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1. Introduction

Following Semenov-Tian-Shansky [STS83], one defines a (classical) R-matrix
over a Lie algebra g over a field F as an element R € Endp(g) satisfying the
modified Yang-Baxter equation (a,b € g)

(1.1) [R(a), R(b)] = R([R(a), b]) — R([a, R(b)]) + [a,b] = 0.

The basic example is provided by a decomposition of g in a sum of two
subalgebras g, and g_, such that g, Ng_ = 0, by letting

(1.2) R=1I, —TI_, wherelly:g— g4 are projections.

Oevel and Ragnisco [OR89] and independently Li and Parmentier [LP89]
used this R-matrix in the case when g is a unital finite dimensional associative
algebra, endowed with a non-degenerate trace form Tr : g — F, and viewed
as a Lie algebra with the bracket [a,b] = a ob — bo a, where a o b is the
associative product in g. Namely, they construct a triple of Poisson brackets
{-,}E i =1,2,3, on S(g) as the coefficients in the expansion (a,b € g)

(0,0 = 2 3 (ke Te(u))(w/ -+ Te(u) (a, (w0 o uy)]
—[b, R(u; o a o uj)])
= {a,b}5 + 2¢{a, b} & + *{a, b}

(1.3)

Here {u;}icr and {u'};c; are dual bases of g with respect to the trace form
(alb) = Tr(a o b), and € € F. Identifying g and g* using the trace form, we
obtain the following expression for arbitrary f,g € S(g):

RO ST (Lo lduf, R((L + 1) o drg o (L + 1))
. —%Tr (Lo[dLg,R((L—l—dl)odeo(L+ell))]>,
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where L € g* Z gand dpf = Y c; 2 Em L(L)u,.

Furthermore, they showed that the subalgebra of Casimirs S(g)2d¢ is
commutative with respect to all three Poisson brackets. This leads to the
following family of compatible Hamiltonian ODE (C' € S(g)249, 4,5, h, k € I):
(1.5)

du]' . . .
del == Z uz, uj)| — [U]aR(uz)])’

zEI
du; GC
%u; S l;j 8% h ([wi, R(up o uj + uj oup)] — [uj, R(up o u; + u; oup)l) ,
a2 thEI oY ([ui, R(un 0 uj 0 up)] = [uj, R(up o u; 0 ug)]) .

Taking the Casimirs (k € Z>1)
1 i in
(1.6) Ck:E Zuil...uikTr(u o---ou'*),
i1 ool

we obtain the following triple Lenard-Magri scheme for the time evolutions
tki, K € Z>1 and ¢ € I, of Hamiltonian ODE with respect to the Poisson
structure {-, ~}f, ji=1,23:

du; du; '
1.7 J J _ Y SR 1 ugl.
( ) dtk+171 dtk,Z dtk 1,3 Z Uiy ulk U u ) ’LLJ]

i Lyeoey Zh

In the present paper we start by giving a self-contained exposition of the
Oevel-Ragnisco (OR) theory (see Sections 2-3). In the subsequent Sections 4-
6 we extend this theory to the infinite-dimensional case of Hamiltonian PDE.
(Some authors applied the theory to the infinite-dimensional case without
any justification, see e.g. [BM94] and [KO93].)

We consider again a unital associative algebra A with a non-degenerate
trace form, but the relevant R-matrix is over the associative algebra g =
F((071)) ® A, where F is a differential algebra over F of “test functions”
and F((071)) is the algebra of pseudodifferential operators with coefficient
in F. We require only the existence of a linear functional | : 7 — F, which
vanishes on 0F and such that the bilinear form [ fg is non-degenerate in F.
The three most important examples of R-matrices are special cases of (1.2)
(for an infinite-dimensional g). Namely, for k& € Z>( we consider the direct
sum decomposition as left F-modules

g= (}"[8]8"“ ® A) @ (f[[a—lnak—l ® A) ,
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and denote by I and I1_ the projections on the first and second summand
respectively. The first summand is always an associative subalgebra, but the
second summand is an associative subalgebra only for £ = 0, 1, and a Lie
subalgebra for £k = 2, provided that A is commutative. The corresponding
R-matrices are denoted by R©, R and R® respectively.

Fix dual bases { Ey }aer and {E“}4er of A with respect to the trace form,
and let, for N € Z, Vy be the algebra over F of differential polynomials in
the indeterminates uz(fo)é, where n € Z>g, p > —N — 1, a € I, with derivation
0 defined by 8u§]2 = ugf; Y. We denote by Voo the inverse limit lim Vy for

N
the homomorphisms 7y : Vy — Vn_1 defined by WN(u(Z)V_La) = (0 and
TrN(uz(fo)é) = ug,g forp>—-N -1

In order to develop an infinite-dimensional version of the OR theory we
need to introduce the notion of a continuous Poisson vertex algebra (PVA)
structure on V;. Besides the usual properties of a PVA A-bracket {- -} on
Voo it should satisfy the continuity property: for every N € Z there exists
sufficiently large M € Z such that 7wy (f) = 0 or mp(g) = 0 imply that
7n{frg} = 0 (the Jacobi identity makes sense only under the assumption of
continuity).

The differential algebra Vo plays the same role in the “affine” OR theory
as S(g) plays in the finite-dimensional OR theory. By analogy with the latter
we write down formula (5.41) for the bracket on the space Voo /0Vao, which
leads to formula (5.42), which defines the corresponding A-bracket on Vao.

We encode all the differential variables wy, , of Vo in a generating series

L(z) = Z up,az_p_l ® EY e V;[[z, A,
pEZ,acl

and deduce from (5.42) the following explicit formula for the A-bracket
(cf. (5.47))
(1.8)

{L1(2)rLa(w)}
—%Q(<L1<w+A+a>+eﬂ>(\C_MLl(z))Rg (06— (e g Lo (w) +€l)
— (Li(w + A+ 8) + 1) R (3(2 = €))|o_yy a0 Lo (A = 2)(La(w) + 1)

+ Li(w+ X+ 9)(L1(2) + €1) Ry, (0(¢ — w)) (‘(:Z—A—a[’;()‘ —z) +€l)

— (La(2) + DR — ) ([ pL3A = 2) +€1) g_IU%)LQ(ILJ)) ,
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where Q = Y . E* ® E, and, as usual, L1(z) = L(z) ® 1 and Le(w) =
1®L(w). Also, by R,(0(z—w)) we denote the symbol of the pseudodifferential
operator R(6(0—w)). We call equation (1.8) the e-Adler identity associated to
the R-matrix R since the coefficient of 2¢ in {- y }*¢ for R = R©® and A = gly
coincides with the Adler identity for gly, which appeared in [DSKV16] and
[DSKV1S].

We prove that, for R = R®, RW and R®, the e-Adler identity defines
a continuous PVA A-brackets on V; and, for R = RO, it defines three
compatible continuous PVA A-brackets on Vs, (see Theorem 5.10).

Due to the e-Adler identities, ho = 0 and h, = —+ ResTr L"(z)dz,
n € Zs>1, are densities of Hamiltonian functionals in involution, defining a
compatible hierarchy of Hamiltonian PDE, satisfying the relations
(1.9)
dL(w)

dt,

= { [ hn, L(w)}< = %[R((Heﬂ) o L" Vo (L+el)), L)(w), n € Zso,

It follows that we have a triple Lenard-Magri relation

[ ety L)Y = { Pl ()} = {fhne, L(w)}
(1.10) 1
= §[R(Ln), L] (w) , ne& Zzl .
Equation (1.10) is the affine analogue of equation (1.7).
In Sections 6-10 of the paper [DSKVW19] an analogue of the Adler-Oevel-
Ragnisco type operators for multiplicative PVA was introduced and applied
to the integrability of differential-difference equations.

Throughout the paper all vector spaces, Hom’s and tensor products are
over a base field IF of characteristic zero.

2. Classical R-matrix over a Lie algebra

Definition 2.1 ([STS83]). A (classical) R-matriz over a Lie algebra g is an
endomorphism R € End(g) satisfying the modified Yang-Baxter equation:

(2.1) [R(a), R(b)] = R([R(a), b]) — R([a, R(b)]) + [a,b] = 0.

Example 2.2 ([STS83]). Suppose that we have a direct sum decomposition
(as vector spaces) g = g+ @ g—, where g4 C g are two subalgebras of the Lie
algebra g, and denote by Il : g — g4 the corresponding projections. Then,

(2.2) R:=T — T,
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is an R-matrix over g. Indeed, denoting ar = Il4(a) and by = I1.(b), we
have

[R(a), ] + [a, R(b)] = 2[ay, by] — 2[a—,b_],
so that

(2.3) R([R(a),b] + [a, R(D)]) = 2[at,bs] + 2][a—,b_].
On the other hand,
(2.4) [R(a), R(D)] = [a4,b4] — [ay, b-] — [a—,by] + [a—,b_].

Equation (2.1) follows immediately from (2.3) and (2.4).
Lemma 2.3 ([STS83]). If R is an R-matriz over the Lie algebra g, then

(2.5) [a,b]r := [R(a),b] + [a, R(b)]

is a Lie algebra bracket on g.

Proof. The bracket (2.5) is obviously skewsymmetric, so we only need to prove
the Jacobi identity, i.e. that the sum over cyclic permutations of [a, [b, ¢|r|r
vanishes. By equation (2.1) we have

[a7 [b7 C]R]R
= [R(a), [R(b),d]] + [R(a), [b, R(c)]] + ([a, R([R(b), c]) + R([b, R(c)])])
= [R(a), [R(b),c]] + [R(a), [b, R(c)]] + ([a, [R(b), R(c)]] + [a, [b, c]]) ,

and the sum over cyclic permutations of the above sum is zero due to the
Jacobi identity for the commutator in g. O

For example, if R = 14, we recover the original Lie bracket of g multiplied
by the factor 2.

Lemma 2.4. Let (-|-) be a non-degenerate, symmetric, invariant bilinear
form on the Lie algebra g, let R € End(g) be an R-matriz over g, and let R*
the adjoint of R with respect to (-|-).

(a) Each of the following identities is equivalent to the modified Yang-
Baxter equation (2.1) for R:

(2.6)  [R(a), B*(b)] = R*([R(a), b]) + R*([a, R*(D)]) = [a,0] = 0,



Adler-Oevel-Ragnisco type operators and Poisson vertex algebras 1187

and
2.7)  [R*(a), R(b)] + R*([R*(a),b]) — R*([a, R(D)]) — [a,b] = 0.

(b) The antisymmetric part (R — R*) € End(g) is also an R-matriz over
g if and only if the following equation holds:

(2.8) [R*(a), R*(b)] + R([R*(a),b]) + R([a, R*(b)]) + [a,b] = 0.

(¢) Equation (2.8) implies the following identity:
(2.9) % > sign(o)([R*(a), R*(b)]|c) = —([a, bl|c) ,

where the sum is over all permutations of a,b,c and sign(o) is the sign
of the permutation.

In (2.9), and throughout the remainder of the paper, in order to simplify
notation, we write

(2.10) Z sign(o) f(a,b,c),

in place of > _sign(o)f(o(a),o(b),o(c)).

Proof. Pairing the modified Yang-Baxter equation (2.1) with ¢ € g, we get
(2.11) ([R(a), B(b)]|c) = (R([R(a),b])|c) — (R([a, R()])c) + ([, b]|c) = 0.

By the definition of R* and the invariance of the bilinear form (- | -), we have

([R(a), R(D)][c) = (al R*([R(D), c])) ,
(R([R(a),b])|c) = (alR*([b, B*(c)]))
(R([a, R(V)])|e) = (al[R(b), R*(c)])
([a, blle) = (al[b, c]) -

Hence, (2.11) gives

(al B ([R(b), c])) = {al B ([b, B*()])) — (al[R(b), R*(c)]) + (al[b,c]) = 0,
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which is the same as (2.6), with b and ¢ in place of @ and b. Equation (2.7) is
obtained from (2.6) by exchanging the roles of a and b and using skewsym-
metry. This proves part (a). Let us prove part (b). Writing the modified
Yang-Baxter equation (2.1) for the operator (R — R*), we get

[R(a), R(b)] — [R(a), B*(b)] — [R"(a), R(b)] + [R(a), R*()]

— R([R(a),b]) + R*([R(a),b]) — R*([R*(a),b]) + R([R"(a), b])
— E([a, R(b)]) — R*([a, R*(D)]) + R*([a, R(b)]) + R([a, R (b)])
+ 4[a,b] = 0.

+
(2.12)
+

Hence, in view of equations (2.1), (2.6) and (2.7), equation (2.12) reduces
to (2.8), proving (b). Finally, we prove part (c). We have, by the definition of
R* and the invariance of the bilinear form (- |-),

5 sign(o) (R (o). B* (b))
= ([B"(a), R*(D)][e) + ([R*(b), R (c)l|a) + {[R"(c), B*(a)]|b)
= ([B(a), B*(0)][e) + (R([a, B*(D)])]c) + (R([R*(a),b])|c)
= —(la, bl|c) -
For the last equality we used (2.8). O

3. Oevel-Ragnisco Poisson structures for finite dimensional
associative algebras

3.1. The O-R construction

Let g be a finite dimensional unital associative algebra, with unity 1, as-
sociative product o, and the Lie bracket [-, ] given by the commutator:
[a,b] = aob —boa. Recall that a trace form on g is a linear function
Tr(-) : g — F, vanishing on commutators: Tr([a,b]) = 0 for all a,b € g,
and non-degenerate, in the sense that Tr(a o b) = 0 for all b € g implies that
a = 0. Any trace form has the cyclic property:

(3.1) Tr(ajoago---oag) =Tr(agoa;o---oag_q),
hence the invariance property:

(3.2) Tr(ao [b,c]) = Tr([a,b] o c).
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We have the corresponding non-degenerate, symmetric, invariant bilinear
form on g

(3.3) {a|lby = Tr(aob).

The following construction is due independently to Oevel and Ragnisco
[OR89] and to Lie and Parmentier [LP89].

Theorem 3.1. Assume that R € End(g) is an R-matriz on the algebra g.
Then, we have an e-family (e € F) of Poisson brackets on S(g), defined by
the following Lie brackets on g with values in S(g), extended to S(g) by the
Leibniz rules (a,b,c € g):

(3.4)

{a,b} ¢ :% Z (u'4-¢ Tr(u?)) (u/ +€ Tr(u?)) ([a, R(u;obou;)]—[b, R(u;oaou;)]),

i,j€1

where {u;}ier, {u'}icr are bases of g dual with respect to the inner product
(-]) in (3.3), i.e. such that Tr(u;ou’) = &, ;. The e-family of Poisson brackets
{-, -}*¢ has the expansion

(3:5) {fe={0 2l W+ 0L T,

where {-, - }E, i =1,2,3 are the following brackets on g with values in S(g)

17

(a,b,c € g):

(0.} = £ 3 (. Rl 0bowy)] — b Rlus o a0 ).

i,j€I
(36)  {a, b} = i S (g, R(us 0 b+ bo )] — [b, R(ui 0.a+aou)])
el
{0, 6} = 5 (la. R(B)] — b, R(@)]) = 3o, tln

The 1-st and 3-rd brackets {-, - }¥ and {-, -} are Lie brackets, i.e. they
define Poisson algebra structures on S(g). If, moreover, %(R— R*) is also an
R-matriz on g, then the 2-nd bracket {-, -} is also a Lie bracket, and all
three brackets {-, -}F, i = 1,2,3, are compatible, in the sense that any their
linear combination is also a Lie bracket.

