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Coassociative submanifolds in Joyce’s generalised
Kummer constructions

DoMINIK GUTWEIN

Abstract: This article constructs coassociative submanifolds in
Go-manifolds arising from Joyce’s generalised Kummer construc-
tion. The novelty compared to previous constructions is that these
submanifolds all lie within the critical region of the Ga-manifold in
which the metric degenerates. This forces the volume of the coas-
sociatives to shrink to zero when the orbifold-limit is approached.
Keywords: Coassociative submanifolds, Go-manifolds, Gener-
alised Kummer constructions.

1. Introduction

Associative and coassociative submanifolds are the natural subobjects in 7-
dimensional Gg-manifolds. Besides having minimal volume among all sub-
manifolds realising a fixed homology class (and therefore being minimal,
cf. [10, Sections 2.4 and 4.1.A-B]), they play a prominent role in the exten-
sively studied gauge theory on Gg-manifolds (see for example [26] and [4]).
Moreover, Halverson and Morrison proposed that associative and coassocia-
tive submanifolds might play a role in characterising the period domain of
a Gg-manifold [9, Section 3| (see also the formulation in [5, Introduction]).
More precisely, assume that Y is a simply-connected and compact 7-manifold
that admits torsion-free Ga-structures. In analogy to the Kahler cone of a
Calabi—Yau 3-fold, Halverson and Morrison [9, Section 3] proposed that (the
Ga-period domain)

= {([¢], [*49]) € H3(Y) @ HYY) | p € Q*(Y) is a
torsion-free G2—structure}

might be fully characterised by the following inequalities:!

Received July 2, 2023.

2010 Mathematics Subject Classification: Primary 53C38; secondary
53C29, 53C25.

"'Where we ignore for the moment the issue that the notions of Ga-instantons,
associative-, and coassociative submanifolds themselves depend on ¢. Furthermore,
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1. A topological condition: [, aAaA¢ < 0 for every nonzero [a] € HA(Y).

2. A characteristic class condition: [y p1(E) A ¢ < 0 for any vector bundle
E over Y admitting a non-flat Gs-instanton.

3. Two calibrated submanifold conditions:

e [p ¢ > 0 for any associative submanifold P.

e [, *¢ > 0 for any coassociative submanifold M.

If Halverson and Morrison’s proposal is indeed true, then certain degen-
erations of Ga-structures would be detectable by the vanishing of one of
the above integrals. As a step towards this proposal, Dwivedi, Platt, and
Walpuski constructed therefore in [5] associative submanifolds in families of
Go-manifolds arising from Joyce’s generalised Kummer construction [11, 12].
These associative submanifolds have the property that their volume shrinks
to zero as the Gg-manifold approaches its (singular) orbifold-limit. (This is
equivalent to [, ¢ — 0 where P denotes the mentioned associative and ¢
corresponds to the degenerating path of Ge-structures.) The purpose of the
article at hand is to augment their work by the analogous construction of
coassociative submanifolds. We hereby proceed as follows:

In Section 2 we review the necessary background on the generalised Kum-
mer construction and asymptotically locally Euclidean (ALE) hyperkéhler
4-manifolds. Section 3 is devoted to the analysis of our construction. In The-
orem 3.7 we prove a perturbation result for coassociative submanifolds whose
spirit is well-known from gluing constructions in gauge theory. It roughly
states that whenever two closed Go-structures ¢ and ¢g on a 7-manifold Y
are ‘close’ (in a quantified sense) to one another, then a ¢g-coassociative sub-
manifold can be perturbed to a ¢-coassociative. In Proposition 4.2 we prove
that this theorem is applicable to a certain class of submanifolds that occur
very frequently in generalised Kummer constructions. These submanifolds are
modelled on (or covered by) the product of a 2-torus and a holomorphic sphere
where the latter lies in the exceptional divisor of the glued-in ALE hyper-
kahler 4-manifold appearing in the Kummer construction (cf. Example 3.2).
Subsequently, we find in Section 4 numerous examples of coassociative sub-
manifolds in various resolutions of Gg-orbifolds constructed in [12] and [24].
Our construction leaves the freedom of choosing a ‘basepoint’ of the 2-torus
and we mention in Remark 4.3 that moving this basepoint produces the full
deformation family of the coassociatives constructed in Proposition 4.2. In
our examples, this family is either homeomorphic to S' or a closed interval.

note that the integration is carried out with respect to the orientation determined
by 7[¢] U [#o¢] € H'(Y).



Coassociative submanifolds in Kummer constructions 925

The coassocative submanifolds in the latter case are embedded for the in-
ner values of the interval and factor at the endpoints through a double-cover
over an (embedded) rigid coassociative submanifold. Ultimately, we give in
Appendix B all choices of ALE hyperkéhler 4-manifold that can be used to
resolve the Go-orbifolds of [24] that were treated in Section 4.

There already exists a vast literature on the construction of coassociative
submanifolds (see [15, Chapter 12] and [21, Section 6] for an overview). Here
we only mention that Joyce [12, Section 4.2] constructed coassociative sub-
manifolds inside his generalised Kummer constructions as fixed-point sets of
anti Go-involutions. At least one part of their support lies outside the critical
region of the ambient manifold in which the orbifold singularities develop. In
contrast, the coassociatives in the article at hand are all constructed to lie
completely within this region. This is ultimately the reason why their volume
shrinks to zero.

2. Background
2.1. Joyce’s generalised Kummer construction

The generalised Kummer construction, as developed (and extended) by Joyce
in [11, 12, 14], produces compact manifolds with holonomy contained in Go
as desingularisations of certain Gy-orbifolds. This section follows the presen-
tation in [5] very closely. The following class of examples serve as models for
the singularities considered in this article:

Example 2.1. Let (X,w) be a hyperkahler 4-orbifold with hyperkéhler struc-
ture w € Q2(X,ImH*). Denote by Vol € Q3(ImH) and ¢ € Q! (Im H, Im H)
the volume form and the canonical isomorphism 7T ImH — ImH x Im H,
respectively. In the following we denote by (o A w) the 3-form on ImH x X
obtained by wedging and pairing Im H ® Im H* — R.

1. The product ImH x X carries a torsion-free Go-structure defined by
(1) ¢ = Vol — (o Aw) € QP (ImH x X).

2. Assume there is a group action p: G — Isom(X) by G < SO(Im H) x
Im H that preserves the hyperkéahler structure in the sense that for any

(R,v) € G

(2) (p(R,v)" @ R")w = w.
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The 3-form ¢ is invariant under the product action on ImH x X and
descends to a torsion-free Gg-structure on the quotient ¥ := (ImH x
X)/G. We denote the corresponding 3-form on Y by ¢ as well. Note
that whenever G is Bieberbach (i.e. discrete, cocompact, and torsion-
free) then the action is free and taking the quotient does not introduce
additional singularities in Y.

Let now (Yp, ¢g) be a compact and flat Go-orbifold such that its singu-
larities are locally modelled on R?® x H/T" for a finite group I' < Sp(1). More
precisely, we demand:

Assumption 2.2. Denote by S the set of connected components of the sin-
gular set of Y. We assume that for every S € S there exist

1. A finite subgroup I's < Sp(1), a Bieberbach group Gg < SO(ImH) x
Im H, and a group action p: Gs — Ngoam)(I's) C Isom(H/I's). Denote
by

(YS = (ImH X H/Fs)/Gs,(ﬁs)

the corresponding Gs-orbifold from Example 2.1.
2. An open set

Ug = (ImH X BQRS(O)/FS)/GS CYs

for Rg > 0 and an open embedding Js: Us — Yy with S C Js(Us) and
Jsdo = ¢s. The Rg are chosen such that Jg, (Us,) N Js,(Us,) = O for
any two S; # S, € S.

