(£, 1f ] = —3(90f5, framan] + 5[ fr, fromn] — 15]fo, framan] — 15 fr, frasn]
+ 5[ fa, fravman] + O[fs, framen]) = —3(—9 fraars — 5 fragn
— 5 fragans — 9 frassazs + 15 fragoons + 15 frassan)
= 6(5 12z — 31201 — 3 fragns).

Finally,

F?(u) = 6(45[f5, framear] — 15[ fa, framear] — 24[fo, framen] — 24[fy, froman]
— 15[ fr, fras])
= 6(—45 fragezs + 15 frason + 24 frzsom + 24 framns
+ 15 f1zgszat) = 18(=5 fragan + 8 frasszs + 8 fr2u5211),

Therefore,

(F3 (u), U) = 18(—5f12:233221 + 8f12;133321 + 8f12:2;3211, e 124213211 — 612:2«;3221 + e 12:133321)
=18(5+8+8)=2-3%.7.

As aresult, 36(A+B) = —16-25-3-74+9-2-3%.7 = 6-7-(92—16%) = —6-52-7%. In
view of (3.2) we now deduce that 5%- 72\ = A+ B = —1-52.7% forcing A = — 1.
This enables us to conclude that in the present case dim U(g, e)? = 2. Tt is

quite remarkable that 72 gets cancelled and we obtain A € R* at the end!

Remark 3.1. For safety, we have used GAP [6] to double-check our computa-
tions and obtained the same result; i.e. 36(A + B) = —6- 52 - 72!

4. Dealing with the orbit Ds(a;)A2
4.1. A relation in g¢(6) involving two elements of weight 3

Following [12, p. 150] we choose e = €1 +ea+e3+e5+er+es+€ayras +€aytas
where €q,4a, = [€2,€4] and eq,1a; = [e4,e5]. Then h = 6hy + Thy + 10hg +
12hy + Ths + 2h7 + 2hs. AS fay+a, = —[f2, ] and fo,4as = —[fa, f5] by the
conventions of [9] a direct verification shows that

f=06fi+ fo+10f3+ f5+2f7 + 2fs — 6[f2, fa] — 6[f4, f5].

!The relevant code is available at https://github.com/davistem/
the_number_of multiplicity-free primitive ideals/
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Therefore, (e, f) =6+14+10+1+2+24+6+6 = 34.
The Lie algebra g.(0) = sl(2) is spanned by

/
€ = €1232221 — 26 1233210 — €1232211 — € 1233211,
1 2 2 1

f/ = 2f1232221 - f1233210 - f1232211 - f1233211
1 2 2 1

and b’ := 2w, where w(e;) =0d;ge; forl<i<8.

The 4-dimensional graded component g.(3) is a direct sum of two g.(0)-
modules of highest weights 1. As in loc. cit. we choose

U ‘= €1221110 Jr €1121111 — €1222100 — 26 1122110 Jr 36 1111111 + € 1232100
1 1 1 1 1 1
as a highest weight vector of one of these modules and set v := [f’,u]. By

standard properties of the root system &,

v = 2[f1232221, 61221110] -+ 2[f1232221, 61121111] + [f1233210, 61222100}
1 1 1 1 2 1
+ 2“‘12332107 61122110] - [f1232211, 61121111] — 3[]%2322117 6111111}
2 1 2 1 2 1

+ l:f1233211’ e 1222100] - [‘][‘12332117 61232100].
1 1 1 1
From [13, Appendix] we get

NOOlllll 1221110 — NOlllllO 1121111 — N0121100 1111111 — NOOOllll 1232100 — —1,
0 ’1 0 vl 1 ’1 0 vl

NOOllllO 1222100 — NOllllOO 1121111 — N0011111 1222100 — N0111100 1122110 — ]_
1 ’1 1 ’o1 0 ’1 1 ’1

Since N, g = —N_, _p by [9], a straightforward computation shows that

v = 2f0011111 + 2f0111110 - fOOlllOO - 2f0111100
0 0 1 1
+ f0111100 - 3f012110 - fOOlllll - fOOOllll
1 1 0 0
- —fOOOllll - fOOlllOO - fClllllOO + 2f0111110 - 3f012110 + f0011111.
0 1 1 0 1 0

It is worth mentioning that v also appears in the extended (unpublished)
version of [12] as a linear combination of vectors v13 and v14.