For the proof of Theorem 3.1 we shall use the following elementary results:

Lemma 3.2. The following identities hold, for every a,b,c,x € g,

(a) %Zsign(a)Tr([moaox,xobox]o[x,c]) =0,
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(b) Zsug;n Tr([toa+aox,z0b+box]o[x,])

:_ﬁm,meomm,

where we are using the notation (2.10).

Proof. Both claims are straightforward. We provide here a proof for pedagog-
ical reasons. For claim (a), we have

(3.7)

§Zsign(a)Tr([:coaox,xobom]o[x,c}) =Tr([roaox,xo0boz]o[x,d])
+Tr([xoboz,xocox]ofz,a])+ Tr([rocox,x0ao0x|ox,b]).
By the invariance of the trace (3.2), the second term in the RHS of (3.7) is
(3.8) Tr([robox,zocox]o[r,a]) =Tr([[z,a],xoboz]oxocox),
while the third term in the RHS of (3.7) is
(3.9) Tr([rocox,zoaox]o[x,b]) =Tr([xoaoux,|x,b]oxocox).

Combining (3.8) and (3.9), we get

Tr(([[x,a],xobox]+[:anozzz,[:z:,bﬂ) o:cocoa:)
=Tr([z,aocxozob—boxoxoaloxocoux)
(3.10)
=—Tr((aczoxob—boxoxoa)oxox,clor)
=—Tr([roaox,xobox]olz,d).
Hence, the RHS of (3.7) vanishes, proving claim (a). Similarly, we have
(3 11)
—Zs&gn ) Tr([xoa + aox, xob+ aox| o [z, ¢])

= Tr([xoa + aox,xob+ box] o[z, c|) + Tr([xob + box, xoc + cox| o [z, al)
+ Tr([zoc + cox,zo0a + aox] o [x,b]).

By the invariance of the trace (3.2), the second term in the RHS of (3.11) is

(3.12) Tr([xob+ box, xoc+ cox]o|x,al) = Tr([[x, a], zob+ box] o (xoc+ cox)) ,
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while the third term in the RHS of (3.11) is
(3.13) Tr([xoc+ cox, woa+ aox] o[z, b]) = Tr([zoa+ aox, [z, b]] o (xoc+ cox)) .

Combining (3.12) and (3.13), we get, again by (3.2),
(3.14)

Tr (([[x,a},xob—i— box| + [zoa + aowx, [x,b]]) o (xoc + cosc))
=2Tr([zr,aoxob—boxoalo(xoc+ cox))
=-—2Tr((aozob—boxoa)o(zolx,c|+[zx,dox))

=2Tr((xocaozob+aoxobor—zoboroa—boxoaox)olx,c).

Finally, combining the first term in the RHS of (3.11) and (3.14), we get
- Tr([[x, CL], [x7 b” 0 [l’, CD )

proving claim (b). O

Proof of Theorem 3.1. The bracket {-, -} is defined on S(g) by its value
(3.4) on a,b € g, and it is extended to S(g) by the left and right Leibniz rules.
It is well known that, in this case, in order to prove the Lie algebra axioms
for {-, -}€ it is enough to prove the skew-symmetry

(3.15) {a, 0} = —{b,a} ™,

and the Jacobi identity

3.16 a, {b, MY 1 cyel. perm’s =0,
(3.16) {a.{ yel. p

on elements a,b,c € g. The skew-symmetry (3.15) is obvious by the defini-
tion (3.4). Let us prove the Jacobi identity (3.16). By (3.4) we have
(3.17)

{a, {b,c} B} 1 cycl. perm’s
1

== > {a (W + e Te(u) (ub + € Te(uh) (b, Run 0 co )]
2 h,kel R

— ¢, R(upobo uk)])} "+ cycl. perm’s

= Y sign(o)5 Y {a (0t e Tl (e Te(u)) b, Rlun o co )]}
o h,kel
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In the RHS of (3.17) we are using the notation (2.10). We compute the bracket
on the RHS of (3.17) applying the Leibniz rule and using (3.4). As a result
we get
(3.18)
(o) X T ) (4 - e T
Ssieo)y 3 (4 ) + e Tlw)

ighkel
<(uk + eTr(uk))[a, R(u; ou™ o u;)][b, R(up, o coug)]

"N, R(u; 0 a o uy)][b, R(up o ¢ ouy)]

—

a, R(u; o u® o uy)][b, R(up o couy))
u®, R(u; 0 aouy)|[b, R(up o coug)]

u® + e Tr(uk))[a, R(u; o [b, R(up o coug)] o ;)]

~— ~— ~— ~—
~— — ~— ~—

—

— (uP + e Tr(u)) (uf + eTr(uk))[[b, R(up ocouyg)], R(ujoao Uﬂ])

We need to prove that (3.18) vanishes. Since it lies in the symmetric algebra
S(g) ~ F[g*], in order to prove that (3.18) vanishes, it suffices to prove that it
vanishes when evaluated at an arbitrary point Tr(zo -) € g*. By completeness,
we have

> (Tr(u' o x) + €Tr(u'))u; = z + €l

icl
Hence, the vanishing of (3.18) is equivalent to the vanishing of
(3.19)

Z sign(o)

<ZTr (2 0 [a, R((z+el) oul o (x+¢1))]) Tr (z o [b, R(up o co (z+¢1))))
hel

=3 Tr(zo[u", R((z+el) oao (z+€l))]) Tr (z o [b, R(up o c o (z+€1))))
hel

+ > Tr(zola, R((z+el)o u” o (z+el))]) Tr (x o [b, R((z+€l) o c o uy)])
kel

— ST (o [uF, R((a+el) 0.0 0 (z-+e))]) Tr (z o [b, R((e+e1) 0 coug)])
kel

+Tr(zola, R((x+€l)o[b,R((x+el)oco(z+el))]o(x+el))])

—Tr(zolb,R((x+el)oco(x+el))],R((x+el)oao (x+ e]l))])) ;
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for every x € g. Note that in terms of the type Tr(z o [b,c]) we can replace
x by x + €1, since Tr vanishes on [g, g]. In doing so, we can make all terms
of (3.19) depend on = + €1, not on x and e separately. Hence, in order to
prove the vanishing of (3.19) for every x € g, we can set € = 0, since 1 € g.
Moreover, by the invariance of the trace (3.2), we have

Tr(x o [a, R(x o u” o x)]) = Tr(u" o x 0 R*([z,a]) o @),
and
Tr(z o [u", R(x oaox)]) = —Tr(u o [z, R(x o aox)]).

Hence, by completeness, the vanishing of (3.19) is equivalent to the vanishing
of
(3.20)

zﬂ:sign(a)

(Tr (zo[b, R(xoR*([z,a))owocox)]) + Tr (zo[b, R([z, R(zoaoz)|ocox)])

+Tr (zolb, R(zocozo R ([z, a])ox)]) + Tr (zo[b, R(zoco|z, R(zoaoz)))))

+ Tr (zo[a, R(zo[b, R(zocox)|ox)]) — Tr (zo[[b, R(zocox)], R(moaox)])).
The first summand in (3.20) is, by the invariance of the trace (3.2),

(3.21)
Tr (zob, Rz o R*(lz,a]) oxocon)]) = Tr ([z.}] o R(xo R*([x.a]) oxocor)),

while the third summand in (3.20) is

Tr (z o [b, R(z ocoxo R*([x,a]) o x)])

— T ([z, 0 R(z o c o 0 B*([z,a]) 0.2))
=Tr (z o R*([z,b]) ox 0 cox o R*([x,d]))
= Tr ([z,a] o R(z o R*([z,b]) oz 0 cox)).

(3.22)

Since (3.21) and (3.22) are obtained one from another by exchanging a with
b, their sum vanishes under the alternating sum over permutations. Further-
more, the fifth summand in (3.20) can be replaced, under the sum over per-
mutation, by

Tr(zo b, R(xo[c, R(xoaox)| o)),
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and combining it with the second and fourth summands of (3.20), we get
(3.23)

Tr ([:L’, b] o R([z, R(zoaox)|ocox + xoco |z, R(xoaox)]
+ 2z o c, R(xoaox)| o 1‘)) =Tr ([x, bjoR([rocox,R(xoao x)}))
=Tr (xo [b,R([xocox,R(xoaox)])]) :

Under the alternating sum over permutations, the RHS of (3.23) can be re-
placed by

(3.24) %Tr (mo (b, —R([R(zoaox),rocox]) —R([woaox,R(mocox)])]) ,

while the last summand in (3.20) can be replaced by
(3.25)

— % Tr (zo[[b,R(zocox)|,R(zoaox)]) +% Tr (xo[[b,R(xoaox)],R(xocox)])

:%Tr(xo[b,[R(xoaox),R(xOCox)H)v

by the Jacobi identity. Combining (3.24) and (3.25), we conclude that the
vanishing of (3.20) is equivalent to the vanishing of

1

5 > sign(o) Tr (x o [b, [R(xoaox), R(xocoux)]

— R([R(xroaox),zocox])— R([a:oaoa:,R(xocox)DD

(3.26) _ _%Zsign(g) Tr (vo [b,[roaocx,zocoux]])

_ %Zsign(o—)Tr([xoaox7xobox]O[x,c]).

For the first equality we used the modified Yang-Baxter equation (2.1) on
R. By Lemma 3.2(a), the RHS of (3.26) vanishes, proving the first claim of
Theorem 3.1.

Equations (3.5) and (3.6) are immediately checked. Letting e = 0 in the
Jacobi identity (3.16) we get

{a,{b, c} 1+ cycl. perm’s =0,

i.e. the 3-rd bracket {-, -} satisfies the Lie algebra axioms, while taking the
coefficient of €! in (3.16) we get

{a,{b, c} "} + cycl. perm’s =0,
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i.e. the 1-st bracket {-, -}/ satisfies the Lie algebra axioms as well. Moreover,
taking the coefficient of € and €3 in the Jacobi identity (3.16), we get

{a, {b,c}5}5 + {a, {b,c}§}5 + cyel. perm’s =0,

and
{a, {0, }7}5" + {a, {b,c}3 1 + cycl. perm’s =0,

i.e. the compatibility between the 2-nd and 3-rd brackets, and between the
1-st and 2-nd brackets respectively (provided that the 2-nd bracket is a Lie
algebra bracket). Taking the coefficient of €2 in (3.16), we get

{a, {b, HHE + {a, {b, e} Y + {a, {b, MM + cyel. perms =0,

which shows that the 1-st and 3-rd Lie brackets are compatible if and only if
the 2-nd bracket satisfies the Jacobi identity.

To complete the proof of the Theorem, we are left to prove the last as-
sertion, i.e. that the 2-nd bracket satisfies the Jacobi identity

(3.27) {a,{b,c}F}E + cycl. perm’s =0,

provided that (R — R*) is an R-matrix over the Lie algebra g. By the defi-
nition (3.6) of the second bracket {-, -}¥, and the Leibniz rules, we have
(3.28)
R\ R )
{a,{b,c}5}5 + cycl. perm’s
1 A
= Z sign(o)z Z{a, w[b,R(ujoc+co u])]}g
o jel
, 1 i o

= 20381gn(0)1—6 MXE:[ (u la, R(u; ow! 4+ o u;)][b, R(uj o ¢+ cowuy)

—u'[u?, R(u; 0 a + aow)][b, R(uj o c+ couy)l

+ u'u[a, R(u; o [b, R(uj o ¢+ couy)] + [b, R(uj o c + couy)] o)

— ' [[b, R(uj o c+couy)], Ruioa+ao uz)]) ,
where, as before, we use the notation (2.10) for the alternating sums over

permutations of a, b, c. As in (3.19), in order to prove that (3.28) vanishes we
evaluate it at a generic point Tr(z o -) € g*. As a result, we get that the
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Jacobi identity (3.27) is equivalent to the vanishing of

(3.29)
> sign(o) (Z Tr (z o [a, R(x o u? +u? 0 x)]) Tr (z o [b, R(uj o c + couy)])
o jel
—ZTr (zo[w,R(xoa+aox)])Tr(zolb,R(ujoc+couy))
jel

—I—Tr(;vo [a,R(mo[b,R(moc—&—cox)}—l—[b,R(xoc—i—coa:)}ox)])
—Tr(xo {[b,R(xoc—l—cox)],R(:poa—i—aox)])).

By the invariance of the trace (3.2) and the completeness of the dual bases
{ui}tier, {u'}ier, the first summand in (3.29) is

ZTI" (zofa, R(x 0w +u! ox)]) Tr (v o [b, R(uj o ¢+ couy))
JeI

(3.30) B (R*([%b}) o (R*([z,a])oxoc+azoR*([z,a])oc
+co R*([z,a]) 0w+ cowo R ([x,a]))),

while the second summand in (3.29) is
(3.31)

ZTr(xo[uj,R(xoa—i—aox)])Tr(xo[b,R(ujoc+couj)])

:—Tr(R*([:L‘,b])o([:zr,R(xoa+aoz)]oc+co[x,R($oa+ao:c)])).

Moreover, under the alternating sum over permutations, we can replace the
third summand in (3.29) by

(3.32) Tr (R*([m, b)o(zole,R(xoa+aox)+[c,R(xoa+aocx)]o x)) :
and the fourth summand in (3.29) by
(3.33) %Tr ([z,b] o [R(xoa+aox),R(zoc+coux)]).

(Here we used the Jacobi identity for the commutator |-, -] on g.) Combin-
ing (3.29), (3.30), (3.31), (3.32) and (3.33), we get that the Jacobi iden-
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tity (3.27) is equivalent to the vanishing of
(3.34)

Z sign(o) (Tr (R*([x, b])o
o (R*([x,a])oxoc+ zoR*([z, ])oc+coR*([x,a])ox—i—comoR*([m,a])))
—i—Tr(R* )o xR(xoa—i—aoa:)]oc—l—co[m,R(moa—i—ao:p)]))

—I—Tr(R* z,b]) o xo[c,R(xoa+aox)]+[C,R(xoa+ao:c)}ox)>

+ Tr([x,b]o[R(:Boa+aox),R(xoc+cox)])>.