Remark 2.3. All (non-trivial) finite subgroups I' < Sp(1) were classified by
Klein [17]. These are isomorphic to:

(Ax) The cyclic group Cg4q for k > 1
(Dy) The dicyclic group Dicg_o for k> 3
(Eg) The binary tetrahedral group 27
(E7) The binary octahedral group 20
(Es) The binary icosahedral group 271
(See also [24, Section 2] for a description on how these groups lie inside Sp(1).)

Definition 2.4. Let (Yp, ¢g) be a flat Gy-orbifold satisfying Assumption 2.2.
A set of resolution data consists for every S € S of the following:
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1. An asymptotically locally Euclidean (ALE) hyperkahler manifold which
is asymptotic to H/I'g. That is, a hyperkahler 4-manifold (X 5, Wg) to-
gether with a diffeomorphism 7g: X5\ Kg — (H\ Bg,(0))/I's outside
a compact set K s C X g that satisfies

V(s —w)| = O(r™"7").

The norm and covariant derivatives are hereby taken with respect to
the flat metric on (H \ {0})/Ts.

2. A group action pg: Gg — Isom(X s) which leaves Kgand @ g invariant
(in the sense of (2)) and makes 7g equivariant.

For a given orbifold Yj, a set of resolution data, and a positive parameter
t > 0 we define the following sets:

= || Vs for Vg:=(ImH x Bgy(0)/Ts)/Gs C (ImH x H/T's)/Gs

SeS
= | | Us for Us = (ImH x Bypy(0)/Ts)/Gs C (ImH x H/T's)/Gs
Ses
= |_| VS for VS = (ImH X f(s)/GS C (ImH X Xs)/Gs
SeS
T, = |_| Ufg for Ufglz (ImHX(th)fl(BQRS(O)/Fs))/Gsc(ImHXXs)/GS
SeSs

Denote by J: U — Y; and t7: U, — U the maps induced by all {Js}ses
and {t7s}ses, respectively.

Definition 2.5 ([12, proof of Theorem 2.2.1]). Given a flat Gg-orbifold
(Yo, o) and a set of resolution data, Joyce defines a 1-parameter family of
smooth manifolds by

V= (Y \IV) U (G, uV)/ ~

where U, 3 & ~ J(tr(x)) € J(U\ V).

Furthermore, Joyce equips each Y with a closed Go-structure ¢, that has
the following property: On any Ve C Vi, é a agrees with the Model Struc-
ture (1) associated to the (rescaled) hyperkihler structure t20g on Kg.

Remark 2.6. Instead of working with ¢ we follow [5] and work with the
rescaled Go-structure t=3¢;.

The following existence theorem was first proven by Joyce in [11] and later
reproven with improved estimates by Platt in [23]. The following formulation
is taken from [5, Theorem 2.19].
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Theorem 2.7 ([23, Theorem 4.58]). Let (Y, ¢o) be a compact and flat Ga-
orbifold satisfying Assumption 2.2 and let R be a set of resolution data. Fur-
thermore, let a € (0,1/16) be a chosen Hélder exponent. Then there are
To = To(R) and ¢ = ¢(R,a) > 0 such that for any t € (0,Ty) there exists a
torsion-free Go-structure ¢, on Y; with [¢;] = [¢y] € H3(Y;) and

1361 = 60) | e < 2.

The CY%-norm above is taken with respect to the metric t=2g; (induced by
t3¢).

Remark 2.8. Note that the formulation of Theorem 2.7 in [23, Theorem 4.58]
bounds the C*norm of ¢, — ¢, only by t*2~*. However, if one uses the
Ch?-norm with respect to t72g; (instead of ;) one obtains the estimate in

Theorem 2.7 as a direct consequence of the estimate with respect to the
weighted norm given in [23, Theorem 4.58].

Remark 2.9. The formulation of Theorem 2.7 in [23] only considers Go-
orbifolds whose singularities are resolved via Eguchi—-Hanson spaces. Its proof
relies on the property that the set

{w € Q*(Xpn) | Aw =0 and |V'w| = O(r7~*) for each ¢ € Ny}

is independent of 5 € [—4,0). It was explained to us by Thomas Walpuski that
this property holds for every ALE 4-manifold. One way to prove this is as [28,
Proposition 5.10] using the improved Kato inequality for harmonic 2-forms
in [25, Theorem 1]. The proof of Theorem 2.7 given in [23] adapts therefore
to resolutions of Gg-orbifolds by arbitrary ALE hyperkéhler 4-manifolds.

2.2. Asymptotically locally Euclidean hyperkihler 4-manifolds

Recall from Definition 2.4 that a resolution of a flat Go-orbifold requires the
choice of an ALE hyperkéhler 4-manifold together with a lift of the action
of the Bieberbach group. In the following section we review how these can
be constructed. All these spaces contain holomorphic spheres which are the
main ingredient in our construction of coassociative submanifolds later in this
article.

Note that Section 2.2.2 is only relevant for Example 4.9 and may be
skipped at the reader’s preference.
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2.2.1. The Gibbons—Hawking Ansatz For N € N let Cy < Sp(1) be
the cyclic subgroup generated by right-multiplication with >/~ . Concrete
models of ALE spaces asymptotic to H/Cy were first constructed for N = 2
by Eguchi and Hanson [6] and then by Gibbons and Hawking [7] for general V.
A detailed treatment of the following material can be found in [27, Section 59|
(see also [5, Remark 2.12] and [8, Section 3.5]):

1. For any
ceA=A{G,...,{n] € (ImH)N/SN | G+ + (v =0}

define Z¢ == {(1,...,(n} C ImH, B, :=ImH\ Z;, and f; € C*>(B)
by
A
fC(Q) ' ; 2|q - Ca| .

The function f; is a sum of harmonic functions and one can furthermore

check that the cohomology class [3df¢] lies inside the image of the

canonical inclusion H?(B¢,27Z) — H?(B¢,R). This implies that there

exists a (up to isomorphism) unique principal U(1)-bundle 7¢: X¢ —

B¢ together with a connection 1-form i € Q'(X¢,iR) that satisfies

df = 7 (x3 df¢).

For (; € ¢ denote by ¢, the number of entries of ¢ equal to ¢;. Around

any sphere S? C B whose inner ball only contains ¢; € Z¢, the restric-

tion (X¢)|s2 is isomorphic to the quotient of the Hopf-fibration by Cy, .
2. The Gibbons-Hawking Ansatz defines a hyperkahler structure on the

total space X¢ as follows: The connection induces a horizontal distribu-

tion X¢ x ImH C T'X¢. Furthermore, we identify the vertical tangent

bundle X¢ x iR with X¢ x ReH via (z,it) — (z,t/ f¢(x)). This induces

a canonical hypercomplex structure I, on T'X¢ = X¢ x H which is

compatible with the metric defined by

9= 11000+ fo - mi(gmm).

The corresponding hyperhermitian form w, is closed and therefore hy-
perkéhler.

3. It turns out that (X¢,w.) can be extended to a complete hyperkéhler
orbifold (X¢,w,) by adding #Z; points, one over each element in Z.
In fact, whenever

CeA” ={[G,....(n] € A| G # G for i # j},
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then X is a manifold.

Outside a ball Bgz(0) containing all of Z¢, the bundle (X¢)|mmm\ 5,2 (0)
has Chern class —N € Z = H?(Im H\ Bg:(0)). It is therefore isomorphic
to the principal U(1)-bundle

7o - (H\BR(O))/CN — ImH\BRz(O)
lq] = qiq.

With the right choice of such an isomorphism 7, (e.g. using parallel
transport in radial direction and ‘matching’ the connections 6 and 6
at the sphere at infinity) one can show that w, approaches the stan-
dard hyperkéhler structure on H/Cy as in Definition 2.4, Point 1. The
Gibbons-Hawking spaces are therefore ALE asymptotic to H/Cy.