Since u is a highest weight vector of weight 1 for g.(0) it must be that
[u,v] € g.(6)%©) . By [12, p. 150], the latter subspace is spanned by e 1110000 +
e1111000 + 2eo121000. On the other hand, a rough calculation (ignoring thelsigns

0 1
of structure constants) shows that [u, v] is a linear combination of e 1110000 and
1
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e1tooo. This implies that
0
(4.1) [u,v] = 0.
4.2. Searching for a quadratic relation in U(g, e)ab

Similar to our discussion in (3.2) we hope (with fingers crossed) that the
element [O,,0,] lies in F3(Q) \ F7(Q). For that purpose we have to look
closely at the element ¢ := {6,,6,} € Ps(g, e) Here, as before, 6, denotes the
F-symbol of ©, in the Poisson algebra P(g,e) = gr-(U(g, e)).

Asin (3.2) we identify P(g, ) with the symmetric algebra S(g.) and write
J for the ideal of P(g,e) generated by the graded subspace [g.(0), g.(2)] ®
> iz2 8e(i). We know from [12, p. 150] that [ge(0), g¢(2)] is an irreducible g.(0)-
module of highest weight 4 and g.(2) = [g¢(0), ge(2)]®g.(2)%®). Furthermore,
96(2)96(0) is a 2-dimensional subspace spanned by e and eg := es+e5+e7+es.
It follows that the factor-algebra P(g,e) := P(g,e)/J is isomorphic to a
polynomial algebra in e and eg. We let ¢ denote the image of ¢ in 75(9, e).
Then

@ = \e® + peey + V€(2),

and the main results of [28, Theorem 1.2] imply that the scalars A, u, v lie in
the ring R. Since is immediate from [25, Prop. 2.1] and [28, 5.2] that the largest
commutative quotient of U(g,e) is generated by the image of ©, we would
find a desired quadratic relation in U(g, e)*" if we managed to prove that the
coefficient A of ¢ is nonzero. Indeed, let 1. denote the 2-sided ideal of U(g, ¢)
generated by all commutators. If A € R* then the element [0,,0,] € I.NQr
has Kazhdan degree 8 and is congruent to A©2 modulo I.NU(gg, €)+F7(Qr).
As it follows from [28, Prop. 5.4] that

U(g,e) N F+(Qr) C R1+ RO, + I, N U(gg, )

the latter would imply that A©? + 70, + £1 € I.. for some 7, £ € R.
Lemma 4.1. We have that [ge(1), go(1)]9¢(®) = Cey.

Proof. 1t follows from [26, 4.4] that [ge, g¢](2) = [8¢(0), 8¢(2)] + [ge(1), ge(1)]
has codimension 1 in g.(2). Hence [ge, ge](2)%<(®) # {0}. On the other hand,
[12, p. 150] shows that [g.(0),ge(2)] = L(4) and [ge(1),ge(1)] is a homo-
morphic image of A2L(3), where L(r) stands for the irreducible s[(2)-module
of highest weight 7. This implies that the subspace [ge(1),ge(1)]%() is 1-
dimensional.
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By [12, p. 150], the g.(0)-module g.(1) is generated by the highest weight
vector