N | —

Note that
(3.35)

Tr (R*([2,b]) o (w0 R*([z,a]) 0 ¢+ co R*([x,a]) 0 7))
=Tr (R*([x, b]) ox o R*([x,al]) o c) + Tr (R*([:c, a]) ox o R*([x,b]) o c) ,

and this expression is symmetric with respect to the exchange of a and b,
hence it vanishes under the alternating sum over permutations. Moreover, we
have

(3.36) [t,R(xoa+aox)|oc+co[zr,R(xoa+aoux)
+zofc,R(xroa+aocx)]+[c,R(roa+aocx)ox

=[xoc+cox,R(xoa+aoux).
Hence, by (3.35) and (3.36), we can rewrite (3.34) as
(3.37) Zsign(a)(Tr (R*([,8) o (R ([z,a])owoc + coao R [z, a])) )

+Tr(R*([x,bDo[xoc—l—cox,R(xoa—l—aox)])

45T (o Roa+aoa) Rzoctcon)])).
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The first summand in (3.37) is

(338) Y sign(o) (Tr (R*(2,8)) o R*(fw,al) o w o c)
+Tr (R () o cowo R*([x,a])))
= ZSlgn < (R ([x,b]) o R*([z,a]) oz o c)
—Tr (R*([m, al)ocoxo R*([x, b])))
—Zagn ( ([, b])oR*([x,a])o[x,c])
-5 zﬂ:sign(a) Tr ([R* ([, a]), R* ([z,8])] © [, ])
= Tr ([[z, a], [z,b]] o [z,(]) .
For the last equality we used Lemma 2.4(c) (here is the point where we use the
assumption that (R — R*) is an R-matrix.) The second and third summands
in (3.37) combined give
(3.39) ang;n (a: blo(R([xoc+cox,R(xoa+aox))

+iR@oat aoa), Rzoct coa)

:_ZSIgn (xb] ([R(zxoa+aox),R(zoc+cox)
— R([R(roa+aox),xoc+couz])
—R([xroa+aou, R(zochcox)])))
:——251gn Tr([z,blo[xoca+aox,xoc+ coux])
= —Tr([[z,a], [z,b]] o [x,c]).
For the first equality we used the fact that, under the alternating sum over

permutations, the term R([R(x o a + aox),z 0 c+ co x]) can be replaced
by R([xoa+ aox,R(xoc+ coux)]). For the second equality we used the
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assumption (2.1) on R, while for the third equality we used Lemma 3.2(b).
Combining (3.38) and (3.39) we get 0, proving the claim. O

Remark 3.3. By (3.6), the 1-bracket {-, -}{* coincides (up to a factor 1) with
the Lie bracket [-, -] of g defined by Lemma 2.3, hence the associated Poisson
bracket of S(g) corresponds to the Kirillov-Kostant Poisson structure on g*
with respect to Lie bracket [-, -]z. In particular, this structure only uses the
Lie bracket of g and the R-matrix R, and not the associative product of g.

Remark 3.4. Identifying S(g) with the algebra of polynomial functions on g*,
we can write down the e-family of Poisson structures of g*, corresponding to
the Poisson brackets (3.4) by (e € F):

of .. 9dg

ou (D) g (D) ui} (1), L

(3.40) {f.9¥e(L) = >

i,5€l

where f and g are polynomial functions on g*. They are given by

(0} (1) = 5 T (Lo [dnf, RUL + 1) o dug o (L + 1))

(3.41) .
— 5T (Loldrg, R(L+e1)odifo(L+e1))]), €€ F,
where
(3.42) dof=> ;{. (L)u; .
iel v

These are the same Poisson structures which appeared in [OR89]. In order
to make sense of equation (3.41) we need to identify g* ~ g via the inner
product (3.3). Indeed, under this identification, L € g* can be thought of as
an element of g, so it makes sense to take products L oa or ao L for a € g.

Remark 3.5. Assuming that both R and %(R — R*) are R-matrices over g, by
Theorem 3.1 the second bracket {-, -}& is a Poisson bracket on S(g), and it
is obtained as the coefficient of 2¢ in (3.41):

1

{£,9}5(L) = { T (Lo [duf, R(Lodrg+drgo L))

_ iTr (Loldpg, R(Lodpf+dpfoL)).

It has the following equivalent form:

(343)  {foM(D)= | Tr (Lo [duf, (R~ R)(L o dyg))
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i v (Lo [dpg, (R — R*)(dpf o L)])
J& Tr(Lodyfo(R+ R")(drgo L))
% (LodLgo(RJrR*)(deOL))

which, for a skewadjoint R-matrix R, reduces to [STS83, Eq.(22)].
3.2. Hamiltonian equations and the triple Lenard-Magri scheme

Recall that, given a Poisson structure on g*, i.e. a Poisson bracket {-, -} on the
algebra of polynomial functions on g*, and a Hamiltonian function h on g*,
the corresponding Hamiltonian equation is, in coordinates x;, the following
system of evolution equations

(3.44) dmé—t(t) — {hu L), jel.

It describes the time evolution of the point L(t) = Y ,c;x:(t)u’ € g*. By
Leibniz rule we get the corresponding evolution equation for a function f(L)
on g*: w = {h, f}(L). Using the identification of the symmetric alge-
bra S(g) with the algebra of polynomial functions on g*, we thus get the
corresponding Hamiltonian equation on S(g):

(3.45) Z—JZ ={h. f}, feSg).

In particular, if R and 1(R — R*) are R-matrices over g, we have, by
Theorem 3.1, the three Pomson brackets {-, -}% i = 1,2,3, and therefore,
for every Hamiltonian function h € S(g), we have the corresponding three
evolution equations:

(3.46)

% - Z; 3uz ([ui, R(uj)] = [y, R(us)])

Zz thel gz B ([ug, R(up 0 uj + 1 0 up)] — [ug, R(up o u; +u; o up)])
%:_ Z 8852 2P (Tug, R(up 0wy o up)] — [ug, R(up o u; o ug)]) .
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Recall that a Casimir of g is an element f € S(g) invariant with respect
to the adjoint action of g, i.e. such that

(3.47) {z, f}:= Z [,u;] =0, forall z €g.

ZEI

Lemma 3.6 ([OR&9]). If R € End(g) is an R-matriz over the Lie algebra g,
and if f,g € S(g) are Casimirs of g, then they Poisson commute with respect
to the whole e-family of Poisson structures defined by (3.4): {f, g} =0, for
every €.

Proof. By (3.4) and (3.40), we have

(3.48)
1 0
{f,g}R’E:§ Z a—g(uh+eTr(uh))(u +eTr(u {f R(up, o ujoug)}
joker Y
1 of  n
-5 8u‘(u +eTr(u")) (u” + e Tr(u?)){g, R(up o uj o ug)} .
ihker YU

If f is a Casimir of g, the first term of the RHS of (3.48) vanishes by (3.47),
while if ¢ is a Casimir of g, the second term of the RHS of (3.48) vanishes. [

If we take the Hamiltonian function to be a Casimir element C' € S(g),
the three evolution equation (3.46) greatly simplify thanks to equation (3.47).
They become

de 1 86’
a2 Z 8—%[3(%);%‘] ,

de
(3.49) a2 ge:l 8ul R(uj o up), uj]
duj aC h k
Z R(u; o up o ug), uy] .
dt?’ i,5,h, k€l aul

An infinite collection of Casimirs is the following;:

(3.50) Zu“... Tr(u o---ou™), k>1.

11, ik

Indeed, it is immediate to check that (3.47) holds for all elements Cj. More-
over, we have the following identity:

(3.51) Z %Zk ®u; = Z Uiy - Ujy, | @ (ui1 0---0 uikfl) )

el Ulyeesll—1
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Note that the functions on g* corresponding to the Casimirs of equation (3.50)
are Cj,(L) = 1 Tr(L°%), and we have d;,Cy, = L°*~1,

It immediately follows from (3.49) and (3.51), that the following “triple
Lenard-Magri scheme” holds: denoting ?j ; the time evolution with respect to

the Poisson structure {-, -}® and the Hamiltonian function Cj, we have

de . de . d’u]’
dtpr11 dtgo  dtg—13

> wpy - ug [R(u oo ut) ug)

(3.52)

1
2,
4. Algebraic setup: the algebra V3 and continuous PVA
structures

4.1. The algebra A

Throughout the rest of the paper we let A be a finite dimensional associa-
tive algebra over I, with a unit 1, and with a non-degenerate trace form
Tr(-) : A — F (recall the definition at the beginning of Section 3). The
typical example is the algebra A = End(V) of endomorphisms of a finite-
dimensional vector space V', with the usual trace form Try (XY). We fix dual
bases {Fq tacr, {E“}acr of A:

(4.1) Tr(EYEg) = a3 .-

4.2. The differential algebra V5
Consider the infinite set of variables
(4.2) Upo for peZ, acl.

The reason for considering such set of variables will be clear from the dis-
cussion in Section 5, where we present the construction of the “affine” O-R
Poisson structures. Consider the increasing sequence of algebras of differential
polynomials (N € Z)

(4.3) CUNC VN1 Co C Vo,
where

_lym | P! _Flum | 2
(44) Yy =F|u) sl | for Nez, and Voo =F[ufr) ne%;}
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These are differential algebras, with derivation 0 : Vy — Vy defined by
8u,(;?o), = u,(gni V. As usual, we denote uy, o = u;?&.

We have the corresponding sequence of projection maps

™

m

(4.5) . Vv Vi1 . Voo,

where 7y is the differential algebra homomorphism defined by setting u, o = 0
for p < —N — 1 and for all « € I. We then have the corresponding inverse
limit algebra

o~

(4.6) Voo = lim Vy.
N

Its elements are infinite sums
(4.7) f:Zfs with fs € Vo,
s=0

with the property that, for all N € Z,
(4.8) 7N(fs) =0 for s >>0.

In other words, for every N € Z, mn(f) becomes a finite sum of elements in
Vn.

Proposition 4.1. Ve isa differential algebra extension of Vo, with uniquely
defined derivations

9 ~ -
W:VOO—HJOO for peZ,ael, neZs,
Oup.&

extending the usual partial derivatives on Vs and such that

0 0
e ¥ = o

Moreover, we have uniquely defined maps

Vo = Vo for peZ,ael,

OUp o
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extending the usual variational derivatives on Vs. These variational deriva-
tives pTT. S wanish on total derivatives, so they induce linear maps on the quo-
tient space of “continuous” local functionals:

J

OUp o

Voo /0Wso — Vo

Proof. Clearly, Vo isan algebra extension of V., and the derivation 0 extends
uniquely to a derivation of Vs, defined by 0f = > 00, 0fs € Voo, for f as
n (4.7).

Next, we show that the partial derivatives ﬁ uniquely extend to well-
up,oz
defined derivations ﬁ : Voo — Vo, defined, for f = 332 fs as in (4.7)-
(4.8), by

af _i afs -

(4.9) = cV..
ouy =5 oud)

For this, we need to check that the RHS of (4.9) lies in Veo. By the definition
of the projection maps my, we have, for f € V

af 0 -
4.10 av(——) = ——an(f) if p>—-N—1.
(4.10) N ( Du] ) 5ul) ~(f)

For N € Z, let N = max{N,—p — 1}. By (4.8) there exists Sy € Zxo such
that 75 (fs) =0 for all s > Sg. Since p > —N — 1, we have, for s > Sy,

Ofs 0

(a (n)) 8 (n) N(fS): )

which implies 7rN(8 {Z)) =0, since N < N. Hence, applying 7y to the RHS

of (4.9) we get a finite sum in Vi

Efﬂw 95 |
ol

The facts that the maps — (n) are derivations of the commutative associative

product of Vo07 and that they satisfy the usual commutation relations with
0, follow by construction, since the same properties hold in V...



Adler-Oevel-Ragnisco type operators and Poisson vertex algebras 1205

In the same way one can prove that the variational derivatives in V.

5f of -
. Z(—a)”ﬁ, f €V,

(5up,o¢ nEZZO P,

uniquely extend to linear maps ﬁ Vo = Voo given, for f asin (4.7)-(4.8),
by ?

b > 5f, ~
(4.11) ;o > fs ¢ Voo -
OUp,a =

The last assertion of the proposition is obvious. O
4.3. Continuous differential and pseudodifferential operators

We have the corresponding increasing sequence of the algebras of differential
operators

(4.12) <o CUN[O] € Vnsa]0] C - C V0],
with the corresponding projection maps (commuting with 9)
(4.13) TN Veol0] = Vn[0], N €Z.

Hence, we can consider the inverse limit

pininiy

(4.14) Voold]” = lim Y [].
N

We will call an element P(8) € V[0] a continuous differential operator
over Voo It is, by definition, an infinite sum

(4.15) P(9) = fj Py(9) with Py(d) € Vsod)],

s=0

with the property that, for all N € Z,
(4.16) wn(Ps(0)) =0 for s >>0.

Hence, for every N € Z, my(P(9)) is a well-defined element of Vy[J]. Note
that Veo[0] is of course larger than V. [0], as P(9) in (4.15) might have
unbounded powers of 0.
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Clearly, Voo[0]  is an algebra extension of Vo[8]: given elements P(9) =
Y2y Ps(0) and Q(0) = Y12, Q+(0) as in (4.15)-(4.16), their o product is

o

(4.17) P(9)0Q(d) = ) Ps(0)oQu(0),

s,t=0

which lies in Vso[d]  since, for N € Z, we have that 7y (P,(d) o Q4(8)) =
TN (Ps(0)) omn(Q(0)) = 0 for all but finitely many values of s and ¢. For the
same reason, we have a natural action of a continuous differential operator
P(8) € V»o[0] on an element f € Vo, in the obvious way: if f is as in (4.7)-
(4.8) and P(0) is as in (4.15)-(4.16), then P(9)f = > 5% Ps(0)fi, and this
sum becomes finite once we apply the projection map my.

Passing from differential operators to symbols, we have the corresponding
sequence of projection maps my : V[N = Vn[A], N € Z, commuting with
A, and the associated inverse limit
(4.18) Voo[A] = Um Vy[A].

—
N

It is an algebra extension of V4[], and taking symbols summand by sum-
mand in (4.15) we have the corresponding symbol map Vao[0] —= Vao[A]
Similarly, we denote by V[, M]A the inverse limit of the sequence of projec-
tion maps of the algebras of polynomials in two variables, my : l)oo[)\, p| —

V[, ). Obviously, if P(A) € Vo[, then P(X + 1) € Vao|A, 4]

In the same way as for polynomials, we can extend the projection maps
7N to the algebras of pseudodifferential operators, or Laurent series (i.e. the
symbols of pseudodifferential operators):

(419) T : Voo((071)) = Wn((071)) or my : Vaol(271)) = V(7))

letting 7y commute with 9 or z. We have the associated inverse limits

(4.20) Vao((071) =1LmVyn((071) and V(7)) =1lmVn((z"").
N N

In particular, a continuous pseudodifferential operator over V., is an infinite
sum

~

(4.21) P@) =3 P0) € Vul(07) .
s=0
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with P;(0) € Vao((071)) such that, for every N € Z, nn(Ps(9)) = 0 for all
but finitely many values of s. As for differential operators, Voo((971)) " is an
algebra extension of Vo ((071)), with o product defined as in (4.17).

We can define the adjoint P*(0) of a continuous pseudodifferential oper-
ator P(9) € Voo((071))” by taking the adjoint of cach summand in (4.21).
Also, the residue of a continuous pseudodifferential operator P(9) is defined
in the obvious way: if P(9) € Voo ((71)) ™ is as in (4.21), then

~

(4.22) Resy P(8) = i Reso(Py(9)) € Vi .
s=0

Throughout the paper, we will use the following standard notation: for
a continuous pseudodifferential operator P(9) € Voo((07')) and elements
1,9 € Voo, we let

(4.23) P(z+x)(|,_pf)g=9gP(z+0)f.
In other words, if P(0) = 020 SN pen0”, f =32 frand g = % gy,
then

00 Ns

PE+a)(,fe= > > X (Z)ps,nft(’“)grz“-k €Val(z"1)

$,t,r=0n=—00 k€Z>q

For an algebra V, we denote by V((z7!,w™!)) the algebra:
(4.24) V(=™ w™h) = V[ w ][z w]

As above, we consider the sequence of projections 7y @ Voo ((z7Hw™t)) —
Vn((z71,w™1)), and the corresponding inverse limit

(4.25) Voo (7L w™)) =1limVy((z7Hw™)).