. Let R € Nsom)(Cn). Identify? the space of self-dual 2-vectors A%H

with ImH and denote by A% R € SO(ImH) the induced map. Further-

more, define

1, ifRe Zsom)(Cn)
QR ‘=
—1, else

where Zsom)(Cn) denotes the centralizer of Cy in SO(H). If ¢ € A
satisfies A2 R¢ = ag(, then there exists an Re Isom(X¢) satisfying

(}A‘Z* ® AiR*)gC =w, and 7¢O R=Ro ¢

where R acts on H/Cy in the obvious way. This is explained in more
detail in Section 2.2.2, Point 3. However, note that whenever R €
Nso@)(Cn) for N > 3 (which holds in all examples of Section 4),

then R acts as a bundle (anti-) isomorphism. In this case it can be
uniquely characterised by the lift of R along 7. and demanding that the
connection i gets mapped onto itself.

Let (o # (1 € Z¢ and assume that the line segment

C={ta+(1—1t)¢ | t€0,1]} C ImH

intersect Z¢ only in its endpoints. The preimage ¥ :== 7, L) ¢ Xe is
a smoothly embedded sphere, which is holomorphic with respect to the

complex structure log = <l<,é> for f = éi:g‘ € ImH.

ZVia ImH 3 ¢ — (w,€) € Q?(H) where w = dg A dg € Q?(H, (ImH)*) is the
standard hyperkéhler structure on H.
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Let now R € Nsog)(C) satisfy A2 R¢ = ag¢ and denote by R its lift
to X¢ (as described in Point 4 above). Then R(%,) = LarA2 R(r)> Where

arA% R({) denotes the line segment coming from applying agA3 R €
O(ImH) to 2.

2.2.2. Kronheimer’s construction of ALE spaces All ALE hyperkih-
ler 4-manifolds asymptotic to H/I" for any finite subgroup I' < Sp(1) were
constructed and classified by Kronheimer in [18] and [19]. The following sum-
mary follows the one given in [5, Remark 2.15]. Note also that for I' = Cy
this treatment is equivalent to Section 2.2.1.

1. Let C[I'] == Maps(I',C) denote the regular representation equipped
with its standard hermitian inner product. Furthermore, define

S = (Hor uw(C[])" and G :=PU(C[T])"

and equip S with the canonical flat hyperkéhler structure. The adjoint
action of G on S has a distinguished hyperkdhler moment map

p: S — (ImH)" ® g*.

Let 3* C g* be the annihilator of [g, g], i.e. all elements in g* fixed by the
coadjoint action of G. For any value ¢ € (ImH)* ® 3*, the hyperkéhler
quotient X, == p~1(¢)/G is a hyperkihler orbifold asymptotic to H/T"
[18, Lemma 3.3 and Proposition 3.14].

2. Remark 2.3 associates a root system ® to I'. Kronheimer [18, Proposi-
tion 4.1] defines an isomorphism between 3* and the associated Cartan
algebra h = (R®)*. For any root § € ® let Dy = kerf C h be the
associated wall of the Weyl chambers. If

(€ A%:=((ImH)* ® ) \ Upea((ImH)* © Dy),

then X is a manifold [18, Proposition 2.8].

3. Any R € Ngom)(I') acts on I' by conjugation. We extend this to a
complex linear map Cr € U(C[I']). The standard representation of R
on H tensored with the Adjoint action of Cr on u(C[I']) induces an
action on S. The hyperkdhler moment map satisfies

po(R®Ade,) = (AIR® Adg,) o p

where A% R is as in Section 2.2.1, Point 4 and Adg,, denotes the coad-
joint representation of Cr on h = 3* C g*. (See also [13, Section 3] where
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Joyce interprets Adg,: b — b as being induced by an automorphism
of the underlying Dynkin diagram.) Thus, if

(A2 R Adg, )¢ = ¢,
we obtain an induced isometry R € Isom(X) satisfying

(R* ® N R )w, =w; and 7co R=Ror.
Let ¢ € A° be fixed and 6 € ® be a root. Define £ € ImH by

(€,) = ¢(0) € (ImH)*

and let £ := £/|¢]. Inside X¢ lies a nodal Riemann surface ¥, which is
holomorphic with respect to the complex structure I = (L, f ).

If 61,02 € ® are two roots such that 6 = 0; + 65 and [((0)| = |((01)] +
[((62)], then Xy is the union of the (nodal) Ig-holomorphic curves X,
and Yy, attached along one new pair of nodes. If no decomposition with
this property exists, then Yy is itself an embedded 2-sphere.

Let now R € Ngom)(I') satisfy (AR ® Adg, )¢ = ¢ and denote by R
its lift as described in Point 3. This isometry maps Yy to the surface

R(Y9) = Xaaz, (0)-

Denote by W the Weyl group of ®. If two elements (1,(> € A° are
related by an element in W, then X and X, are isomorphic as hy-
perkihler ALE spaces (cf. [19, Section 3] and [1, Section 3]). This iso-
morphism identifies the holomorphic spheres ¥y C X¢, and ¥,,90 C X¢,
where w € W satisfies (5 = w(;. Furthermore, one can arrange for this
isomorphism to intertwine the asymptotic coordinates 7¢, and 7¢,. We
can therefore replace ¢ € A° in the previous discussion by

[(] € A° = A°/W.

3. Perturbing coassociative submanifolds

Throughout this section, (Y, ¢) denotes a 7-manifold equipped with a closed
Go-structure.

Definition 3.1 ([10, Corollary IV.1.20]). A 4-dimensional immersed subman-
ifold t.: M — Y is called coassociative if t*¢ = 0. If we want to emphasize
the underlying Go-structure we will write ¢-coassociative.
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Example 3.2. Let (X,w) be a hyperkédhler 4-manifold together with an ac-
tion p: G — Isom(X) by a Bieberbach group G. We denote the corresponding
Go-manifold from Example 2.1 by (Y, ¢). Furthermore, note that the normal
subgroup A == GNImH < ImH is a lattice. An immersed coassociative
submanifold inside of Y can now be constructed from the following data:

1. An embedded Riemgnn surface ty: % — X which is holomorphic with
respect to Iz = (L, &) for § € 5% C ImH.

2. Two linearly independent &5, 3 € {éfl}L NA CImH such that p(&)(X) =
%= p(&s)(X).

Furthermore, we require the choice of basepoint ¢ € Im H. We then define

M = ((R& + R&3) x X)/ (62, 63)z

and 1o M =Y as i4([y, 2]) = [¢+ v, x(2)]. It immediately follows from (1)
that ¢4 is a coassociative immersion. Next, we discuss conditions under which
tq is an embedding or factors through a covering map over an embedding. For
this we assume that

3. &,& € A are primitive and p(A) = {1}.

We can then regard T, = [q] + (R& + REs)/(€2,83)z € (ImH)/A as an
embedded submanifold. Assume further that

4. G/N = Hy x Hy where Hy, Hy are (possibly trivial) groups that satisfy
the following:

(a) The only element h € Hy with p(h)(X)NE # @ and h-T,NT, # 0
is h = 1. Note here and below that G/A canonically acts on X as
p(A) = {1}.

(b) Every h € Hj satisfies p(h)(X) = ¥ and h- T, =Ty,

In this case, the (free) Hy action lifts to M and ¢, descends to an embedding
7q: M/Hy — Y. Note that the conditions in Point 4 (and the groups Hy, Ha)
depend on the choice of q.