W = €2344321 — €1354321.
2 3

Given a root v € ® we write v3(7y) for the coefficient of ag in the expression
of ~v as a linear combination of the simple roots a; € II, and we denote
by t3 the derivation of g such that t3(e,) = v3(y)ey for all v € ®. Then
ts(w) = 3w and t3(f') = —2f’. Our preceding remarks show that the subspace
[ge(1), 8¢(1)]2¢(9) is spanned by a nonzero vector of the form

al(ad f')*(w),w] + b[(ad f')*(w), (ad f')(w)]

with a,b € C. Since such a vector is a linear combination of e and ey and lies
in the kernel of ¢3 we now deduce that [g.(1), g.(1)]%®) = Cey as stated (one

should keep in mind here that ¢3(ep) = 0 and t3(e) = es # 0). O
Let hg = [eo, f] = ha + hs + 2h7 + 2hs. Since [e, eg] = 0 we have that
[ho, €] = [[eo, f], €] = [h,e0] = 2eq. Since hy € t, each e; is an eigenvector for

ad ho this forces [ho, eg] = 2eq. Next we set fo := 3[f, [f, eo]] = 3[ho, f] and
observe that

([, [f.eoll + [, [, eol]) = [f. €0] = —ho.

DN | —

[6, fO] =

Since [f,e0] = —ho we get [fo,e0] = L[[ho, f], e0] = [eo, f] = —[e, fo] which
yields

[f()? [f07€]] = _[f07 [f? 60]] = _[f7 [f0760“ = [fv [67 fOH = _[h7 fo] = 2f0

As both f and f; lie in g;(—2)2(%, they are orthogonal to [g.(0), g.(2)] with
respect to our symmetric bilinear form (-, -). Since

(co, o) = (0, 3lh 1)) = 5 (€0 ol f) = ~(e0, /) = ~(1+1+2+2) = =6

we have that (eo, f + fo) = 0. As (e, fo) = %(67 [f,[f,eo]]) = %(h» [f;eol]) =
—(f,e0) = —6 we get (e, f + fo) = (e, f) — (eo, fo) = 34 — 6 = 28. Since the
ideal J vanishes on g;(—2)%(® it follows that

(4.2) o(f + fo) = @(f + fo) = Ae, f + fo)? = 2'7%A.

As in (3.2) this indicates that we might expect some complications in char-
acteristic 7.
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4.3. Computing A

In order to determine A\ we use the method described in Subsections 3.3
and 3.4. We adopt the notation introduced there and put F := ade, Ey :=
adey, H :=adh, Hy :=adhg, FF = ad f and Fy := ad fy. Since v and v are
in g.(3) there exist u_ € CF3(u) and v_ € CF3(v) such that u = E3(u_)
and v = E3(v_). As g. N g(—5) = {0} it follows from the sly-theory that the
elements u_ and v_ lie in gy(—3). Arguing as in Subsection 3.3 we observe
that

{0u,0,} = Z J[v, zi] + q(u, v) + terms of standard degree > 3.

Since all terms of standard degree > 3 involved in {f,,6,} have Kazhdan
degree 8 they must vanish at f + fo € g(—2). Since each quadratic monomial
involved in ¢(u,v) has a linear factor of standard degree > 3 we also have
that ¢(u,v)(f + fo) = 0. Using the g-invariance of (-, -) and the fact that

E3(f + fo) = 0 we get {04, 0,}(f + fo) =
—Z S+ fo)([v, 2], f+ fo)
—Z [E*(u), 5], f + fo) (B (v-), 2], f + fo)
—Z 5 (B3 (o), f + fo) (2, [BP(vo), £ + fol)

= Z(Zi E*([u—, f + fo]) = 3E([E(u-), h — ho]))(zi, B*([v—, f + fo])

~3E((E(v_),h — hol))

=D (e [E*([u-, f + fol) = 3[E(u-), h — ho, z]) (e, [E*([v—, f — f1])

=1

= 3[E(v-), h = hol, z]).