The key object in the forthcoming Sections will be the following Lax
operator:

(4.26) L(z) = Y par PTTEY €Voo((27Y) @A,

pEZL,€1
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It can be viewed as the generating series of all the variables u, o, p € Z, o € 1.
Here and further we omit the tensor product sign between elements of V,, (or
any its polynomial or Laurent series extension) and elements of the algebra

A.
4.4. Continuous PVA A-brackets on V3

Recall from [BDSKO09] the definition of A-bracket and PVA A-bracket on a
differential algebra V. Here we introduce its continuous analogue on V.

Definition 4.2. A continuous A\-bracket on V(; is a bilinear over F map
(4.27) {2}t Voo x Vo — Vo[,

satisfying the following axioms:

(i) continuity: for every N € Z, there exists M € Z (sufficiently large) such
that (f,9 € Voo ):

(4.28) T (f) = 0or ma(g) =0 = an{fag} = 0;
(i) sesquilinearity (f, g € Voo):

(4.29) {0frg} = =M/l {99} = A+ 0){fag}
(iii) Leibniz rules (f,g,h € Vao):

{fagh} = {frgth+ {fah}g;

(4.30) {foah} = {Frsah}|,_p9 + {2} ,_of -

In the second Leibniz rule we use the notation introduced in (4.23).
A continuous Poisson vertex algebra (PVA) A-bracket on V is a contin-
uous A-bracket satisfying the following two extra axioms:

(iv) skewsymmetry (f,g € Voo E
(4'31) {f)\g} = _|x:a{gf)\fxf} € Voo[/\]/\ ;
(v) Jacobi identity (f,g,h € Vao):

(4.32)  {fdgah}) = g dHmt) = {hahuh} € Va\u] ™
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The Jacobi identity requires some explanation. By definition of Va[A]
we have

(0h) =3 Q).

where Q;(11) € Voo[p] and, for every M € 7Z, we have 7 (Q¢ (1)) = 0 for every
t > Tyr. Moreover, for every given ¢t € Z>g, we have

{MMM—i&MW,

where Ps (A, 1) € Vo[ A, ] and, for every N € Z, we have 7y (Ps (A, p)) =0
for all s > Sy . Then,

o)) = 3 Pah),

s,t=0
and we need to explain why this infinite sum lies in V[A, M]A. Fix N € Z,
and, by the continuous assumption (i), let M € Z be such that (4.28) holds.
Note that, for ¢ > Ty, we have by assumption that 7y (Q(r)) = 0, and
therefore by the continuity axiom (4.28) 7 ({f2Q:(1)}) = 0. Therefore,

T Tar St,N
mn ({guh}}) =D an({AQu(w)}) =D wn(Par(A )
t=0 t=0 s=0

which is a finite sum, thus lying in Vy[A, p], as needed. Similarly, all three

terms in the Jacobi identity (4.32) lie in Vy[A, p] , so the Jacobi identity
makes sense.

We want to show that, as for the usual Poisson vertex algebra [BDSK09],
also a continuous PVA A-bracket is uniquely defined by its values

o~

(4.33) {Upaytgs} €VulN , pg€Z,a,B€l,

on the set of generators (4.2). Recall that, by the definition of the projection
maps 7y in (4.5), 7y (upq) = 0 for all p < —N — 1. Hence, the continuity
condition (4.28) implies, on the A-brackets (4.33), that, for every N € Z,
there exists M € Z such that

(4.34)  an({upayugs}) =0 if either p<—M —1 or ¢<—M—1.
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We claim that if the continuity conditions on generators (4.34) hold, then
there is a unique way to extend the A-bracket on generators (4.33) to a
continuous A-bracket on V., by the following Master Formula [BDSKO09]:

if f =520 fs =200t € Voo are as in (4.7)-(4.8), then
(4.35)

{frg} = Z Z Z Z 8%1) A+0){tp,ay gtigst—(—A=0)™ 0/

au(m)
$,t=0p,q€Z a,BEI mnEZL>¢ q 8 p,Q

Indeed, let us check that the RHS of (4.35) lies in Voo[A]” . In other words, we
fix N and we need to show that, after applying 7y, the RHS of (4.35) becomes
a finite sum. Let M € Z be such that (4.34) holds and let N = max{M, N'}.
By the definition of V;, there exists S such that

(4.36) m5(fs) =0, m5(g:) =0 forall s, t>5.

Moreover, if either p < =N —1 < —M —1 or ¢ < —N — 1, we have, by (4.34),
TN ({upaytgs}) = 0.

On the other hand, if p > —N — 1 and s > S, we have, by (4.10),

Ofs 0 - o
&iﬂ) = mm{r(fs) =0 which implies WN((?u];a

T ( ) =0.

And analogously, if ¢ > —N — 1 and ¢ > S, we have WN(aagt ) = 0. Hence,
Uq,B

applying 7 to the RHS of (4.35), we are left with the finite sum in Vi [)]

Y Y Y Y m(y

5,;t=0p g=— N—1 €I mn€Zxo uqﬁ
n m afs
X (A+0) WN({Up,a)\+auq7ﬁ})_>(_>\_a) 7TN( (m))~
Up,a

(It is a finite sum since, for every s and ¢, fs, g: € Vs are polynomials in the
variables u;()no)é)

The proof that the Master Formula (4.35) satisfies the sesquilinearity ax-
ioms (4.29) and the Leibniz rules (4.30) is as in the usual PVA case [BDSK09].
Likewise one can show, as in the usual case, that the continuous A-bracket
given by (4.35) is a continuous PVA A-bracket, i.e. the skewsymmetry ax-

iom (4.31) and the Jacobi identity (4.32) hold, if and only if they hold on
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generators: skewsymmetry:

(4.37) {tpayugpt = _‘m:a{uqﬂf,\fxup,a} € Voo WA )

and Jacobi identity:
(4.38)

{Up,ax{uq,ﬂuur,v}}_{uqﬁﬂ{up,aA“hv}} = {up.ayugstrintirs} € Voo|A, ]

o~

Summarizing the above observations, we have the following Theorem, whose
details of the proof are left to the reader:

Theorem 4.3. Every choice for the A-brackets {upq,uq 5} € Voo A among
the generators u, ., p € Z, o € I, of V;, satisfying the continuity condi-
tions (4.34), extends uniquely to a continuous A-bracket on V;, and it is given
by the Master Formula (4.35). Moreover, the continuous \-bracket (4.35) is
a continuous PVA A-bracket on Voo if and only if skewsymmetry and Jacobi
identity hold on generators, i.e. (4.37) and (4.38) hold.

4.5. Continuous PVA A-bracket on Vo; in terms of the generating
series L(z)

The generating series L(z) € VAOO((z_l))A@)A defined by (4.26) encodes all the
generators {up o }pez,acr of Voo. Hence, all the A-brackets {u 14} among
the generators can be encoded in

(439)  {Li(aLo()} = 3 3 {tpayugp}r P w B @ B
P,q€EZ o, BET

where
(4.40) Ly(2) = L(z) ® 1 and Ly(z) = 1 ® L(2) in Va((z71)) ® A®2.

(As usual, we omit the tensor product sign for the factors in Voo ((271)).) The
continuity conditions (4.34) translate into saying that, for every N € Z, there
exists M € Z such that

(4.41) 7N ({L1(2)aLa(w)}) € (VN[)\])[[zfl,wfl]]zMwM Q A®? .
In other words,

(4.42) {Li(2)aLa(w)} € V(7w ™))" @ A%,
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Moreover, all the skewsymmetry conditions (4.37) are encoded in the single
identity

(4.43) {Li(2)aLa(w)} = —|,_y{La(w)-2r—sL1(2)},
in (Voo A)((z71,w™))” ® A®2, while the Jacobi identities (4.38) are encoded
{L1(2)a{La(w)uLs(v)}} = {La(w){La(2)aLs(v)}}
= {L1(@rLa(w)hrsuls(v)},
in the space (Vo[ )z w o) @ A®3 where Li(2), Lo(2), Ls(2) €

Voo ((271)) @ A®3 are defined as in (4.40). We can thus translate Theorem 4.3
in terms of generating series as follows:

(4.44)

Theorem 4.4. A continuous PVA A-bracket on Vo: s uniquely determined
by an element

{Li(aLa(w)} € Vo A)((z7H ™))" @ A%,
satisfying the skewsymmetry condition (4.43) and the Jacobi identity (4.44).
4.6. Continuous local Poisson bracket on Vo /0Vs

As in the usual PVA case, a continuous PVA A-bracket on V.. induces a Lie
algebra bracket on the space of local functionals

{. 31 (Voo/OV) X (Veo /Vso) = (Voo /Vis) .

given by
{/f.Ja} = J{fg} =y

This bracket is clearly a well-defined element of Vo: , and, as in the usual PVA
case, the Lie algebra axioms are an immediate consequence of the skewsymme-
try and Jacobi identity axioms (4.31)-(4.32) of a continuous PVA A-bracket.

By Theorem 4.3, any continuous A-bracket on V, is given by the Master
Formula (4.35). It follows that the induced local Poisson bracket on the space
of local functionals is, for f, g € Vs,

1) ) ~ ~
(4.45) 4/ Jg} = Z —g{“p,a 8“61,/3}%—]0 € Voo /OVes
d 5
p,q€L,0,B€1 Uq,p Up,o

where the arrow means that 0 is moved to the right, and the variational
derivatives are defined in (4.11).
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5. Affinization of the O-R construction and the three
Adler-Oevel-Ragnisco (AOR) identites

We want to find the “infinite-dimensional analogue” of the Oevel-Ragnisco
(O-R) Poisson structures (3.4).

5.1. O-R construction in finite dimension: summary

Let us first summarize the finite-dimensional construction presented in Sec-
tion 3. The starting point is a finite dimensional associative algebra g over F,
with a non-degenerate trace form Tr(-) : g — F (recall the definition at the
beginning of Section 3), and an R-matrix R € End(g). If we fix dual bases
{u }N |, {u*}Y,, and identify g* ~ g via the bilinear form (3.3), an arbitrary
element L € g* is

N
(5.1) L:inui, z; €T,
i=1
and the pairing (-|-) is, in coordinates,
N N
(5.2) (Lla) = Tr(Loa) = inai ,  where a = Zajuj €g.
i=1 j=1

The O-R construction provides a Poisson algebra structure on the algebra of
polynomial functions on g*, which can be identified with S(g), the symmetric
algebra over g:

(5.3) {polyn. functions on g*} ~ S(g).
This identification is clear: an element f € S(g), which can be expanded as

(5.4) f= Zcoeﬂ. ul . uky e S(g),

corresponds to the polynomial function on g* given, in coordinates, by the
same polynomial of z1,...,xN:

(5.5) f(L) =" coeff. AL

if L € g* is as in (5.1). The differential of the function f at a point L € g* is
defined as the element dy f € g such that

(5.6) f(L+eY)=f(L)+eTe(Y odrf) + O(e).
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We can use Taylor’s formula and the equation (5.2), to get the following
explicit formula for the differential of f € S(g):

N of
(5.7) dpf = ; B (L)u; €g.

At this point, we consider the O-R Poisson bracket (3.41):

U, 9Y"(E) = S Tr(L o [dnf, RUL + 1) o drgo (L + 1))

_ % Te(L o [drg, R((L+ el) o dpf o (L + €1))]).

We expand L via (5.1), 1 = 3N, Tr(us)u?, and the differentials dy, f and drg
via (5.7). As a result, we get

N
™ =5 3 SHOFI D+ Tl o+ e Tl

x Tr (u’ o ([ug, R(u" o uj o uF)] — [uy, R(u" o u; o uF)))).

Identifying the polynomial functions on g* and the elements of S(g) as in (5.4)-
(5.5), this corresponds to the Poisson bracket on S(g) given by

N
of 99 , n Y k
—(u" + eTr(u"))(u” + e Tr(u"))x

i g k=1 8ul 8uj

(g} =
X ([ug, R(up 0wy 0 up)] — [u, R(un 0 u; 0 ug)])
or, equivalently, to the Lie algebra bracket (3.4) on g.
5.2. Setup for the construction in the affine case

We now proceed to describe the “affine analogue” of the O-R construction,
which we shall call the Adler-Oevel-Ragnisco (AOR) construction. We let
F be an algebra over F of “test functions”. By this we mean an algebra
of functions f(x) in one (space) variable z € M, which we can integrate:
Sy f(x)dz € F, and which we can differentiate: f’'(z) = 85;7(;) € F. The only
assumptions on the linear map [,, dz : F — F, are the following. First, we
require the validity of the fundamental theorem of calculus, which has the
form

(5.8) /M f(z)dx =0 for every f(z) € F,
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(we are assuming that the manifold M is compact with no boundary). In
particular we have the rule of integration by parts:

(5.9) /M f(x)g (z)dx = —/M ' (x)g(x)dz, for every f(z),g(x) € F.

Moreover, we require the non-degeneracy condition:
(5.10) / f(x)g(x)dx =0 for all g(z) € F implies f(z)=0.
M

A typical example of such an algebra of test functions is the algebra of smooth
functions on the circle S?.

The starting point of the AOR. construction is the following associative
algebra:

(5.11) g=F(0")®A4,

where A is, as in Section 4, a finite dimensional associative algebra with a
trace form Tr, and F((071)) is the associative algebra of pseudodifferential
operators over JF. The associative product o on it is defined by the rule

(5.12) Pofle)= Y <p>f(")(f6)3p_”, pEL f(z) e F,
TLEZZO n
where f("(z) = %. For simplicity, when writing an element of g we drop

the tensor product sign: for P(z;0) € F((071)) and X € A, we let P(z;0)X
be the corresponding element of g. The associative product of g, defined
componentwise, will be denoted by o:

(5.13) (P(z;0)X) 0 (Q(z;0)Y) = (P(;9) 0 Q(;9))(XY),

for P(x;0),Q(z;0) € F((071)), X,Y € A. We define the following trace form
(-): g— Fon g (recall the definition at the beginning of Section 3):

(5.14) (P(2:0)X) = / Resy P(x; 0)dz Tr(X) ,
M
where, as usual, the residue Resy P(x;0) of a pseudodifferential operator

P(2;0) = 3 o0 [p(2)07P71 denotes the coefficient fo(x) of 971, It is easy to
check, using integration by parts (5.9), that the linear function (-) defined
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by (5.14) vanishes on commutators, and it is non-degenerate by (5.10), hence
it is indeed a trace form on g.