Remark 3.3. By varying the chosen basepoint ¢ € Im H in the construction of
Lg in the previous example as well as the ¢ -holomorphic embedding ty;: X —
X, one produces a (up to reparametrisation) (1 + b1(3))-dimensional family
of coassociative immersions (one dimension comes from varying ¢ and by (%)
from varying ¢x). This is of course in accordance with [22, Theorem 4.5] which
implies that the moduli space of coassociative immersions ¢: M — Y is itself
an orbifold of dimension b% (M) =1+ by ().
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It is well-known (cf. [22, Proposition 4.2]) that for a coassociative immer-
sion t: M — Y, the mapping

CTY 3 v M (iyp) € N*T*M

descends to an isomorphism between the normal bundle and A2T*M (the
bundle of self-dual 2-forms).

Definition 3.4. A tubular neighbourhood of the coassociative immersion
t: M — Y is a convex open neighbourhood U C AiT*M of the zero sec-
tion together with an open immersion J: U — Y which restricts to ¢ at
the zero section. Additionally, we demand that for any u € U the image of
9 (I(tw))j=o € *TY in A2T*M under the isomorphism described above is
again u.

Remark 3.5. Subsequently, we may simply use the tubular neighbourhood
induced by the Levi-Civita connection of the ambient manifold Y.

Let now J: U — Y be a tubular neighbourhood. For any w € I'(U) we
denote by J,: M — Y the immersion z — J(w,). Furthermore, we define
Fy: T(U) — Q3(M) by Fy(w) = J%¢. By definition, the immersed submani-
fold J,: M — Y for w € I'(U) is coassociative if and only if Fj(w) = 0.

Proposition 3.6 ([22, Theorem 4.5]). Let J: U C A2 M — Y be a tubular
netghbourhood of a coassociative immersion t: M — Y. Then the map Fj
has image contained in dQQ*(M). Furthermore, there exists a smooth map

N; € C=(T(U),dQ*(M)) that satisfies
Fi3(w) = dw 4+ N3(w)

and such that for each k € Ny and a € (0,1) there is a constant ¢ =
c(J,k, ) > 0 with

IN3(w) = Ns()llere < c(llwllerrra + [Inllcrre) |lw = nllcrra

for any w,n € T(U).

The proof of this proposition except the estimate on Nj can be found
in [22, proof of Theorem 4.5]. As the arguments are short, we have included
them here for the reader’s convenience.

Proof. Since F3(0) = 0 and the cohomology class doesn’t change under ho-
motopies, we have that [Fj(tw)] = 0 € H*(M) for every t € [0, 1]. This proves
the first point.
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For the second point we observe that the Fundamental Theorem of Cal-
culus and F3(0) = 0 imply

F3(w) = DoF3(w) + /01 O Fs5(tw) — Do Fy(w) dt

where DyFy denotes the linearisation of F; at the zero section. It therefore
remains to check that DyFs(w) equals dw and

Ni(w) = /01 O F3(tw) — DoFy(w)dt

satisfies the quadratic estimate.

For every point x € M there exists a vector field v € I'(TY") such that
in an open neighbourhood around x we have w = *(i,¢) and ¢} o ¢ = Jy,
for t € (—¢,¢) where ¢ denotes the flow of v. Since ¢ is closed, we obtain
around x:

DoFy(w) = 0:(t"(¢)* @)je=0 = " d(iv) = dw.

The estimate for Ny is standard but rather lengthy and can be found in
Appendix A. O

Theorem 3.7. Let a € (0,1) be a fized Holder-exponent and 3,7, ¢, R > 0 be
constants with B > 2. Then there are T, c, > 0 depending only on B3,v,¢c, R
with the following significance: Let ¢, ¢y be two closed Go-structures on Y

and t: M — Y be an immersed ¢g-coassociative submanifold with tubular
neighbourhood J: U C Af_M — Y that satisfy

1. BR(O) cU

2. 1*[¢] =0 € H3(M)

5. 113°(6 — do)one < ct?
4o d: (H2)F € Q2(M) = Q3(M) satisfies |w|cze < 7| dwlore,

where (Hi)L denotes the L*-orthogonal complement of the space of har-
monic self-dual 2-forms

5. [Ns(w) = Nsmllere < clllwllcze + [Inlle2e)llw = nllc2e

for some t € (0,T). Then there is a unique section w € T'(U) N (H2)* with
|wllcze < ct? ™ (where ¢, > 0 is determined in the proof) such that J,, is
¢-coassociative.

The analogue statement for associative submanifolds can be found in [5,
Proposition 3.19] and its proof carries over with only minor adaptations. We
have included it here for the convenience of the reader.
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Proof. To ease notation we drop the subscript J and instead write F{g)(w) =
J5¢(0)- Since dig2 (ar): Q3 (M) — dQ*(M) is surjective and image(F(p)) C
dQ?(M) by Proposition 3.6 and the second assumption, we can define

E(w) = d@lﬁ)lmﬂi(M)(Fo(w) — F(w) — My(w)).

By our assumptions there is a positive constant cg = cg(c, R) such that for

every r € (0, R) and w,n € B,(0) C C**T'(U) the following two inequalities
hold:

IE(0)|c2e < cpt’™
IEw) = E(n)llc2e < ep(r + )t |w = nllc2.a.

Therefore, E restricts to a contraction on B,(0) provided that
ce(r+t9t <1 and  cpt? T Fep(r )T <

This holds if we choose T' = T'(3,7, ¢, R) sufficiently small and for ¢ € (0,7)
the radius r == 2cptP 7.

Let now w € B,.(0) be the unique fixpoint of £. By definition, this satisfies
0 =dw+No(w) — Fy(w) + F(w) = F(w)

and gives therefore rise to a ¢-coassociative submanifold (of regularity C%).
For sufficiently small T this section and the corresponding submanifold are
smooth by elliptic regularity (cf. [20, Proposition 7.16]). O

Remark 3.8. If M in the previous theorem is compact and ¢: M — Y an
embedding, then J, will also be an embedding once ¢ is sufficiently small.

3.1. The linear estimate for surface fibrations over tori

The following subsection establishes Point 4 of Theorem 3.7 in the case
of Example 3.2. We quickly review the relevant set-up: Let X be a closed
Riemann surface equipped with a Riemannian metric g5, and &, &3 € R?
be linearly independent. Furthermore, assume that there is a group action
p: (&2,&3)z — Isom(X). Our coassociative submanifold in Example 3.2 was
then defined as

M = (R?* x %) /(&,&)z
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equipped with the induced metric coming from gy and ggz2. We will also need
the following rescaled version:

Mt = (RZ X Z)/<t_1fg,t_1f3>z

for t > 0 where p;: (t71&,t71&3)7 — Isom(X) is given by p(¢). The induced
metric on My is denoted by g;.

Observe that the natural projection py: M; — T2 = R?/(t71&,t7163)7
gives rise to a fiber bundle. The orthogonal complement H; = V- of its
vertical tangent bundle V; = ker(Dp;) defines a flat Ehresmann connection.
This induces a decomposition Q(M;) = @p14—eQP? with QP4 = T'(APH* @
A7V*). Furthermore, the operator d + d*: QF(M;) — QF1(M,) & QF1 (M)
splits into

dg + diy: QP75 QPP @ OP 1 and  dy +df: QP9 — QPTH @ QP

Definition 3.9. We define the following operators acting on Qf(M;):

1. Denote by II; € End(92¢(M;)) the L?-projection onto ker(d 4 d*).
2. For any y € T7, let res,: QP4(M,) — APTIT? ® Q%(p; *(y)) be the
composition

OP9(My) = T(py ' (y), APH” @ ATV*) = APTITE @ Q7 (py ' (1)

3. The operator dy + dj, restricts for every y € T7 to an elliptic operator
on APT;TE ® Q4(p; *(y)). Denote by 7, the L?-orthogonal projection
onto its kernel.

4. Finally, denote by # € End(Q¢(M;)) the operator which maps w €
Qf(M;) to the unique #(w) € QY(M;) with res, 7(w) = m,(res,w) for
every y € T7.