Here we used the fact that E(f + fo) = h+ [e, fo] = h — [eo, fl=h—hg. As
before, our choice of the z}’s implies that (z,y) = 3.7, (25, 2)(z;,y) for all

x,y € g(—1). The definition of (-,-) then yields: {6,,0,}(f + fo)

= (e, [[E*([u—, f + fo]) — 3[E(u_), h — ho),
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[EQ([U*a f + fO]) - 3[E(U*)7 h — hO]])
= ([B%(u-), f + fol, B*(lv-, f + fo]) = 3[E(v-), h = ho)).
One should keep in mind here that E3([u_, f+ fo])—3[e, [E(u_), E(f— fo)]] =

[E3(u_), f + fo] which holds since E3(f + fy) = 0. As E*(u_) = 0 the latter
equals to

(4.3) ([w, E2(fo)], [v-. fo]) = 3(u, [f + fo, [E(v-), h = hol])

thanks to the g-invariance of (-, -). Recall that —ho = e, fo] = [f, eo] and
[h, fo] = —2fo. Also, [f,v_] = 0 and [f, fo] = 0. By the Jacobi identity, (4.3)
equals to

([u, E*(f0)], [v—, fol) = 3(u, [[[f + fo, €], v, h — hq))
—3(u, [[e, [f + fo,v_]], h — ho])
= 3(u, [[e,v-],2f + [f, [e, foll + 2fo + [fo, [e, foll])
= ([u, [e, [f, eolll, [v-, fo]) = 3(u, (H + [E, Fy))*(v-))
= 3([u, [e, [fo,v-]], h + [e, fol)
—3(u, [E(v_), 2f + 2fo + 2fo — Fo2(e))).

Since h commutes with [u, [e, [ fo,v_]] the last expression equals

2([u, eol, [v—, fo]) = 3(u, (H + [E, Fo))*(v-)) + 3([u, [¢, foll, [, [fo, v-1])
= 3(u, [E(v-), 2f + 2fo + 2fo — 2/o]) = —2([[u, eo], fol, v-)
—3(u, (H + [E, Fo))*(v-)) = 3([u, E*(fo)], [fo, v-])
+6([u, v-], h + [e, fo])
—2([[u, eo], fol, v-) = 3((H — [Eo, F1)*(u),v-)) = 6([u, eo], [fo, v-])
+6((H [Eo, F)(u), v-)
=8([fo, [60 u]] =) = 3((3 = [Eo, F])*(u),v-) +6((3 — [Eo, F])(u),v-)
=3(([Eo, F]* = 4[Eo, F] + 3)(u),v-) = 8([fo, [eo, ul], v-).

Finally, a GAP computation? reveals that

—3(([Eo, F* — 4[Eo, F] + 3)(u),v_) — 8([fo, [eo, u]],v_) = 1176 = 23 . 3. 7%,

2Again, see https://github.com/davistem/the_number of multiplicity-free
primitive__ideals/ for the code.
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In view of (4.2) the factor 72 gets cancelled and we obtain A = 2 € R*.

Arguing as in Subsection 3.2 we now deduce that U(g, ¢)* has dimension 2.

Remark 4.2. For safety, we have also used GAP to compute the expressions
(4.3) and (4.4), and the number 1176 was the output in both cases.

4.4. The modular case

In this subsection we prove Theorem B. First suppose that e has Bala—Carter
label A5 + A;. By [25, 3.16], we then have

1 1 1 1 1 1 1
A—|—,0:gwl+§YD2—|—6@3+g@4+g@5+g@a+g@7+6w87

Nppodgo gt L7 oo 7 1 1
p= 3’@1+3W2+6W3+6W4 6W5+6w6+6W7+6w8.

In view of [2, Planche VII], we get

1 1
A+p=g(w1+w2)+6p
1 1
:§8g+5(81+82+83+84+85+€6+€7+558)

1
+ 6(52 + 2e3 4 3e4 + 4e5 + beg + 627 + 23¢s).
Using the standard coordinates of R® we obtain
1
A+p= E<1’ 3,5,7,9,11,13,55).