Using the pairing associated to this trace form (cf. (3.3)), we can identify
the associative algebra g with the (restricted) dual g*. Namely, the generic
point L € g* is written, in coordinates, as

(5.15) L= Y xa2)0 P E* €g*,
pEZ, el

where the coordinate functions z, o(z) € F are 0 for p << 0. We can also
write the pairing associated to (5.14) in coordinates, thus obtaining the “affine
analogue” of formula (5.2):

(5.16) (Loa) Z /J;pa z)Yp.ol(2)de

pEZ, el

where

(5.17) a= Y P oyua)Es .
q€EL,BET

(Here the “dual” coordinate functions y, s(x) € F are 0 for ¢ >> 0.)

Next, we want to describe the correct space of functions on g*, on which we
will define the AOR Poisson bracket. We consider the space of local polynomial
functionals on g*. These are functions F' : g* — F which, for L € g* as

n (5.15), have the form

G18)  F)= [ f0@)dr= [ TR0 e e ez,

where the density function f is a differential polynomial in the variables x; o,
p€Z,acl (and L = L(z) is as in (5.15)). In fact, we only need f to be
a polynomial when it is computed at a given point L, i.e. when z, , = 0 for
p << 0. R

Here the inverse limit algebra V., defined by (4.6), comes into play. In-
deed, any f € V., when evaluated at the point L(z) as in (5.15), i.e. at

u,(,”cl = 8%8’;3("”) € F (=0 for p << O) becomes a finite sum, i.e. a well-

defined element of F. Hence F'(L f I ))dx € I is well defined.
Clearly, when we evaluate [ € VOO at the pomt L(z) € g*, i.e. at uy c)y =
mng’i(z), the derivation 0 corresponds to the derivative in x:

(5.19) (0f)(L(x)) = w € F.
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In particular, by (5.8) we have [,,(0f)(L(x))dz = 0. Hence, we can identify
(5.20) {local polyn. functionals on g*} ~ O;/aV; ;

by associating the element [ f € Vo / 8]&;, where [ € V;, with the local poly-
nomial functional F': g* — F given by (5.18). This is the “affine analogue”
of the identification (5.3).

Next, we need to find a formula for the differential dp F' of a local func-
tional F = [f € Vo /0Vs at a point L € g*. Recalling (5.6), we let diF € g
be defined by

(5.21) F(L+eY)=F(L)+&(Yod,F)+0(?).

Let L(x) € g* be as in (5.15) and let Y (2) = Y 7 ner Upa(x)0 P E, with
Ypo(x) € F vanishing for p << 0. By Taylor’s formula and integration by
parts, we have

F(L+¢eY)= | f(L(z)+eY(x))dx
M

N/ L(x)) +¢ Z 8(];) (L(Ji))y;%)(x)) do

pEL,a€l ,mEZ>g Up,ol
9., of

¢ Y | tpale) X (—50)" s (L)

ol
peZ acl mEZ>0 Up,o

Recalling (5.16)-(5.17), we are thus lead to define

oF
OUp.a

(5.22) dpF = Y oo

pEZ,acl

(L(z)) Ea € 9,

where the variational derivatives of F = [ f € Vo, /0Vs are defined by (4.11).
5.3. R-matrices over g

In order to introduce the affine analogue of the OR bracket, we need to fix
an R-matrix over g = F((07!)) ® A viewed as a Lie algebra, i.e. a linear map

(5.23) R: F(0)®A — F(0TH)) oA,

satisfying the modified Yang-Baxter equation (2.1).
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We construct R-matrices on the Lie algebra g = F((071)) ® A as special
cases of Example 2.2. Note that F[9]0% C F((971)) is an associative (hence
Lie) subalgebra of F((971)) for every k > 0, while F[[071]]0% C F((071)) is
an associative (hence Lie) subalgebra of F((071)) for every k < 0, and it is a
Lie subalgebra of F((071)) for k < 1. For arbitrary k € Z, we have the direct
sum decomposition as left F-modules

(5.24) F(0Y) = Flo)o" @ Fl[o~1])o* 1,

and we denote by sy : F((071) — F[0)oF and T, : F((07Y)) —
F[[0~1]0%! the corresponding projection maps. Hence, according to Exam-

ple 2.2 we have the following R-matrices over the Lie algebra g = F((07!))®
A:

1
(i) RO = (s —Tl)®1(= 5(3(0) — (R9));
(5.25) (i) R = (IMz ~ M) @ 1;
(ili) R® =Tlsy — Iy, for A=TF.

Note that only the first of these three examples is such that %(R — R*) is an
R-matrix. These examples of R-matrices have been considered in [KO93].
Remark 5.1. For k = 1,2, we could also replace the subalgebras F[9]0* and
F[[071]]0%!, in the decomposition (5.24) with their adjoints O o F[J] and
ok=L o Fl[071]], to get two new R-matrices.

Throughout the remainder of Section 5 we shall assume that R is one of
the R-matrices R®, RM, R® listed above, and we will focus most of our
attention to the case R = R().

Note that in all examples (5.25)(i)-(iii) R acts as the identity on the A-
factor of g = F((071)) ® A, and it is left F-linear (f € F, P(9) € F((071)),
X e A):

(5.26) R(fP(0)X) = fR(P())X .

As a consequence, the dual R* (with respect to the pairing (- o -)) is right
F-linear:

(5.27) R*(P(0)o fX)=R"(P(0))ofX.
Moreover, we have

(5.28) R(0"1) = r,0"1 €FO"® A, forneZ.
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(In fact, 7, = £1 for all n, in all examples (5.25)(i)-(iii).)

Clearly, the constants r,, n € Z, uniquely determine R, and R can be
uniquely extended, by left Voo-linearity, to a map R : Vao((071)) ® A —
Voo((ﬁ_l))A ® A, or, in terms of symbols, to a map

~

(5.29) Re : Vool(€7Y)) @A — Voo((67Y) ®A.
Let us introduce the formal /-function

(5.30) 0z —w) = Z 2L

neZ

Recall that it is defined by the following properties

(5.31) a(z)d(z —w) = a(w)i(z —w),
and
(5.32) Res, a(2)0(z — w) = a(w).

In the sequel we consider the following generating series for the pseudodiffer-
ential operators in (5.28) (and their symbols):

(5.33) Re(d(z =€) =) raz "L €F((E))z 2 1@ 4,

nez

and similarly for Rf(6(z — €)). Using the property (5.31) of the d-function,
the properties (5.26)-(5.27) of R and R*, and denoting by A the action of 9
on ©, we have, for P(9),Q(0) € Voo ((071)) :

R(P(9)6(z — 0) 0 ©Q(d))
(5.34) = R(P(2)(],_,9) (|C:aQ*(/\ —2))0(z—A—=(—0))

= (‘)\:aG)P(z)RE(‘S(Z —A=(¢— 5)) (‘g:aQ*(/\ - Z))‘g:a’

and
R*(P(9)0(z — 9) 0 ©Q(9))

R (0(z+ ¢ = 0) o (|,_pP(2))([,L,©0) Q" (A = 2))
= ( ,\:a@) (‘g:ap('z))Rz (0(z+¢=9)) ‘£=C+/\+3 °oQ"(A—2).

(5.35)
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Here and further, when negative powers of a sum of variables appear, if we
do not specify how to expand, it means that there is a unique way to make
sense of it requiring that when 9 acts on functions it can appear only in non-
negative powers; the same for the symbol A in equations (5.47) and below, or
o in Section 5.8 and below. For example, in the RHS of (5.34) when negative
powers of z — A — ( appear, they must be expanded in the region |z| > |A+(],
since A acts as 0 applied to © and ( acts as 0 applied to the coefficients of
Q*(A—2z). Finally, in terms of generating series, we have the following relation
between R and R*.

Lemma 5.2. Let R be one of the R-matrices R©, RV or R?) from (5.25).
Then

(5.36) Ru(8(2 — w)) = R:(5(z — w)).

Proof. Of course, one can prove the claim by writing explicitly R, (d(z —w))
separately in the three cases R, R and R®. We provide here a unified
arguments which only uses the properties (5.26)-(5.28) of these R-matrices.
Let P(9)X,Q(0)Y € Vao((071))” ®A. Using the definition (5.14) of the trace
form (-) we have

(R(P(9)é(z = 0))X 0 Q(9)d(w — D)Y)

_ / Resy R(P(9)5(= — 9)) 0 Q(9)5(w — d) Tr(XY)

(5.37)
— / Resy P(2)Re(0(2 — €))],_, © Q)5 (w — 9) Tr(XY)

= [ PR = €))L, Q) Tr(XY).

In the second identity we used equation (5.34) and in the last identity we
used equation (5.32). Moreover, using again the definition (5.14) of the trace
form (), we also have

(5.38)
(P(3)5(2 — 0)X o R*(Q(0)5(w — 9))Y')

- / Resp P(9)8(z — ) o R*(Q(8)8(w — ) Tr(XY)
_ / Resp P(9)5(z — ) o (| _,Qu)Re (8(w + ¢ — &), TH(XY)

— [ PR - w = )], Q) TH(XY)
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In the second identity we used equation (5.35) and in the last identity we
used equation (5.32) and the facts that 0(w + & — z) = §(z —w — &) and
I (R:(6(z —w —¢§))) = 0. From equations (5.37) and (5.38), the definition of
adjoint operator and the non-degeneracy of the trace we get that, for every
P(0),Q(0) € V((071))
[ P (Rel6(z = )|y — B0z — 0 =€) y) QL) = 0.
Hence, equation (5.36) follows by [BDSK09, Lemma 1.36]. O
5.4. AOR Poisson brackets

Note that, if L is as in (5.15), then

(5.39) Lt+el= )Y (zpalz)+ena)d P 'E,
pEZ,acl
where 7, 4 Vol( 7 (OPE,)” is defined by the property
(5.40) Y a0 PTIEY =1
pEZ,acl

the unit element of g (given by the tensor product of the function 1 €
F((071)) and the unit element 1 € A). We next compute the O-R e-Poisson
brackets {[ f, [ g}®¢(L(x)), which can be viewed as the affine analogue of
the O-R brackets in (3.41), for one of the R-matrices (5.25)(i)-(iii). In order
to compute the RHS of (3.41) we use the definition (5.14) of the trace form
(-Yon F((07Y))® A, and dy, [ f and dy [g as in (5.22). As a result, we get

(5.41)
{1 Jaye(L(x)) =

h

o [dL(f F), R((L +€1) o di(fg) o (L +€L))])
o [dr(f9), RUL+ 1) o dp([f) o (L+e€L))])
di(fg) o (L +e€l)o RY[L,du([f)]o (L + L))

di(fg) o [L, R((L + €Ly o dp(ff) o (L+€L))]),

b.

+
MIP—‘I\DIHL\DI'—‘[\NH

P U e .
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where we used the cyclic property of the trace form. By expanding dp ([ f)
and dp([g) as in (5.22), the RHS of (5.41) becomes

1 . Sf . ) 5[ f
QMZEZ (0 O(suqi; (L@)Ey o ((L+er) o R [L.Po o (L) Ea] o (Le1)
a,Bel

+[LR((L+er)o0ro ;ff (L) Ea o (L+e1))])).

Up,a

Recall the general formula (4.45) relating the Poisson bracket on Vs, /0Vo to
the PVA A-bracket on Vao. Recall also that, in the identification (5.20) of local
functionals on g* with elements of Vo / 8V;, we simply replace the coordinate
functions z, o (z) € F with the corresponding differential variables u, o € Voo
We therefore expand L + €l as in (5.39) and use the definition (5.14) of the
trace form, to deduce the following formula defining the A-brackets on Vo
corresponding to the O-R Poisson brackets (3.41) (where © € Vao ):

(5.42)

{Upvaa“qvﬁ}iﬁ@ = % Z

i,j,kEL
v,6,C€l

{ Resg (uj,g(e)a_j_l o R* (uk,ca_’“_lﬂ’ o @) o uiﬁ(E)a—i—l-i-q)

x Tr (EgE°ESELE)
— Resy (uj,t;(e)a_j_l o R* (8]0 00 uk&a"“‘l) o uiﬁ(e)ﬁ_i—l-irq)

x Tr (EgE°E,ECE)
+ Reso (uk’caikil ° R(”M(E)aﬂ;lﬂ’ 000 uj75(6)07j71)8q>

x Tr (EgESEVE,E°)
— Resp (R<Ui,y(6)a_i_1+p o @ujﬁ(e)a_j_l) o uk7ca—k—1+q)

x Tr (EBEWEaEéEC)}

where we introduced the notation w; ~(€) = u; 5 + €n; . Here we used that R
acts as the identity on the second factor of g = F((07!)) ® A, as remarked
before equation (5.26).

Remark 5.3. From equation (5.42) it is not clear how to check the continuity
condition (4.34) only using the properties (5.26)-(5.28). In fact, we will be
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able to check continuity only using the explicit expressions of R,(0(z — w)
for the three R-matrices R, RM and R® that we are considering in the
present section.

5.5. Generating series and e-Adler identities

We encode all the variables u, o € Vo ina generating series as follows:

(5.43) Lz)= Y wpaz PIEY €Vu((27) ®A.

pEZ,ael

Then, all A-brackets {u; q,uq,} are encoded in

~

{Li(2aLa(w)}* € Vool Az, 27w, 0™ @ A%,

where we use the notation (4.40) for L;(z) and Lo(w). In fact, multiplying
both sides of (5.42) by z P lw ' E* ® Ef and summing over p,q € Z and
a, B €1, we get

(5.44)

{Li(2)oLa(@)} O = 3 {upagtigs) 07 w7 B @ B
p,q€Z,o,BE€]

= %Q Ress ((Ll(a) +€l) o R*(L1(9)6(z — 8) 0 ©) o (L2(9) + €1)d(w — 9)
— (La(0) + €1) 0 R* (3(2 = 0) 0 © Ly(0) ) © (L (D) + €1)d(w — )

+ L1(9) 0 R((L1(0) + €1)d(2 = 9) 0 © 0 (Ly(0) + €1) ) d(w — )

— R((L1(0) + €1) 0 0(= = 9) 0 O(La(9) + €1)) o Lo(0)é(w — a)) .