Remark 3.10. In all examples of Section 4 the fiber bundle M; = T? x ¥ is
trivial. In this case QP = QP(T72,Q%(X)) and dy +d}, becomes dx, +d%; acting
upon Q¢(X). The operator #: QP¢ — QP is then simply the L2-projection
onto ker(dy + ds;). Furthermore, dy + djy = dg2 + d7z.

The main result of this section is the following Fredholm estimate:

Proposition 3.11. For every o € (0,1),k > 1 there is a constant ¢ =
c(k, o, My, g1) such that for every t € Rt and w € QY(M,),

[wllgre < (1 +t 1| dw + d*wl|er-1a + [|Tw||gre)-
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For this we use the following results on harmonic forms on R? x 3 and
M; which are an immediate consequence of [28, Lemma A.1].

Lemma 3.12 (23, Corollary 4.13]). Every harmonic w € QY(R? x %) with
|wllco < oo is a sum of terms of the form m @ m2, where n; € QP(R?) is
constant and ny € Q4(X) is harmonic. Identifying the space of constant forms
on R? with A*R? we therefore have

H(R? x £) N CPQYR? x ) = P APR* @ HU(D).

pt+q

Corollary 3.13. The pull-back of the quotient map q;: R%2x X — M, induces
an isomorphism

’HZ(Mt) > @ APR?2 @ HQ(2)<§2u§3>Z’
ptq=¢

where H*(X)24)2 denotes the space of harmonic forms on ¥ invariant under

the action of (£2,&3)z by the pull-back of p.

The next two lemmas prove Proposition 3.11 for elements which respec-
tively lie inside and orthogonal to the kernel of dy + dj,.

Lemma 3.14. For every w € QY(M,)
11 = Mwllore < eofl(d+d7)(1 = T)wllonre

holds independently of t. It even holds on R? x 3.

Proof. We prove the estimate on R? x 3. Since the quotient maps are isome-
tries, this implies the lemma.

Suppose the estimate does not hold on R? x ¥ to produce a contradiction.
Then we find a sequence (wy,)nen C QF(R? x X) with

(1 = Fwnllore =1 and  ||(d + d*)(1 — #)wnllgrora — 0.

Since both expressions are invariant under translations, we can assume that

A 1
(3) (1 - W)wnHC’“ﬂa(Bl(O)xE) > m for every n € N.

By the Arzela-Ascoli Theorem we find a subsequence (again denoted by
(wn)nen) such that ((1—7)wy, )nen converges in CF-! to wy, € CF1QHR2XY).

loc

This limit satisfies dweo + d*wee = 0 (for £ = 1 in the distributional sense)
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and is therefore smooth by elliptic regularity. As ||wso|/cr-1 < 1, Lemma 3.12
implies that ws is a sum of terms of the form 7, ® 79 where 11 € QP(R?)
is parallel and 7o € Q9(X) is harmonic. Therefore, wo = Tws and since
(1 — )w, = 0 for every n € N, we obtain further ws = 7wy = 0. How-
ever, bootstrapping improves the convergence inside B1(0) x ¥ to C** and
therefore [|we [|cr.0 (B, (0)xx) = 1/(4(k+1)) holds by (3). This gives the sought
contradiction. O

Lemma 3.15. For every t € Rt and w € QY(M;) we have
lfwllco < est™ [[(d + d)Fwllco + [Tw]|co,

where c3 is independent of t.

Proof. We first prove the estimate for ¢ = 1 and then for arbitrary ¢ by
scaling.

The estimate for t = 1 follows from Morrey’s inequality and Fredholm
theory.

The estimate for general ¢ € R*: Denote by ®;: M; — M, the map
[(y,2)] = [(t "1y, 2)]. One can check that for any w € Qf(M;) we have

|Piwlg, = Z P (JwP g, 0 @y),
p+q=¢

(d+d)Pjw = @) (dw +t 2 dfj,w + dj,w),
I, ®; = &;1I,,

where wP? denotes the projection onto APH* @ A?V* and where the last
equality uses Corollary 3.13. The following estimate uses [|-||co and [[-[|co
to denote the C%-norms with respect to the metrics g; and g;. Since the
decomposition A“T*M; = @, ,—¢APH* @ AV* is orthogonal, the previous
step implies that for any w € im 7:

HWHC’? - H Z wp,q‘ o= H Z tpq)zﬂwp,cho
ptq=t ¢ ptq=t !

<af@ran X vew | ¥ rmowe| )
ptq=t ! ptq=t !

C?)

ZC3<H 5 tp@det“p’qHCﬁH S ey dgﬁ”p’qHCﬁHHtw\
pq=~ L pHq=~ E



940 Dominik Gutwein

= 03( Z t7 1 d g, wP + Z 1 dj, WP + )
3 e+ 320 7 i - e

=t H[(d 4+ d)wllco + [Tw]lco)- 0

Proof of Proposition 3.11. The Schauder estimate
lwllera < ca(ll(d+ d")wllce-ra + ||wllco)
and Lemmas 3.14 and 3.15 imply
lwllera < es(1+ 7 (I[(d+ d)wllor-ra + [|(d + d*)Fw|lor-ra + [Hw|co).
The observation (d 4+ d*)# = #(d + d*) finishes the proof. O
4. Examples

Let (Yo, qzbo) be a flat Ga-orbifold together with a chosen set of resolution data.
Denote by ¢, the closed Go-structure from Definition 2.5 on the resolution Y;
and by ¢; the torsion-free Go-structure of Theorem 2.7.

Assumption 4.1. Assume that for some element ((X'S,@S,TS), (ps: Gs —
Tsom(Xs))) of the resolution data we have

1. An embedded closed surface tx: ¥ — Xs which is holomorphic with
respect to I = (L, &) for & € S% C ImH.

2. Two linearly independent &,&5 € {51}L N As C ImH such that
p(&2)(2) = X = p(&)(X). Here Ag is the lattice Gg N ImH < Im H.

Proposition 4.2. For every triple (X,&2,&3) as in Assumption 4.1 and for
every choice of basepoint ¢ € ImH there exists a T > 0 (independent of
q) such that there is an immersed ¢.-coassociative submanifold vy: M — Y,
fort € (0,T). As t approaches 0, the induced volume on M shrinks to 0.
Furthermore, if (Gg, ps), (3,&2,&3), and q satisfy Points 3 and 4 listed at the
end of Example 3.2, then there exists a free group action of Hy < Gg/Ag
(as specified in Example 3.2) such that 1y descends to an embedding of M/ Ho
once t is sufficiently small.

Proof. Throughout the proof we work with the rescaled Go-structures ¢3¢,
and t3¢;. Example 3.2 gives rise to an immersed (t_3gz~5t)—coassociative sub-
manifold 7;: M — Y;. Let J: U — Y; be its tubular neighbourhood induced
by the Levi-Civita connection associated to t~2§,. Without loss of generality
we may assume that J(U) C V where V is as in Definition 2.5.
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The compactness of M, Theorem 2.7, and Proposition 3.11 imply that
there exist ¢- and g-independent constants ¢ > 0, R > 0, f :=5/2, and v :== 1
such that the first three points in Theorem 3.7 are satisfied. (All C**-norms
are hereby taken with respect to t72g; and we tacitly assume o < 1/16.)
Furthermore, one can check that in our set-up the estimates in Lemma A.2
are independent of ¢. Thus, by enlarging c if necessary we may assume that
the fourth point is also satisfied. We therefore, obtain a (t~3¢;)-coassociative
submanifold (or analogously, a ¢;-coassociative submanifold) ¢,: M — Y,
contained in V that satisfies

||Lt - ’[Tt||cf’:§~ S Cut3/2 and ”Lt - FLthcst,oz S C'utl/Q—a,
gt

Direct inspection reveals that with respect to the family of metrics g (and
therefore also with respect to g;) the fibers of M collapse to points as ¢ tends
to 0.