Next we observe that A" + p = A + p + w4y — 25 + wg. Since

w4 — 25 + wg
—(0,0,1,1,1,1,1,5) — 2(0,0,0,1,1,1,1,4) + (0,0,0,0,1,1,1,3)
=(0,0,1,-1,0,0,0)

by [2, Planche VII|, we have A’ + p = %(1, 3,17,—5,9,11,13,55). It follows
that

(14) (At plAtp)— (W +p N 4 p) = (32— 17) + (7 = 57)
1, 5 0Ny 5
= (7 -17) = —.
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Now suppose that e has Bala—Carter label D5(a;) + As. By [25, 3.17],

At p— 1 1 1 n 1 n n 1 1
p= 4w1 4W2 4w3 (! 4w5 W6 4w7 4w8,
Ntp=—1 . +2 s +2 !
p = 4@1 4@2 4@3 w4 4@5 We 4@7 4@8.

Hence A + p = —ip—l— 2(1@1 + wg) =
1 5 1
= _Z(Oﬂ 172737475767 23) + 1(0707 17 172727278) = Z(Ov _173727675747 17)
Similarly,

1 9
Al+p: —Zp—k 1(@44‘@6) — 2ws

1 9
= —1(07 1,2,3,4,5,6,23) + 1(0707 1,1,2,2,2,8) —(0,0,0,0,2,2,2,8)

1
= (0.~1,7,6,-3,~4,5,17).

Therefore,

(At plA+p) = (N +p|N 4+ p) = =@ -7 = -2
16 16
This shows that in both cases the element (A+p|A+p) — (A +p| A +p) is
invertible in R. We set r:= (A" + p|A +p) — (p|p) and 1" := (A 4+ p| N +
p) — (p|p). Clearly, r,7" € R.

Since the ideals I(A) and I(A’) are multiplicity-free, our discussion in the
introduction shows that I(A) = Iy and I(A’) = Iy for some 1-dimensional
U(g, e)-modules V and V. There exist 2-sided ideals I and I’ of codimension
1in U(g,e) such that V- =U(g,e)/I and V' = U(g,e)/I’. As L(A) and L(A")
are highest weight modules, we can find a Casimir element C' € U(gr) which
acts on L(A) and L(A) as rId and r'Id, respectively.

Obviously, C' —r € I, C — 1" € I, and the ideals I and I’ contain all
commutators in U(g,e). Put Ip := I NU(gg,e), Iy == I' N U(gr,e) and
Vi == U(gr,€)/Ir, V} == U(gr,e)/Iy. It follows from [28, Proposition 5.4]
that U(gr,e) = R1® Ig and U(gr,e) = R1&® Ij.

To ease notation we identify e with its image in gx = gr ®r k (this
will cause no confusion). Following [10] we let U(gk,e) denote the modular
finite TW-algebras associated with the pair (gx,e). By [28, Theorem 1.2(1)],

~

we have that U(gxk,e) = U(gg,e) ®r k as k-algebras. Our computations in
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Subsections 3.3 and 3.4 imply that the image of C in the largest commu-
tative quotient of U(gy,e) satisfies a non-trivial quadratic equation. As a
consequence, U(gx, e) cannot have more than two 1-dimensional representa-
tions. On the other hand, the formulae for r — 7’ obtained earlier yield that
in each case the image of 7 — 7’ in R/pR C k is nonzero for any good prime
p of Gz. This entails that Vi := Vg ®p k and V], := V}, ®p k are the only
non-equivalent 1-dimensional representations of U(gy, €).