Here, 1 stands for 1 ® 1 € A ® A, and we denote

(5.45) Q= E,®E* € A A.

aecl

It satisfies the following basic property
(5.46) QXRY)=YX)Q forall XY €A,

which is easily checked by (4.1). Moreover, for a = A(9)X,b = B(d)Y € Vo,
we are denoting a; oby = A(9)B(0) ® X ® Y. Using (5.34), (5.35) and (5.36)
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we can rewrite (5.44) as
(5.47)

{L1(2)aLo(w)}

:%Q((Ll(w—l—/\—i—@)—i—e]l)(‘C:ZJraLl(z) c(6(¢=9)) ’5 Cz+w+)\+3L2 w)—+el)
— (Li(w+A+0)+el)R.(6(2—¢& )\g wirsola(A = 2)(La(w) + 1)

+ Li(w + A+ 0)(L1(2) + €1) R (3(C = w)) (| o,y 5 L3(A — 2) + €1)

— (L1(2) + €1)Re (6(¢ — §))(’<:Z_/\_8L§()\ —2z)+ eﬂ)‘g_eraLg(w)) .
This formula, that we call the e-Adler identity associated to the R-matrix R,
encodes the whole PVA structure of V., associated to the affine analogue of

the O-R Poisson brackets.
If we expand as in (3.5):

(5.48) A = L} 2efen 4 fa HE,
we get the 3-Adler identity
(549) {Ly(2)rLaw)}F
= 5B+ p L DR = Dl e saLal)
— Li(w+ A+ )R (3(z = )|y, L3O — 2) Lalw)
+ Li(w + A+ 0) L1 (2) R (0(C = w)) | ., _oL5(A = 2)
= LR = ) ey o130~ 2)|e_yyola(w)).
the 2-Adler identity:
(5:50)  {Li(Lo(w)}f
= 2B A+) (e p LN AT = D v
(e o LD R = ) eme s rnsola(w)

— Li(w+ A+ )R (5(2 = &) |o_ i npo Lo (A — 2)

= Ra(6(2 = )¢y yns0 L3O — 2)La(w)
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+ Li(w+ A+ 9)L1(2) Ry (6(¢ — w)) |szfA
+ Li(w + A+ 0) Ry (6(¢ = w)) (| .y _oL5(A = 2))
— L1(2)Re(0(C = &) [ —._s|e—ppro L2(w)
= Re(5(C = ) ey o130~ 2D)|emysoBa(w)).

and the 1-Adler identity:

(5.51)

(LA Law) = 50
<<\<:z+aL1<z>)R< (OC=emesrwer = B0 =)L pinsal 3N = 2)

+ Li(w+ A+ 0) Ry (8(¢C —w))| ., — 5(5(4—5))|<:ZA|5:w+aLz(w>>.

5.6. The Adler identities for the standard R-matrix R = R(©

Next, we specialize the Adler identities (5.49)-(5.51) for the R-matrix R
n (5.25)(i).

Recall that the o-function (5.30) admits the decomposition
(5.52) S(z—w) = t(z —w) ™" = 1z —w)t,

where ¢, denotes the geometric expansion in the domain |z| >> 0, i.e. t,(z —

w)™t = 3,502 " tw™, while ¢, denotes the geometric expansion in the

domain |w| >> 0, i.e. ty(z —w) ! = — Sso 2w L

For R = RO = IT>o — 1<, we have
(5.53) R® = —(ROY* and RV(6(z — w)) = 1o(z — w) ™t + tw(z —w) L.
Hence, in this case the e-Adler identity (5.47) becomes

(5.54)
{L1(2)aLa(w) "

—Q((Ll(w+)\+3)+eﬂ)(z—w A —0) PLE(\ — 2)(La(w) + €1)
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—(Ly(w+ A +0) +€l)L1(2)(z —w — A — 9) " (La(w) + €l)

+ Li(w+ A+ 0)(Li(2) +el)(z —w — A — ) (Ly(A — 2) +€l)

C(La(2) 4+ €1)(z —w— A — ) Ly — =) + e]l)LQ(w)) |

Here (2 — w — XA — 0)~! can be interpreted as either its ¢, expansion, or
its 1, expansion: both choices give the same answer. Indeed, if we replace
everywhere (z —w—A—0)"! by §(z —w — A — ), the RHS of (5.54) vanishes
by (5.31). More explicitly, the 3-Adler identity (5.49) becomes

{L1(2)La(w)}y)
(5.55) = Q(L1<w+A+6>L1<z><z —w = A=) HLi(\ — 2) — La(w))

b (Li(w A +0) = L1(2)) (2 —w = A — 9) LA — Z>L2(w)) |
Similarly, the 2-Adler identity (5.50) becomes

(L1(2)xLa(w)}O = Q(Ll(er)\Jra)(z Cw—A—0)Li(—2)
(5.56)
() —w— A — a)lLQ(w)) ,

and the 1-Adler identity (5.51) becomes

(L1(2)xLa(w)}© = Q((Ll(w FA) = La(2)) (2 — w— A"
(5.57)
b rmw— A=) (LA —2) — Lg(U}))) .

Equation (5.56) is the same as the Adler identity for gl which first appeared
in [DSKV16] and [DSKV18].

5.7. The Adler identities corresponding to R = R™)

Next, we specialize the Adler identities (5.49)-(5.51) for the R-matrix R()
in (5.25)(ii). We have

(5.58) R =TIy, — Iy = RY — 210,
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where Iy : F((27!)) — F denotes the projection to the coefficient of 2, and
(RWYy = —RO _9or1_, .

Applying (5.58),we can compute the 3-Adler identity (5.49) for R = R, to
get

{Ly(2)2La(w)}) = {L1(2)aLa(w)}”

- Q( — Li(w + A+ 0)ty(w + A+ 0) ' L1 (2) Lo (w)
(5.59) + Ly(w+ X+ )i (w + X+ 9) LA — 2) La(w)

— Li(w+ A+ 0)L1(2)t.(z — A= 9) ' LE(N — 2)

L)z = A= ) L5 2) Law))

Since %(R(l) — (RM)*) does mnot satisfy the modified Yang-Baxter equa-
tion (2.1), the corresponding 2-Adler identity will not define a PVA structure
on V,, while the 1-st Adler identity will. It is

{La(2La(w)} = {La(2)aLa(w) 1"
(5.60) + Q= twlw + A+ 0)7H(Li(2) - LA — 2))
t12(2 = )7 (La(w) = Lu(w+ X))

In a similar way one can compute the Adler identities corresponding to
the R-matrix R = R® from (5.25) (in the scalar case A = F). We leave this
exercise to the interested reader.

5.8. The e-Adler identities and the corresponding continuous PVA
A-brackets on V3

As before, in this section we let R be one of the R-matrices R, R R
defined in (5.25). In fact, apart for the proof of the continuity of the A-bracket
in Proposition 5.4 (where we use the explicit expression for R, (d(z —w))), all
other arguments only use properties (5.26)-(5.28).

Proposition 5.4. The e-Adler identity (5.47) associated to R defines a con-
tinuous A-bracket on Vs, for every e € F.
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Proof. We need to prove the continuity condition (4.42) (or, equivalently,
(4.41)). Fix N € Z. Note that, by the definition of the projection maps
N - Voo — Vy in (4.5),

N (L(2)) = Z Up oz PTIEY,

p=—N-1

has powers 2=V, Applying 7y to the RHS of (5.54), we get
(5.61)

Q((WN(Ll(w—i-)\—i-a))+e]l)(z—w—/\—6)17rN(L§()\—z))(7TN(L2(w))+e]l))
— (rn(La(w + X+ 0)) + el)an (L (2)) (z—w—=A=0) " (wn(La(w)) + €1))
+ 7N (L (w+A+0)) (mn (L1 (2)) Fel) (z—w—A—0) (my(L5(A—2))4-€l)

— (mn(L1(2)) + e1)(z—w=A=0) " (nn (L3(A — 2)) + Eﬂ)ﬂN(Lz(W))> :

If we expand (z —w — A — 9)~! in negative powers of z, we observe that

the powers of z in (5.61) are bounded above by M = 2N — 1. If instead
we expand (2 —w — A — 9)~! in negative powers of w, we get that also the
powers of w in (5.61) are bounded above by M = 2N — 1. Recall that, by
the observation after formula (5.54), the RHS of (5.54) is unchanged if we
expand (z —w — A — d)~! in either negative powers of z or negative powers
of w. Hence, the continuity condition (4.41) for the e-Adler identity (5.54) of
R© holds. The proof for RV and R® is similar. O

Proposition 5.5. The e-Adler identity (5.47) associated to R implies the
skewsymmetry condition (4.43).

Proof. First, note that the skewsymmetry condition (4.43) can be rewritten
as

(5.62) {L1(2)aLa(w)} = [, _p{Lr(w)-r—2La(2)}7,

where o is the endomorphism of A®? defined by (X ® Y)? =Y ® X. Using
the e-Adler identity (5.47), by a straightforward computation we have

(5.63)

— | L1 (W) r—aLa(2) }

1

=50~ Qe s O+ D)Ly T (W) R (GG —€)) (Laz) 1)
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+ (|l _p LIA=2)+€l) Ry (0(w—E)) |, _,_ La(w+A+C+0)(La(2) +€1)

(]£ o L1 (A=2) (L1 (w) + €1)) Re (6(C — z))(\C:w+)\+§(L2(w+/\+f)+e]l)

(ecwnsgen e L1 (w) + RE(B(C — €)(La(Q) + L) |§_Z+8L2<z>) |

The skewsymmetry condition (5.62) follows by applying o in both sides
of (5.63) and by using the facts that (XY)? = XY 7, for every X,Y € A®?
and that Q7 = Q. O

Lemma 5.6. The modified Yang-Baxter equation (2.1) for R is equivalent to
the following identity

(5.64)

(Ru(6w — v))ng( ey — Ruldlw = )Rz — Oy,

— B3z — = ) Ry(6(w — )]+ 6 — v — )6 — v)) Rualag

— (Ru(0(2 — U))R§(5(w Eyyr — Ro(0(z = 0)) Re(0(w = Q)| _,

— Ry(6(w — X —v))Ry(6(z — ))}n:w_)\ + 8w —v—=N)d(z — ) Q2302 = 0.

Proof. Let us compute the modified Yang-Baxter equation ( 1) for a =
A(0)6(z — 0)E, and b = B(0)d(w — 0)Eg, for A(0), B(0) € Vs < ((071)) and
a, f € I. Using equation (5.34), and recalling that 0 (R, (d(z — w))) = 0, w

get the identity

(5.65)

A [Ruld(w — ) Rel6(z — )|y, — Rl — 0) Re(5(z — )
— B3z — = )Ry = )],
+0(z —v—p)d(w —v)] (’N:aB(w)) |y:8EO¢EB

= B)[Ro(6(2 — 0) Re(6(w — E)|c_y 1 — Foldlz — ) Rel6w — )| .,
— Ru3(w — A= )Ry (6 — )],y
+8(w — v = 2)d(z = 0)] (|,_pA()) |,_yEsEa = 0.

|(:w+,u

Tensoring both sides of identity (5.65) on the left by £ ® E® and taking the
sum over «, 8 € I we get the identity
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(5.66)
A(2)[Ro(0(w = 0))Re(0(2 = §))|_p, — Ro(6(w —0))Re(6(2 = O))]_ sy
— Ru(0(z = p =) Ry(d(w —m))|, _,_,,
+8(2 = v = 3w = v)] (|, _yBw)) [,_120s
— B(w) [Ry(6(2 = v)) Re(5(w — )|, — Ro(0(z = v)) Re(d(w = Q)] ., ,
— Ru(0(w = A =) Ry(3(z = )|, _,_»
+ 6w —v = N)d(z — )] (|/\:8A(2)> | oep 22312 = 0.

Since identity (5.66) holds for arbitrary A(9), B(9) € Vo ((71)) it implies
identity (5.64). O

Remark 5.7. If A is non commutative, the elements €153 and Q938215 are
linearly independent. Hence, by Lemma 5.6, it follows that the modified Yang-
Baxter equation (2.1) is equivalent to the identity

(5.67)

Ru(8(= = 0)) Re(B(w — )|,y 1, — o3z = ) Re(B(w = O)|o_

= Ru(0(w = A= 0))Ry(d(z = )|, _,,_, + 6w —v = A)d(z —v) =0.
Proposition 5.8. The e-Adler identity (5.47) associated to R = R©), RY) or
R®) implies the Jacobi identity (4.44) for every € € F. In particular, the 1-st
and 3-rd Adler identities (5.51) and (5.49) associated to R imply the Jacobi
identity. For R = RO, then also the 2-nd Adler identity (5.50) associated
to R implies the Jacobi identity, and the corresponding continuous A-brackets
defined by (5.55), (5.56) and (5.57) are compatible, in the sense that any their
linear combination satisfies the Jacobi identity.

Proof. The proof follows by a very long but straightforward computation. We
outline it in the case of the 1-st Adler identity (5.51).
Recall the generating series (5.33). Let us introduce the shorthand

R(z,w) = Ry(d(z —w)).
Using sesquilinearity (4.29), Leibniz rules (4.30) and the identity (5.36), the

Jacobi identity (4.44) for the A\-bracket {L(2)\L(w)}¥ given by the 1-st Adler
type identity (5.51) becomes
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(5.68)

{9129233(11) — i, 2)R(v+ X+ ( + p,w)

= Qu3Qo3R(v + A+ + p, 2) R(w — 1, v)

— Q3R+ A+ + pw+ A+ ORw+ A+, 2)
+ Qo3QzR(w — pr,v + A+ Q) R(w + A+ (, 2)

+ Qo R(w — p,z = A= p— QR+ p+A+(,2)
(

= Q3QuR0+ A+ C+p, 2+ p)R(w — p, 2) Li(A = 2)

Jle-o
+ [ = Qo R(z = A w = A= p— OR(v+ A+ p+ € w)
— Q3 R(z — N w)Rv+ A+ p+¢&,2)

+ QosQsR(v + A+ p+ & w)R(z — A\, v)

+ Q3R+ A+ pu+ &2+ p+ER(z+ p— +&w)
— Q33 R(z — N\ v+ pu+ER(v+ p+ &, w)
(

+ Qo3 Rw+ A+ pu+&w+ ANR(z — Li(pn — w)

2 0)]les
+ {ngngR(z —Nv+ p)R(w — p,v) — QazQsR(w — p, v+ A R(z — A\, v)
+ Q32 R(z — N\, v)R(w — p, 2) — QagQiaR(w — p, v)R(z — A\, w)

— Moz R(w — p,z — A — p)R(z — A — i, v)

+ Q12093 R(z — A w — X — p)R(w — X — p, U)}Lg(v + A+ 1)

+ [_ R(w —M,Z+C)R(U+)\+C+M,W)912923
(U+)‘+C+IU‘,Z+C) (w_:u)U)Ql?)QQ?)
R+ A+C+pu,w+ A+ Rw+ A+, 2+ ()32
R(w — U‘f‘)\‘i'() (v 4+ A+ C, 24 () Q3813
(w —)\—/L)R(U+)\+C+M,Z+<)ngglg

R(

VA 2+ p+ QR(w — py 2+ C)913Ql2} |—oL1(2)
+ |:R(Z — /\,U) —A— /L)R(U+)\+M+£,w+£)912923

R(z—=ANw+ERv+ A+ p+& 2)Q1283
—Ro+A+p+&w+ER(z— N v)Qasls
—Ro+A+p+&z2+p+ )R+ pn+ & w+ &30

R(z = A v+ p+ R0+ p+&w+§)Qi3s
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—R(U+)\+u+€,w+)\+§)R(Z—)\,w+€)92391z} 2(w)

ol
+ [— R(z—=MNv+pu+v)R(w — p, v+ v)Qi3803

+R(w v+ A+ v)R(z — A\ v+ v)Qa383

R(z — N v+ v)R(w — i, )32 + R(w — p,v + v)R(z — A\, w) Q2312
R(w— i,z — A= p)R(z — X — p,v + v)Q1283
R(

z — )\ w—A— M)R(w— A—M,U—FV)QlQQQgMV:aLg(U) =0.
Note that
(5.69) Q19093 = Q13012 = Qo33 Qo312 = Q13003 = Q1203

Furthermore, let us rewrite the identity (5.64) as

;5(;70@)07 v, A p) = 0(w —v—A)5(z — v) Q312 — (2 — v — p)d(w — V)23,
where

I(z,w,v,\, 1) = (R(w,v)R(z,v + pu) — R(w,v)R(z,w + p)
(5.71) — R(z — p,v)R(w, z — 1)) Q12003

— (R(z,v)R(w,v + \) — R(z,v)R(w, z + \)
- R(w - )\7 ’U)R(Z, w — A))Qgg@lg .