If (Gg, ps), (X,&2,&3), and ¢ satisfy the conditions given in Points 3 and 4,
then there exists a free Hyo-action on M under which z; and the tubular neigh-
bourhood chosen above are invariant (cf. Example 3.2). By the uniqueness
of the section in Theorem 3.7, ¢; is also invariant under H; and descends
therefore to 7;: M/Hy — Y;. This is just a perturbation of the embedding
T:: M/Hy, — Y, (cf. Example 3.2) and therefore also an embedding once ¢ is
sufficiently small. O

Remark 4.3. The previous proposition produces coassociative submanifolds
by perturbing the model-immersion from Example 3.2. This requires the
choice of a basepoint ¢ € ImH. By varying this basepoint Proposition 4.2
produces a (up to reparametrization) 1-dimensional family of coassociative
immersions.® Since b2 (M) = 1 (as b(X) = 0 for all immersed (holomor-
phic) Riemann surfaces in ALE hyperkédhler 4-manifolds), all coassociative
deformations of ¢;: M — ¥; are obtained this way (cf. Remark 3.3).

Example 4.4. Joyce [12, Examples 7-14] constructs seven examples of flat
Gq-orbifolds whose respective singular strata are all given by tori: S = T3.
More precisely, neighbourhoods of the singularities in all these orbifolds are
described by Example 2.1 with X = H/I'g for I'g = C5. The corresponding
Bieberbach groups are given by lattices Gg = Ag = Z3 (whose exact form
are irrelevant for our purpose) and the group actions pg: Gg — Isom(H/T's)

are trivial.

3To make this statement rigorous one could use a family version of Theorem 3.7
as in [5, Proposition 3.19].
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All these singularities can be resolved via Gibbons—Hawking spaces. This
requires a choice of ¢ € A° (cf. Section 2.2.1). To simply find some resolution
data, any such choice suffices.

In order to construct coassociative submanifolds, we pick for every sin-
gular stratum S two primitive elements &, &3 € Ag. Furthermore, we choose
¢ = [~(1,¢G] € A° with 0 # ¢ € {&,&}+. The corresponding Gibbons—
Hawking space X contains a holomorphic sphere ¥ such that (X, &, €3) and
any choice of ¢ € Im H satisfy the conditions of Proposition 4.2. Furthermore,
Points 3 and 4 of Example 3.2 are satisfied with Hy = {1} (as G/A = {1}).
We therefore obtain embedded coassociative submanifolds in all the critical
loci.

Remark 4.5. Joyce [12, Examples 3, 4, 5, 6, 15, 16] constructs further examples
of flat Gy-orbifolds whose transverse singularities are modelled upon H/T'g
for T's € {Cq, C5}. [5, Examples 4.3, 4.4, 4.9] describes possible choices for the
resolution data and points out holomorphic spheres inside the corresponding
Gibbons-Hawking spaces. It is not difficult to check that every singular stra-
tum of these orbifolds admits at least one choice of resolution data such that
Proposition 4.2 gives rise to an embedded coassociative submanifold in the
resolution.

The following examples all treat Go-orbifolds constructed in [24, Sec-
tion 5.4.3]. A neighbourhood of the singular strata in all these orbifolds can
be described by Example 2.1 together with the data in Table 1. For this we
list:

e The diffeomorphism type of the singular strata S.

e The orbifold group I's such that the transverse singularity is modelled
upon Xg :=H/I'g.

e The generators of the Bieberbach group Gg as follows: Every Gg is
generated by the lattice Ag = (i, j, k) C Im H. Furthermore, we indicate
whether the following two additional generators appear (v/ = appears,
X = does not appear):

ok .
<R+,Z—; ) and (R,%)

where Ry € GL(Ag) = GL3(Z) are given by

(4) Re=[0 F1 0
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Table 1: Description of those singular strata appearing in [24, Section 5.3.4]
which were not treated in [5, Section 4]. For each stratum the Bieberbach
group Gy is generated by Ag = (i, 7, k) C ImH. Whether the two additional
generators (Ry, “t%) and (R_, %) (for Ry as in (4)) appear is indicated (v =
appears, X = does not appear). The homomorphism pg: Gg — Isom(H/T's)
maps Ag to Id and the other generators as indicated. A neighbourhood of
any singular stratum is then described by Example 2.1 together with the
respective data of this table

Gs and ps: Gg — Isom(H/T'g)
R, 3k) with R_, 1) with
#l08 s | abl S | ssch i b
1. || T3/C2 | Cy v v
2. || T30y | C4 X v
3. || T3/C2 | Cs v v
4. || T3/C3 | C4 v v
5. || T3/C3 | Cs v v
6. || T3/C2 | Dics v v

e The action pg: Gg — Isom(H/T'g) of the generators of Gg as follows:
The lattice Ag acts trivially in all examples. Furthermore, (R, ZJ“k) and
(R_,%) act (whenever they appear as generators) via pg (R, 5%)[q] =
ligi] and ps(R_, %)[q] = [jqj] for [q] € H/Ts, respectively.

Example 4.6. Reidegeld [24, Section 5.3.4] constructs an example of a flat
Go-orbifold whose singular strata split into two types. Both types can be
described via Example 2.1 together with the data of rows 2 and 3 in Table 1,
respectively.

These singularities can be resolved by Gibbons-Hawking spaces. This
requires a choice of parameter ¢ € A° (cf. Section 2.2). All parameters such
that the Gg-action lifts to the Gibbons-Hawking space X can be found in
Appendix B.

The parameter ¢ = [—i,0,4] works for both types of singularities. The
corresponding Gibbons-Hawking space contains two I;-holomorphic spheres
which together with & = j, & = k, and any choice of ¢ € ImH satisfy
the conditions of Proposition 4.2. Thus, the resolution admits coassociative
submanifolds in all the critical regions.

The conditions stated in Points 3 and 4 of Example 3.2 are satisfied by
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the above choices. However, the group Hs in Point 4 depends on the value
of the basepoint ¢ which we set as ¢ := si with s € R in the following. For
the resolution of the singularities described by row 2 we then have Hy =
C, if and only if s € 37Z and for all other values H, = {1}. Note further
that the coassociatives for ¢ = si, ¢ = (s + 1)i, and ¢ = —si all agree (up
to reparametrisation) in Y;. The family of coassociative submanifolds that
we obtain by varying ¢ (cf. Remark 4.3) is therefore parametrised by the
interval [0,1/2] (more precisely, by S'/Zy where Zy acts via reflection). For
all inner points s € (0,1/2) the corresponding submanifolds are embedded
and for s € {0,1/2} they factor through double cover over embedded rigid
coassociatives.

Similarly, the coassociatives inside the resolution of the singularities de-
scribed by row 3 are embedded for ¢ == si with s ¢ %Z and factor through
a double cover over an embedded submanifold for these critical values. Fur-
thermore, coassociatives for ¢ = si,q = (s + 1/2)i, and ¢ = —si are (up to
reparametrisation) identified in Y;. As before, we therefore obtain that the de-
formation family is given by the interval [0, 1/4] with embedded coassociatives
for s € (0,1/4) and double covers for s € {0,1/4}.

Example 4.7. Reidegeld [24, Section 5.3.4] constructs an example of a flat
Gg-orbifold whose singular strata split into two types. Both types can be
described via Example 2.1 together with the data of rows 1 and 4 in Table 1,
respectively.

We choose a set of resolution data by a collection of certain Gibbons—
Hawking spaces. This requires choices of the parameter ¢ € A° (cf. Sec-
tion 2.2). All parameters such that the Gg-action lifts to the corresponding
Gibbons-Hawking space X can be found in Appendix B.