Given £ € gp. we let gf{ denote the coadjoint stabiliser of £ in gy. As
explained in [10, 8.1] the modular finite W-algebra U(gy, €) contains a large
central subalgebra Z,(gk,e) isomorphic to a polynomial algebra in dim gy
variables. The algebra U(gy,e) is free Z, (g, ¢)-module of rank pdi™ o and
the maximal spectrum of Z,(gy, e) identifies with a Frobernius twist of a good
transverse slice S, = x + k(o) to the coadjoint orbit of x. Here &: gy — gj. is
the G-module isomorphism induced by the Killing form « and o is a graded
subspace of @, gk(i) complementary to the tangent space T, ((Ad Gx) e) =
[67 glk] :

Every £ € S, gives rise to a maximal ideal J¢ of Z,(gk, e) which leads to
a p-central reduction

Ue(gi,e) == Ulgx,e)/Je Ulgk, €) = U(gk,e) @ 7 (gue) Ke-

By [23, Lemma 2.2(iii)] and [10, Sections 8 and 9], for every £ € S, we have
an algebra isomorphism

(4.5) Ue(gk) = Matpd(x>(U§(gk7€)).

The 1-dimensional U(gk, e)-modules Vi and V;, are annihilated by some max-
imal ideals J, and J,y of Z,(gi,e). Therefore, Vi and Vj, are 1-dimensional
modules over the p-central reductions U, (gk,e) and U,y (gx, e), respectively.
By (4.5), the reduced enveloping algebras U, (gx) and U,/ (gx) with ,7" € S,
afford simple modules of dimension p¥X): we call them Vi and ‘7112 As ex-
plained in [23, Lemma 2.2(iii)] and [10, Sections 8 and 9] we may assume fur-
ther that the U(gy)-modules Vi and V7 are generated by their 1-dimensional
subspaces Vi, and V[, respectively.

At this point we invoke a contracting k*-action on S, given by pu(t) -
& = t72(Ad*7(t)) € for all t € kX and & € S,. It shows, in particular,
that dim(Ad G) ¢ > dim(Ad Gy) x for every £ € S,. In conjunction with
the main result of [18] this entails that dim(AdGk)n = dim(AdGk)n’ =
dim(Ad G) x. By [26, Theorem 3.8|, the Gy-orbit of e is rigid in gi. There-
fore, x lies in a single sheet of gy which coincides with the coadjoint orbit
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of x. Since the contracting action of p(k*) on S, now shows that both 7 and
n' lie in the only sheet of g;. containing x, we deduce that y = (Ad" ¢g) n and
x = (Ad* ¢') f for some ¢, ¢ € G.

Given § € gj. we denote by I¢ the 2-sided ideal of U(gy) generated by
all elements o — zlP! — &(z)P with 2 € gi. It is well-known (and easy to
check) that for any y € Gk the automorphism Ady of U(gy) sends /¢ onto
I aq+y)¢ and thus gives rise to an algebra isomorphism between the respective
reduced enveloping algebras. The image Cy of our Casimir element C' in
U(gk) = U(gr) ®g k lies in the Harish-Chandra centre of U(gx). Hence
(Ady)(Cx —a) =Cx —aforally e Gyanda € k.

Let I and I’ denote the annihilators of Vi and Vi in U(gy), and write
7 and 7 for the images of » and ' in k. The above discussion shows that
I contains I, and Cy — 7 whereas I’ contains I,; and Cy — #'. By con-
struction, I/I,, and I'/I,; have codimension p***) in U, (gy) and Uy (9x), re-
spectively. Hence the 2-sided ideals (Ad g)(I)/(Ad g)(I,,) = (Ad g)(I)/I, and
(Ad¢")(I")/(Ad g)(I,;) = (Adg)(I")/I, have codimension p**™) in U, (gi) =
U(gk)/Iy. These ideals are distinct since (Adg)(Ck) = (Ad¢')(Ck) = Ck
and 7 # 7. Thanks to the main result of [18] this yields that U, (gy) has
at least two simple modules of dimension p“X). On the other hand, being a
homomorphic image of U(gy, e) the algebra U, (gx, €) cannot have more than
two 1-dimensional representations. Applying (4.5) with £ = x we finally de-
duce that U,(gy) has exactly two simple modules of dimension p?) . This
completes the proof of Theorem B.
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