Using the identities (5.69) and equation (5.71) we can rewrite equation (5.68)
as follows

L0+ A+ +pw =2, =A== p, )| _y LT (A = 2)
+F(z—/\,v+)\+,u+§,w,)\,—/\—u §|£ oL —w)
(w—,u, — A\, i, A) Lg(v + X+ p)
Do+ A+ pw =2+ ¢ =A==, )| _yLa(2)
+T(z = Ao+ A+ p+Ew+EN A —p—E)|_,La(w)
+T(w — =N vt v )|,y La(v) .

(5.72)

For any X,Y,Z € A we have
(5.73)
X1Y2 2580038010 = Qo312 X037, X1YoZ3580428003 = Q120023 X3Y1 75 .
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Hence, using equations (5.70), (5.73) and (5.31), we have

F(U+)\+C+u,w—u,z7—)\—g—u,u)|<:8[f{()\—z)
=0(z—w—A=0)0(w—v — pu)Qa32La(w)
—0(z—v=A=0)0(w — z — )23 L3(v),
F(z—)\,U+)\+,u+§,w,)\,—)\—u—£)|§:8L’2‘(u—w)
(5.74) =0(w—v—p—0)0(z —w— N)Q3Q12L3(v)
—0(z—v—=AN)o(w—2z—p—0)21203L1(2),
D(w—p, 2z — Ao, i, \) Lg(v + X+ )
=0(z—w—N)d(w—v— pu)Q3N2L;(2)
—0(w —z—p)o(z — v — A)Q12Q03 La(w) .

By equations (5.74) and (5.70) we immediately get that both sides of (5.72)
coincide thus showing that the Jacobi identity (4.44) holds for the bracket
{-» .} Similar (but longer) computation shows that the Jacobi identity (4.44)
holds for the e-Adler identity (5.47) and the 3-rd Adler identity (5.49). As in
the proof of Theorem 3.1, in order to show that any linear combination of the
3-rd, 2-nd and 1-st Adler identities satisfy Jacobi identity one has to check
that the 2-nd Adler type identity (5.50) satisfies (4.44). This is again similar
(but longer) to the analogous computation for the 1-st Adler type identity.
The interest reader can check that, in this case, the Jacobi identity (4.44)
holds for R(©). O

Remark 5.9. If we apply Lemma 2.3(g)-(h) from [DSKV18] we have

(5.75)
{L7 ()AL (w) i = (|xl:8(Lf1)*()\ — )Ly (w+ A+ 21 + 22 + Y2 + 1)

X (|u:a{L1(z + IQ)A+I1+ZQL2(U) + ?/2)}3R) (}IQ:aLl_l(Z)) (|y2:3L2_1(w)) :

By using the 3-Adler identity (5.49) we rewrite the RHS of (5.75) as

%Q(Rg‘(é(z — ) ecwrria(Ly 1) (N = 2)
~ o LT ORIz + ¢ = )i
— Ry(8(2 —w — A)) Ly (w + \)

+ Re(0(2 = A= )]y o La(w)) -

(5.76)
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Here, we used the fact that X;Y5Q = QXoY; and the identities

L(z+a)|,_yL7'(2) =1, L{w+A+y)|,_, L (w+A) =1,
LA +z—2)| L) A =2 =1, Lw+y)| L (w)=1.

Note that equation (5.76) is the the RHS of (5.51) with opposite sign. This
shows that if L(0) satisfies the 3-rd Adler type identity (5.49) for an R-matrix
R, then L™1(9) satisfies the 1-st Adler type identity (5.51) for the R-matrix
—R. Moreover, using equation (3.5) in [DSK13], sesquilinearity and Leibniz
rules, it is straightforward to check that, in any PVA, we have the identity

(5.77)
{ar{be) — {bu{arc) — H{abharuc) = ({a  rpafb  urye )

- {b_lu-i-y{a_l)\-i-zc_l} - {{a_1A+mb_1}>\+r+u+yc_1}) <|I:aa2) (|y:ab2)02 :

Jacobi identity (4.44) for the A-bracket {L(2)xL(w)}% then follows by equa-
tion (5.77) and the fact that L=1(9) satisfies the 1-st Adler type identity (5.51)
for the R-matrix —R.

Theorem 5.10. Let R = R©, RM or R® from (5.25). Then the e-Adler
identity (5.47) defines a continuous PVA \-bracket on V;, for every e € F.
In particular, for all three R-matrices, the 3rd and 1st Adler identities (5.49)
and (5.51) define continuous PVA \-brackets on Vao, while for R = R©) all
3rd, 2nd and 1st Adler identities (5.55)—(5.57) define compatible continuous
PVA X-brackets on V;.

Proof. 1t is an immediate consequence of Propositions 5.4, 5.5 and 5.8. [
6. Hamiltonian equations and integrability

As in the usual PVA case, see [BDSK09], given a continuous A-bracket on Voo,
the space of local functionals V4, /0Vs acts on Va, by derivations, commuting
with 0, as follows

{Jh,u} = {hyu}|r=0, hou€ Ve .

A Hamiltonian equation on Vo associated to a Hamiltonian functional [h €
Voo /0V is the evolution equation

(6.1) %:{fh,u}, wev.
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An integral of motion for the Hamiltonian equation (6.1) is a local functional
[f € Voo /OVso such that {[h, [f} = 0, and two integrals of motion [f, [g
are in involution if {[f, [g} = 0. Here, the Lie bracket in Vo /0Vs is the
one defined in Section 4.6. The minimal requirement for integrability is to
have an infinite collection [hg = [h, [h1, [ha, ... of linearly independent
integrals of motion in involution. In this case, we have the integrable hierarchy
of Hamiltonian equations

du

Theorem 6.1. Let R = RO RM or R?) from (5.25). For n € Z, define
the elements hy, € Vo by (Tr=1® Tr)

—1
(6.3) hy, = . Res, Tr(L"(z)) forn #0, hy=0.
Then:
(a) All the elements [h, are Hamiltonian functionals in involution, for
every e € F:
(6.4) {hm, [} =0 for allm,n € Z>y .

(b) The corresponding compatible hierarchy of Hamiltonian equations sat-
isfies (n € Z>g)

dL(w)
dt,

(6.5) = { [, L(w)} € = %[R((L—&—e]l)oL”*lo(L—&—e]l)),L](w)

(in the RHS we are taking the symbol of the commutator of pseudod-
ifferential operators), and the Hamiltonian functionals [h,, n € Z>o,
are integrals of motion of all these equations.

It follows immediately from part (b) and equation (5.48) that we have
the following triple Lenard-Magri relations (n € Z>1)

{J i1, L)} = { [, L(w)}? = { [ r, L(w) } !
(6.6) 1 "
= 5[R(L"), L)(w).

Equation (6.6) is the affine analogue of equation (3.52).
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In the remainder of the section we will give a proof of Theorem 6.1. We
will use the following results for which we omit the proofs, see [DSKV18,
Lemmas 6.3, 6.4 and 6.5].

Lemma 6.2. Let X, Y bein A. Then

(a) (Trel)(UXQY))=XY € A;
() (TreTr)(UX®Y)) =Tr(XY) eF.

Lemma 6.3. Given two operators P(9),Q(0) € Voo (071)) ® A, we have

(a) Res, P(2)Q*(A — z) = Res, P(z+ A+ 0)Q(2);
(b) [Res, Tr(P(z+ 0)Q(z)) = [ Res. Tr(Q(z + 0)P(z)).

Lemma 6.4. Forn € Zx>, let hy, € V; be given by (6.3). Then, for a € V;,
we have

{hpya}tt® E]A _o = —Res, Tr{L(z + x), a} 6(‘ L"il(z)) ,

6.7
(6.7) f{a,\hn}RﬂA:O /Reszr{aAL(w—i—x }Re‘/\ O(LC oL Y(w)).

Proof of Theorem 6.1. Applying the second equation in (6.7) first, and then
the first equation in (6.7), we get

68)  {[hm, [T} = / Res, Resy (Tt @ T){ (= + 2), L(w + y)}
X (g L @) (|, o L (w))) -

We can now use the e-Adler identity (5.47) associated to R to rewrite the
RHS of (6.8) as

©9) [ Res. Resu(Tr @ TORULL (0 +0) + e1)(| _._,L(2)
X RAB(C ~ gy yepLal +0) + 1) 5 ()

— % /Resz Resy,(Tr @ Tr)Q(Ly (w + 9) + 1) LT7Y(2))

r=z+0

X Ry (0(x Ly(=2)(La(w + 9) + 1) Ly~ (w)

>) ’£:x72+w+8

(6.10) + % /Resz Resy (Tr @ Tr)QLy (w + 0) ((L1(Z +0)+ EJl)Lgnfl(Z))

X Re(0(z — € = )| _yLa(~2) + 1) (| L3 (w))
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- % /Resz Resy, (Tr® Tr)Q((Ll(z +0) + 61)LT71(2)>
< R5(5(Z - C - 5))(‘(:311;(_2) + 61) (|§:w+aLg(w)) :

We can use Lemma 6.2(b), to rewrite the term (6.9) as
(6.11)

% /Resz Res, Tr (L(w + 0) + €1) ((|<:Z+3Lm(z))RC(5(C = &)le=¢—z+w-n

e (N 2 69 ) A I3 [ (P A C) N
X (|n:8(L(’w +0)+ e]l)L”fl(w)) )

By Lemma 6.3(a) and the fact that L™(9) = L™ () o L(9) we have that

Res, ((’g:z+8Lm71(z))R$<5(x - 5))(‘g:a[’*(_z)>|g:xfz+w+§+n)

(6.12)
= Res: (o oL D RAOC = Ol ure)

Hence, from equations (6.11) and (6.12) it follows that the term (6.9) vanishes.
Next, we can use Lemma 6.2(b) and Lemma 6.3(b) to rewrite the first
term in (6.10) as

(6.13) + % /Resz Res,, Tr L(w + 0) ((L(z +0)+ e]l)mel(z))
X RE((S(Z - C - 5))(|<:0L*<_Z) + e]l) (}§:w+aLn_1(w))
= % /Resz Res,, Tr ((L(z +0)+ e]l)Lm_l(z))
X Rg(d(z - C - f))(|g:aL*(_Z) + dl) (}5:w+aLn(w)) :

On the other hand, by Lemma 6.2(b) the second term in (6.10) is equal to

(6.14) - % /Resz Resy(Tr® Tr)Q((Ll(z +0)+ e]l)Lfln—l(z))
X RE((S(Z - C - 5))(}4:011;(_2) + E]l) (|§:w+aL3(w))
= —% / Res; Res,, Tr ((L(z +0) + ell)Lm_l(z)>

X Re(0(z — ¢ = )|,y L* (=2) + 1) (|, o L"(w)) .
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From equations (6.13) and (6.14) we have that the term (6.10) vanishes thus
proving (a).
We are left to prove part (b). We have

(6.15)
{ s L)} = {haa L(w)}*,
= —Res,(Tr®1){L(z + z),L(w (| aLn (= )
— _% Res. (Tr @1)Q(L (w +9) + e1)(|_,, , LT (2))
x Re(6(¢ — g))(’g:g_z+w+8[’2(w) +el)
1 1
+ 3 Res, (Tr @1)Q(Ly (w + 9) + e1)(] rmarol 1 (2))

X R,(6(x — &))( Lo(w) + €1)

|C=8L;(_Z ’§=zfz+c+w+a
1
— 5 Res(Tr @ 1)L (w + 0)((La(= 4 ) + 1) L{ 7 (2))

X Ry(0(z —w—Q)(|._,L5(—=2) + €1)

|g:6
" % ReSZ(Tr@)]l)Q((Ll(z +0)+ e]l)L”—l(Z))

X Re(6(z — ¢ = 9))( —z) +e€l) ‘5 wirol2(w))

)l eoL
_ ;( (w+0) + 1) Res. ((|__,,L (0(¢ - €)))
|5 (—twiol (W) +€l)
+ ;( (w+8) + 1) Res. ((|,__, oL ()R- (0 — )(|_,L"(~2)))
|g o z+(+w+8L< )+€ﬂ)

— %L(w + a) Res. [(( (Z + a) + EH)L"_I(Z))

X Roy(8(2 = w = Q))(|_yL*(—2) + €1)]

’g:a '
+ % Res. [((L(z +0) + 1)) (2))
X Re(6(z = ¢ = ) (|,_pL*(=2) + D] (| o L(w))

_ —%L(w +0) Resa(L(z + 0) + 1) L™ (2 + 0)(L(2) + 1) R (5(= — w))
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+ % ResZ(L(z+8)—i—c]l)L”_l(z+(9)(L(z)+e]l)R§(5(z — f))(|§:w+8L(w))

_ —%L(w FO)(L(w+ 8) + e1) L™ (w + 9)(L*(—2) + €1)

+ %(L(w +0) + el)L" H(w + 0)(L(w + 9) + €l ) L(w) .

In the second equality we used the first equation in (6.7), in the third equality
we used the e-Adler identity (5.47) associated to the R-matrix R, in the fourth
equality we used Lemma 6.2(a), in the fifth equality we used equation (6.12)
and Lemma 6.3(a), in the last equality we used the identity

Res, (P(2)Ryw(6(z — w))) = Ry(P(w)),

which can be easily verified for any P(z) € Vao((271)) . This proves (6.5)
and completes the proof of the Theorem. O

For k € Z, recall the projection maps 1> defined in Section 5.3. For
P(0) € Voo ((071)) ® A we clearly have

P(9) = > (P(9)) + <k (P(9)) -

Moreover, we clearly have [L"(0), L(0)] = 0, for every n € Z>q. Hence, for
the R-matrices R®), k = 0,1,2, defined in (5.25), the hierarchy (6.6) can be
rewritten as
dL(0)
dt,,
(The case k = 2 occurs only if A =T.)

- [HZk(Ln(a))v L(a)] y nE ZZO~

7. Example: the KP hierarchy

In this section we employ the machinery developed in Section 5 to provide
a description of the tri-Hamiltonian structure of the A-valued Kadomtsev-
Petviashvili (KP) hierarchy, where, as before, A is a finite-dimensional unital
associative algebra over F with a non-degenerate trace form.

Let R = R as defined in (5.25)(i). Throughout the section let us use
the shorthand {-  -}¢ := {- - }%” to denote the A-bracket on Vs defined by
equation (5.54). We also simply denote by {-x-}i := {- -}EO), i=1,2,3, the
compatible A-brackets on Vs defined by equations (5.57), (5.56) and (5.55)
respectively.

For N € Z, recall the differential algebra homomorphism 7y : VO: — Vi,
defined in (4.5), sending uz(,”o)é to zero if p < —N — 1. By construction we have
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VN = V;/Ker mn. Note that, in general Ker 7wy is not a PVA ideal. Hence,
generally, we do not have an induced PVA structure on the quotient space
V.