As an example, we pick the following:

1. ¢ = [—i,14] for strata of type described by row 1. The corresponding
Gibbons-Hawking space contains one I;-holomorphic sphere which to-
gether with & = 7, & = k, and any basepoint ¢ € Im H satisfies the
conditions of Proposition 4.2. As in Example 4.6, these are embedded
for generic choices of ¢ € Im H and otherwise factor through a double-
cover over an embedded rigid coassociative.

4. ¢ = [—2i,—1,1,2i] for strata of type described by row 4. The associ-
ated Gibbons—Hawking space contains 3 I;-holomorphic spheres which
together with & = j, & =k, and any ¢ € Im H satisfy the conditions
of Proposition 4.2. The resulting submanifolds are again embedded for
generic ¢ and factor otherwise through double-cover over embedded
coassociatives.
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Example 4.8. Reidegeld [24, Section 5.3.4] constructs an example of a flat
Go-orbifold whose singular strata split into four types. All types can be de-
scribed via Example 2.1 together with the data of rows 1, 2, 3, and 5 in
Table 1, respectively.

All singularities can be resolved by certain Gibbons-Hawking spaces. This
requires choices of the parameter ¢ € A° (cf. Section 2.2). All parameters such
that the Gg-action lifts to the Gibbons-Hawking space X can be found in
Appendix B.

The singular strata described by rows 1-3 have been treated in the pre-
vious examples. For the strata of type 5 we may exemplary pick the ele-
ment ¢ = [—3i, —2i, —1, 1, 21, 3i]. The corresponding Gibbons-Hawking space
contains five I;-holomorphic spheres. Each one of these together with & =
7,&3 = k, and any ¢ € ImH satisfies the conditions of Proposition 4.2. As
in Example 4.6, these are generically embedded and factor otherwise through
double-cover over embedded coassociatives.

Example 4.9. Reidegeld [24, Section 5.3.4] constructs an example of a flat
Gg-orbifold whose singular strata split into four types. All types can be de-
scribed via Example 2.1 together with the data of rows 1, 3, 4, and 6 in
Table 1, respectively.

Singularities of types described by rows 1, 3, and 4 have been treated in
the previous examples. We therefore focus on the strata determined by row
6. A resolving ALE space can be constructed via Kronheimer’s method and
requires a choice of parameter ¢ € A° (cf. Section 2.2.2). All parameters such
that the G's-action lifts to the ALE space X can be found in Appendix B.

For example, ¢ = [0, 14, 2i, 37, 4i] works and the corresponding ALE space
contains 5 I;-holomorphic spheres (cf. Section 2.2.2). Each one together with
& =7, & =k, and any choice of ¢ € Im H satisfies the conditions of Propo-
sition 4.2 and gives rise to a coassociative submanifold. The lift of the action
of p(R_, %) to X¢ fixes four of these spheres and maps the fifth sphere to one
that does not intersect the original sphere. One of the resulting coassociative
submanifolds is therefore embedded for every ¢ € ImH and the other four
behave as in Example 4.6.

Remark 4.10. Reidegeld [24, Section 5.3.4] constructs two further examples
of orbifolds whose transverse singularities are modelled on H/T'g for I's €
{C4, Cy4, Dica}. These are treated in [5, Examples 4.5 and 4.6] and we remark
that Proposition 4.2 produces coassociative submanifolds in all critical loci.

Remark 4.11. In [16] Joyce and Karigiannis extended the generalised Kum-
mer construction to certain non-flat Ge-orbifolds. If similar estimates as in
Theorem 2.7 continue to hold, then it seems plausible that the construction
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method for coassociative submanifolds presented in the current article can be
extended to these new manifolds.

Remark 4.12. Assume for simplicity the following situation: Let (Yp, ¢g) be a
flat Go-orbifold whose singularities are all modelled upon 7% x H/Cy where
T3 = ImH/Z? (this is for example the case in [12, Example 3]). These sin-
gularities can be resolved by Gibbons-Hawking spaces X for any choice of
parameter ¢ = [—x,2] € (ImH \ {0})2/{%1}. However, in order to apply
Proposition 4.2, we need the line ¢ := Rz to intersect Z3> C ImH (this is
precisely the second condition of Assumption 4.1). The following regards the
situation where this condition fails:

Assume that € ImH\ {0} is such that the line Rz C ImH is ‘irrational’
(i.e. does not intersect Z*). Then one could approximate x by a sequence
(n)nen C ImHN\{0} such that all corresponding lines Rz, are rational (i.e. do
intersect Z3). For each resolution by 7% x X¢, with ¢, = [—2y, z,] We obtain a
¢-coassociative submanifold M,, C Y, fort < T, by Proposition 4.2. However,
as n — oo we have that T,, — 0. Thus (after rescaling) these coassociatives
only converge to a (non-compact) coassociative inside the limiting R3 x X¢ for
¢ = [~x, x]. One might however hope that once x,, — = converges sufficiently
faster than 7, — 0, then some instance of this limiting coassociative is
already visible inside the resolution by the irrational 7% x X, shortly before
the orbifold limit is reached.

Unfortunately, Theorem 3.7 seems to be of little help when addressing
this question. This is because the two Ga-structures ¢;((,) and ¢;(¢) on Y,
constructed by resolving respectively with a rational (,, and the irrational
¢ lie in different cohomology classes. The ¢;((,)-coassociatives constructed
in Proposition 4.2 can then not be perturbed further to ¢;({)-coassociatives
because the second condition of Theorem 3.7 is violated.

Appendix A. The quadratic estimate

This section establishes the quadratic estimate for the map Nj in Proposi-
tion 3.6.

Lemma A.1. Letv,w € I'(TM) be vector fields andn € Q“(M) be an {-form.
Then the following identities hold for any torsion free connection V:

Lyn = Vyn + (Vw An)

4See [2] for an overview on the measure-theoretic properties of irrational numbers
that are approximable by rationals with a given rate.
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Lo Lyt = Vo Vun + (Vo AVyn) + (Vi w An)
+ (Vo AVyn) + (Vo A (Vw An))

where { - A - ): T*M @ TM & A*T*M — A*T*M contracts the second and
third TM QT*M = R component and takes the the wedge product afterwards.
Furthermore, V?)’w = V,Vu — Vv, denotes the second covariant derivative.

Proof. Since V is torsion-free, the equality

(£w77)(u17 SRR uk) = (an)(ul, c. ,uk)
+ Z(—l)iﬂn(vuiw, U, .- .ﬁi, ey ’U,k>

holds. This is the first identity and the second is proven similarly. O

Recall from Section 3 that ¢ M — Y is a coassociative immersion
equipped with a tubular neighbourhood J: U — Y. Furthermore, let Fj
and Nj be defined as in Proposition 3.6.

Lemma A.2. Let u,v,w € I'(U). The second derivative of Fy can be esti-
mated by

[(DuDFy)(v)(w)l[ o < (14 [[ullgrrra)|vllcreralfw] crre

where the differential is a map DF;: T(U) — Hom(Q%(M),Q*(M)) and
accordingly, (D, DFy)(v) € Hom(Q2 (M), Q3(M)).

Proof. Lift the sections v,w € T'y(U) to vector fields v, € T'y(TU) via
d(um) = Lum, + tv(m)—o where m € M denotes the basepoint of u,, (and
analogously for ). Denote their respective flows by ¢?, and ¢®. Then

(DuDFy)(v)(w) = 8:0sFy(u+ tv + sw) = d:dsu”(¢}) " (07)* (I°9)
== u*ff,fﬁ,(.]*¢).