For p € Z we denote

(7.1) Up = o B € Voo ® A,

a€cl

so that, from (4.26), we have

(7.2) L(z)=> Uzt

pEZ

Moreover, 7y (Up) = 0if p < —N —1. In fact, Ker my is the differential algebra
ideal of Vo generated by the coefficients of Uy, p < —N — 1.

We have, from (5.54) and (7.2)
(7.3)

{(Up)iaLa(w)}* = Res: 2P{L1(2)aLa(w)}*

_ Q((L1(w FA+0) + L) ((w+ A+ 0P Lo(w + 9)) . (La(w) + €1))

N
— (Li(w + X+ 9) + el)(Li(w + A+ ) (w + A+ 9)F) , (La(w) + €1))
+ Li(w+ A+ 0)((Li(w + A+ 9) + el)(w + A + 0)P(La(w) + €1)) .

— (Ln(w+ A+ 8) + 1) (w + A + 0)(Lo(w + 9) + eIl))+L2(w)) |

In the second equality of (7.3) we used the identity
(7.4) Res, a(2)i.(z —w) ™' = a(w)y .

Proposition 7.1. (a) If N < 1, then Kerny is a PVA ideal for the con-
tinuous PVA structure on Voo defined by the 3-Adler identity (5.55).
(b) For every N € Z, Kermy is a PVA ideal for the continuous PVA struc-
ture on Voo defined by the 2-Adler identity (5.56).
(¢c) If N > —1, then Kermy is a PVA ideal for the continuous PVA struc-
ture on Ve defined by the 1-Adler identity (5.57).
(d) The e-Adler identity (5.54) defines a PVA structure on the differential

algebras Vy for N = —1,0,1.

Proof. Recall that the coefficients of U,, p < —N — 1, generate Kermy as

a differential algebra ideal. Hence, if we show that WN{(Up)l/\L2(w)}(.O) =0,

2
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i =1,2,3, for every p < —N — 1, then Kerny is a PVA ideal of V.. Note
that, if p < —N — 1, then

an(L(w+ A+ 0))(w+ A+ 9)P

has order p+ N < —N — 14+ N = —1. Hence,

(7.5) (n(L(w + A+ 0))(w + A+ 09)F) = 0.
Similarly
(7.6) (w+A+9)mn(L(w+0))), =0.

For p < —N — 1, we thus have, from equations (7.3), (7.5) and (7.6),
(7.7)

TN{(Up)iaLa(w)}

= Qm(La(w -+ A+ 0)) (m (La(w + A+ 0))(w + A+ OPmy(Law))

— (WN(Ll(w + A+ 8))(w + A+ 8)p7rN(L2(w + 8)))+7TN(L2(U}))>

+ @ m(La(w + A) ((w+ AP),, = (w+ A+ 0) i (Lafuw) )

Recall the expansion (5.48). Since there is no coefficient of 2¢ in (7.7) we have
that 7n{(Up)iaLa(w)}e = 0, for every N € Z, proving part (b). Moreover,
7N (L(w + X+ 9))(w + A + 0)Prn(L(w)) has order 2N +p. If p < =N —
1, then 2N + p < N — 1. Hence, if N < 1, from equation (7.7) we have
Tn{(Up)1rLa(w)}s = 0 which proves part (a). Finally, if p < 0, which happens
when N > 1, from equation (7.7) we have my{(Up)inL2(w)}1 = 0 proving
part (c). Part (d) follows from parts (a),(b) and (c) and the fact that Vy =
V;/ Ker my. O

By an abuse of notation we simply denote

(7.8) L) == m(L(0) = S U, 18" e Vi((07) @ 4,

p<1

where U, is as in (7.1). From Proposition 7.1(d) we have that the e-Adler
identity (5.54), for L(0) as in (7.8), defines a PVA structure on V.

Lemma 7.2. In the PVA V1, we have the following A-brackets relations:
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() {(U-2)1,La(w)}* = Q(Li(w+A+0)(U 22U 3) = (U2 0U ) La(w)).
(0) {La(A(U-2)2} = (U2 8 Un)La(2) = Li(A = 2) (U2 © U-)).
(¢) {(U-1)1)La(w)}
= Q((Li(w + A+ 0) + D) (A1 @ Uy — Uy @ 1)(La(w) + €1)
+ L1 (w+A+9) (U2 @ U_g)w + (U_1+€l) @ U_g + U_o ® (U_1 +€l))
— (U2 @ U_a)(w+0)+(U-_14€l) @ U_2+ U_2 ® (U_1+eJl))L2(w)).
(d) {L1(2)A(U-1)2}°
= Q((L;()\ —2)+e) (1 QU5 —U_o@1)(L1(2) + €1)
+(U2@U9)(z240)+ (U1 4+€l)@U_g +U_o® (U_1 + €))Ly (2)
— LA = 2) (U2 ®Uog)z+ (Uoy +€1) @ Uy + U5 ® (U1 + €1)) ).

Furthermore, we have

(79)  {U-2)1,(U2)a} = QU2 0 Us U0 U2,),

10 {U-2)1,(U-1)2} = Q(Us(A+ (U2 @ U) + UaU 52U 5
~U 2@ UU ),

711) {(U-1)1,(U=2)2} = Q(U_z @ (A + U _)U_g) + U U 1 @U_,
U, ® U_lU_g) :

{U-)13U-1)2} = QU2+ 0)(U-1 @ U-s)

~U2® (A +0)U) U
+ U3 @U_s—U_,®U?,
(7.12) + Uy @ U2, — U2, @ Up)
+2e0(Us @ (A +0)U_
+U1Q@U2—-U2® U—1>

+eQ(10U,-U,e1),

Proof. Tt follows by a straightforward A-bracket computation from (7.3). O
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Consider the differential algebra homomorphism
d) . Vl — V1
defined on generators by (p > —2,a € I,n € Z>)

6’”«0 Tr(EOé)7 p=—2z,
(7.13) pu)={ 0 p=-1,

D, (’ )
n
Up,a p Z 07

and extended using the Leibniz rule. Extending ¢ to a homomorphism ¢ :
Vi ® A — V-1 ® A acting as the identity on A, and using (7.1), we can
rewrite equations (7.13) in a more compact form as follows (n € Z>):

oU) =501, oUT) =0,  GUM) =U", p20.
We then get, from Lemma 7.2(a)-(c) the following identities

(7.14)
6 ({(U-2)1,La(w)}) = Q(6(Ln(w + X)) = 6(La(w)))

6 ({(U-1)15La(w)}) = Q(G(Ln (w0 + N))(w + 26) = (w + D + 2€)$(Ly(w))) .
Note that in both equations in (7.14) there is no €? term. Hence, we have

¢ ({(U-2)1)L2(w)}3) = 0 = {p(U-2)1,¢(La(w))}3

and
¢ ({(U-1)1yLa(w)}s) = 0= {o(U-1)1,6(L2(w))}s,

namely ¢ is a PVA homomorphism with respect to the PVA structure defined
by the 1-Adler identity (5.57). However, from equation (7.12) we have

¢ ({(U-1)1,(U-1)2}°) = Q(Uo @1—-1®U+2(1® m) :

which has non-zero terms in € and e. This implies that ¢ is not a PVA ho-
momorphism with respect to the 2-nd and 3-rd PVA structures on V; defined
by the identities (5.56) and (5.55) respectively.

In order to make ¢ a PVA homomorphism we can consider on V; the PVA
structure defined by the Dirac modification {L;(2)xLa(w)}4? (see [DSKV14]
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for details on the Dirac reduction for PVA) of the e-Adler identity (5.54) with
respect to the constraints (o € I)

el,a =U-—2a — Tr(Ea) 92,(1 =U-1,« -

Letting 0; = > cr 0o 2%, @ = 1,2, the constraints can be rewritten in com-
pact form as 1 = U — 1 and 6 = U_y. Let C(A) = (Clsa) (;5/(N)) be the
matrix, with coefficients in V_1[A], defined by

Clia), 5,8 (M) = 105,8,0i.0°

and let C~1()\) be its inverse. The Dirac modification {L;(2)xLa(w)}? of
the e-Adler identity (5.54) is defined by the formula

{L1(2)aLa(w)}*P = {L1(2)rLa(w)}*
(7.15) = > {biarigL2(w)}(CT )60 (A + L1 (2)2058}° -

1,j=1,2
047/361

The most important facts for us are that the modified e-Adler identity (7.15)
defines a PVA structure on V; and that ker ¢ is a PVA ideal for this structure
(proofs can be found in [DSKV14]). It is clear from (7.13) that Im¢ = V_;.
Hence the modified Adler identity (7.15) induces a PVA structure on the
quotient space V_1 = V;/ Ker ¢.

Using the identities (X,Y, Z € A)

(7.16) (Tr(Z)@1)(UX®Y)) = XZY, (10T(Z)(QUXeY)) =Y ZX,

and noticing that {uyq,Lo(w)}® = (Tr(Eq) @ 1){(Upa)1yL2(w)}, we get
from equations (7.14):

¢ ({010, L2(w)}) =1® d(Lw + N)Eq — 1@ Eqp(L(w)) ,
(7.17) ¢ ({02,0)L2(w)}) = 1 @ ¢(L(w + N)) Eq(w + 2€)
—1® Ey(w+ 0+ 2€)¢(L(w)),

for every o € I. By skewsymmetry (4.31) we also get

¢ ({L1(2)a01,5}) = Epop(L(2)) @ 1 — ¢(L*(A = 2))Eg @ 1,
(7.18) ¢ ({L1(2)a02,5}°) = Ep(z + 0 +2€)p(L(2)) ® 1
—o(L*(A—2))Eg(2+2¢) ® 1.
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Finally, using (7.16) and equations (7.9)-(7.12), we find the following explicit
expressions for the entries of the matrix ¢(C'(\)) (a, 5 € I):

¢ (Canan) =0,
(719) ¢ (ChaenN) =6 (Caaman) = Tr(EaBs)A,
¢ (0(2@),(276)()‘)) = Tr([Ea, E3)Uo) + 2¢ Tr(Eq Eg)A.

From (7.19) it is immediate to get the expression for the entries of the matrix
#(C7H(N)). We have (o, B € I)

(7.20)
¢ ((C Lo s N)) = =+ )7 (Te((B2, E?)Up) + 2 Te(B* E/)A) A7,
¢ <(C (La),(2, ﬁ) (N ) ¢ ( (2a (1, 5) ) = Te(E“EP )\,

¢ ((CHeam.en) =0.

Applying ¢ to both sides of the Dirac modified ¢ Adler-identity and us-
ing (7.17), (7.18) and (7.20) we get the explicit form of the Dirac modified e
Adler-identity defining the induced PVA structure on the quotient space. We
summarize this in the next result

Theorem 7.3. Let A be a finite dimensional unital associative algebra over
F with a non-degenerate trace form, and fix dual bases { Ey}acr and {E“}ocr
satisfying (4.1). Let V := Vy be the algebra of differential polynomials in
infinitely many variables up o, p >0, a € I. Let

LO)=10+) U,0 " ' eV(0 ") ®A,

p=>0

where Up = crUp o 5% €V @ A. The following identity
(7.21)
{L1(2)rLa(w)}

_ Q<(L1(w FA+0) 4 el)(z—w— A — ) LEO — 2)(La(w) + 1)
—(Liy(w+ A +0) +€l)L1(2)(z —w — A — 0) " (La(w) + €l)

+ Li(w+ A+ 0)(Li(2) +el)(z —w — A — ) (Ly(A — 2) +€l)
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C(La(2) 4 1) (2 —w— A — ) MLy — =) + e]l)Lg(w)>
+ > (1@ L(w+ A+ 0)Ey — 1® EoL(w)) (A +0) ' x
a,Bel
x Tr([E*, E°)U)(A 4+ 07Y) (EsL(2) @ 1 — L*(\ — 2)Eg @ 1)
> (1@ Lw+A+0)Es — 1 ® EqL(w)) (A +9) ' x
acl
X (E*(24+0)L(2) @1 — L*(A — 2) E®2 ® 1)
Y (1@ L(w+ A+ 0)Eqw — 1 ® Ey ((w+ ) La(w))) (A+8)'x

ael

X (E°L(z)@1—-L*(A—2)E*®1)

—2¢> (1@ L(w+ A+ 0)Ey — 1® E,L(w)) (A +9) ' x
aecl

X (EL(z)@1—-L*(A—2)E*®1),
defines a PVA structure on V. Furthermore, expanding {--}¢ = {-1-}3 +
2¢{- x-to + €2{-x}1, we get three compatible PVA \-brackets on V.

Proof. The statement follows from the computations outlined in the present
section and the results in [DSKV14] about Dirac reduction for PVA. O

As in Section 6 define the elements hg = 0 and h, = =! Res, Tr(L"(z)),
for n > 0, in V. Then, and the corresponding Hamiltonian equations (6.6) are

dL(w)
dtp

(7.22) =[(L")+, Ll(w), n=0.

These equations form the A-valued KP hierarchy and equation (7.21) gives
its tri-Hamiltonian structure.

Remark 7.4. When A = F, equation (7.21) reads

(7.23)
{LEAL(W)} = (L(w + A+ 8) +€)(z —w — A= 8) 'L*(A — 2)(L(w) +¢)
— (L(w+ A+ 8) + L(2)(z = w = A = )" (L(w) + ¢))

+ L(w+ A+ (L(2) +e)(z —w— A=) HL*(A—2) +¢)
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L) (e —w— A=) LA — )+ e)L(w))
(L4 A+ 0) — L) A+ )" (2 + ) L(z) — L* (A — 2)2)
(L + A+ 0w — (w + ) L(w))(A + 9) " (L(z) — L*( — 2))

—2¢(L(w+ A+ 0) — L(w)) A+ 0) " (L(2) — L*(A — 2)) .

The coefficient of 2¢ and €2 agree, up to an overall minus sign, with the Adler
type formulas used in [DSKV15] to define the bi-Hamiltonian structure of the
KP hierarchy. Moreover, note that the constant term in € in (7.23) defines a
local PVA. Hence, the same computations as in [DSKV15] show that (7.22) is
a tri-Hamiltonian integrable hierarchy. We expect this to be true for arbitrary
associative algebras A.

Remark 7.5. Let V' be a finite dimensional vector space and A = End(V).
Then, the coefficient of 2¢ and €2 in (7.21) agree, up to an overall minus sign,
with the Adler type formulas used in [DSKV15] to define the bi-Hamiltonian
structure of the matrix KP hierarchy.

Remark 7.6. Replacing R with R similar computations as in the present
section lead to the Hamiltonian formalism for the modified KP hierarchy, see
[Kup85].

Remark 7.7. In [DSKV15], for every N > 1, a compatible pair of A-brackets
describing a bi-Hamiltonian structure for the KP hierarchy has been found.
These are obtained from Proposition 7.1(b) and (c). However Proposition 7.1
shows that it is not possible to get the third compatible A-bracket if N > 1. To
overcome this problem one has to consider a (non-local) Dirac modification
of the e-Adler identity (5.54) by the constraints 6; = U_ny_1_;, i > 1.
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