Thus, [[DuDF5(v)(w)l|lcre < cif| Dullore || £o£s(3*0)]| cre-

The connection on AiT*M induces a decomposition of the tangent bundle
TU into vertical V' and horizontal component H. The vertical part of the
differential Du € T'(Hom(T M, u*TU)) is given (up to the identification of u*V'
with AiT*M ) by Vu and the horizontal component is up to the identification
u*H = TM given by the identity map. Therefore, ||D,DF;(v)(w)||cre <
(1 + [IVullgre) | £ Lo (T 0)]| cre
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To estimate the Lie derivative, we invoke the previous lemma. The only
two terms that might require an explanation are V;V;(J*¢) and (V%ﬁ) A
(J*¢)). The first can be estimated by

VeV (370) [[cne < [ia(VaV (I70))llere + [V e,0(3°¢)) oo
< esf|wl|erel[vlore (IVV (I 0)cra +[[V(I*9)l|cre).
Note that in the second line there is no additional derivative of @ coming
from V. This is because (V@) (uy,) only depends on v(m) and w(m). (In

fact, one can define a map ®: U xy U — TU by (uy,uz) — Vg, o.)
Similarly,

(Ve w A (TN lere < calllvllorallwllora + [ollorawlera) |7 @llore

which together with with the observation that ||J*¢||cr+2.« is bounded finishes
the proof. O

Proposition A.3. The quadratic estimate
[N3(v) = Ns(w)llera < (1 + [[v]lersne + [[w]lorsre + [[v—w][grera)
X v —wllerra([[v]|grira + Jw]ora)
holds.

Proof. This follows immediately from the previous lemma and

N3 (v) / Dy F3(v —w) — DoF3(v — w)
DtvFJ thFJ)(’LU) dt

:/0 /O(DSUDFJ)(’U)(’U—’IU)

+ (Dwts(—w) DF5) (v — w)(w) ds dt. O
Appendix B. Resolution data for Reidegeld’s orbifolds

In this section we describe how to construct resolution data for the Go-
orbifolds of [24, Section 5.3.4] that were used in Section 4. A neighbourhood
of the singular strata in all these orbifolds can be described by Example 2.1
using the data from Table 1 (cf. Section 4).

The resolution data for singular strata which are described in rows 1.-5.
of Table 1 can be constructed via the Gibbons-Hawking Ansatz (cf. Sec-
tion 2.2.1) or, equivalently, via Kronheimer’s construction (cf. Section 2.2.2).
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Recall that in order to obtain a smooth manifold we need to choose for either
method a parameter ¢ from

A° = {[C1,...,¢n] € MmHE)N /Sy | G +---+ (v =0and G # ¢ for i # 5}

To lift the action of Gg we need to restrict further to the following sets:

L (AR {6, Ry i) € A° | G e ((Rf) U (RR)Y) \ Ri}U
=G, G € A% | G € Ri}
(AN {0, G, —R-G € A [ G € (R)), G ¢ (Rj) U
{[¢1, &, 3] € A° | (1, G2, G5 € (R) T}
3. (AR —{[(1, G, Ry o] € A° | (1 € R,
(2 € ((Rj)* U (RE)*) \ Ri}u
{l¢1, G, G € A° | (1, ¢2, G5 € Ri}
4. (AR =[G, Ry —R_G, —RyR_(1] € A° |
(1 ¢ (Rj)" U (RE)T U
{61, Ry G, G2, Ry Qo] € A® |
(1,62 € (Rf) U (RR)H) \ Ri}U
{[¢1,Ca, G3, RiG3) € A |
(1,6 €Ri, G € (R)F U (RE)Y) \ RiJU
{I¢1, ¢, G5, Ca) € A° | (1, G2, (3, Ca € Ri}
5. (A°)F ) —{[¢1, RiG1, Go, Ry Go, —R-Go, —R{R_G] € A° |
1€ (R)*F U (RK)Y) \ Ri,
(2 ¢ (Rj)" U (RE)}U
{l¢1,¢2, G5, Ry(3, —R_(3, —R{ R_(3] € A” |
(1,6 €RIL G ¢ (R))F U (RE)FIU
{[¢1, RyCr, G2, Ry G2, (3, Ry (3] € A |
(1,62, G € (Rf)H U (RR)T) \ RiJU
{[¢1, C2, (3, B3, Ca, Ry Ca] € A |
(1, € R, G, G € (R)F U (RE)T) \ RitU
{I¢1, €2, 3, Ca, G55 Ry G5) € A
C1,G2,(3,C4 € Ry,
(s € ((Rj)* U (RE)™) \ Ri}u
{61, ¢, (3, €, G5, Go) € A° | Ci, G2, (35 Ca, G5, G € Ri}

[\
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To resolve singular strata described in row 6. of Table 1 we need Kron-
heimer’s construction as reviewed in Section 2.2.2.
The root system of D5 is given by (cf. [3, Chapter VI1.4.8])

d={te;Le; R |i£je{l,...,5}}
and one possible choice of simple roots consists of
o =e;—epp fori=1,...,4 and a5 = e5+ eq4.

Its Weyl group W = C4 x S5 acts on R® by permuting and changing the
signs of an even number of coordinates. Thus, in order to obtain a smooth
manifold, we must choose the value of the moment map from

A° ={[G,...,¢] € (ImH)* @ R)/W | ¢ # £(; for i # 5}

In order to lift the action of Gg, we need to restrict further to a value
which is invariant under the A? pg(g) ® Ad*cps » for any g € Gg. Here is
how one can understand the action Ad*cps(g> : b — b (under the identification
h = R via the inner product): Let (R1, p1), ..., (Rs, ps) be irreducible (non-
trivial, complex) representations of Dicg which are pairwise non-isomorphic.
Identify the set {(R1, p1), ..., (Rs, ps)} with {aq, ..., a5} asin [18, Section 2].
Then Adéps(g) acts on {oq,...,a5} = {(R1,p1),...,(Rs,p5)} by mapping
(Ri, pi) to the irreducible representation R; = (R;, p; o Cpyg)) (Where we
precompose the representation with conjugation by ps(g) € Nsogmy(Dics)).
The map Ad*cps " h — b is the linear extension of this action.®

One can then check that Adg ~=1and Adg k)

pg(R_,%) ps(Ry, 5
o5: R® — R is the reflection (x1,...,25) + (21,..., 74, —5). In order to lift
the action of Gg, we therefore need to choose a parameter from the following
set:
6. (A%)Feosh e ={[¢1, Re Gl R-Giy Ry R-(1, Qo] € A° |
1 ¢ (Ri)* U (Rj)* U (RE)" and ¢ € Rj} U
{[Ch RCLCL C27 Rb<27 €3] € A° ’
G, G2 € ((Ri)- U (Rj) ™ U (RK))
\ (Ri URj URE),

= 05, where

5This can be seen when using the isomorphism 7: 3* — b in [18, Equation (2.7)].
Note further, that [18, Proposition 4.1] implies that 7 and the isomorphism in [18,
Section 4] only differ by a conformal transformation.
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R,,Ry € {Ry,R_,R R_}, and (3 € Rj} U
{[¢1; RaCr, Ca, tGa, (3] € A° |
(1 € ((Ri)" U (Rj)* U (RE)™)
\ (Rt URj URKE),
R. € {Ry,R_.R R},
G € RIURjURK,t € R\ {—1},
and (3 € Rj} U
{[¢1, RaC1, (2, (3,0] € A° |
G € ((R)- U (Rj)™ U (Rk)™)
\ (Rt URj URKE),
R, € {Ry,R_,R{R_},{ € R,
and (3 € Rk} U
{[¢1,t1C1, G, t2Co, (3] € A° | (1, G2 € RiURj URKE,
t1,t € R\ {—1}, and (3 € Rj} U
{[¢1,t¢1,C2,(3,0) € A° | (1 € Ri URj U RE,
t € R\ {—1},( € Ri, and (5 € Rk}
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