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Reducibility and nonlinear stability for a
quasi-periodically forced NLS

E. HAus, B. LANGELLA, A. MASPERO, AND M. PROCESI

Abstract: Motivated by the problem of long time stability vs. in-
stability of KAM tori of the Nonlinear cubic Schrédinger equation
(NLS) on the two dimensional torus T? := (R/27Z)?, we consider
a quasi-periodically forced NLS equation on T? arising from the
linearization of the NLS at a KAM torus. We prove a reducibility
result as well as long time stability of the origin. The main novelty
is to obtain the precise asymptotic expansion of the frequencies
which allows us to impose Melnikov conditions at arbitrary order.
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1. Introduction and main results

The nonlinear cubic Schrodinger equation on the two dimensional torus T? :=
(R/277Z)?

(1.1) 0w = —Av + [v|*v, ze€T?

is one of the fundamental equations in mathematical physics. The pioneering
work by Bourgain [11] ensures that the equation is locally well-posed for any
data in H*(T?) for all s > 0, where

lullme = { D2 (14 In)*[dn]?

nez?

Much less is known on the long time behaviour of the solutions, and in the last
ten years a rich and diverse dynamics has been discovered for (1.1). Such dy-
namics comprise both “regular” dynamics, such as periodic [22], quasiperiodic
[16, 21, 40], almost-periodic [13, 10] trajectories contained in invariant tori,
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and more “irregular” one, such as weakly turbulent trajectories undergoing
energy cascade phenomena [14, 26, 25, 27, 24].

A particularly interesting long term goal is to understand the interplay
of these two behaviours, in particular whether there are weakly turbulent
trajectories connecting distinct invariant tori.

An important intermediate step is to understand the local dynamics close
to these invariant sets, namely if one takes an initial datum close to an in-
variant torus, for how long does its trajectory stay close to the torus? The
next step is to show that, beyond the stability times, unstable phenomena
occur, and one may explicitly construct orbits which start §-close to an invari-
ant torus and then slowly drift away by a finite but arbitrarily large factor.
A convenient way of ensuring that trajectories do not stay close to a given
torus is to show that they exhibit a Sobolev norm explosion, namely that
after some (very long) time their Sobolev norm, in some fixed H*(T?) with
s # 0,1, becomes larger than an arbitrary number K (recall that on a given
invariant torus the Sobolev norms are essentially constant).

The simplest invariant object is clearly the fixed point v = 0. In this case
stability results were proved for example in [1, 18, 9, 4, 5], while instability
results in [12, 32, 33, 34], the landmark result in [14] and subsequent general-
izations [26, 28, 25|. For these problems a fundamental role is played by the
linearized frequencies at v = 0 of (1.1), namely

(1.2) Q=% jez?

and the interest is either to avoid resonances between them to prove stability
results or to exploit them to create instability phenomena.

A much more challenging problem is to study stability /instability of more
complicated invariant objects. The simplest nontrivial invariant objects are
the invariant tori of dimension 1 filled with plane wave solutions of the form
u(t, z) = pelUr=<t o = |j|? + p?. Their long time stability was proved in [17],
whereas their instability in H®, s € (0,1), in [27]. Again a fundamental role
is played by the resonance properties of the linearized frequencies at plane
waves solutions, which are easily computed to be

R R . Ci\p R
(1.3) Q; = JIjl* + 2032 = i + ,ﬂj(‘j, jez\{0}.

Here it is important to notice how the correction to the unperturbed fre-
quencies (1.2) decays in |j|, namely whatever is the direction of the vector
: 2
jEZ>.
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The next studied invariant objects have been the so-called finite gap so-
lutions, which are solutions for the integrable 1d cubic NLS. In particular,
they are solutions of (1.1) depending only on 1 variable, say x1, but they
are quasi-periodic in time and fill invariant tori of finite dimension d € N.
Their long time stability has been studied in [35] (see also [29]) whereas their
instability, again in H® with s € (0,1) in [24]. As the reader might guess,
again a fundamental role is played by the linearized frequencies at finite gap
solutions. In this case it is quite involved to compute their expression, and it
requires partial Birkhoff normal form, a sort of “1d pseudodifferential normal
form” and KAM reducibility techniques. The final result is that they expand
as

W) =P+ S T ) e 220\ {0}

where 1(7) has a finite number of possible values while a, R are of size ¢. Note
the first difference with (1.2) and (1.3): the correction to the unperturbed
frequencies depends on the direction of the vector j = (m,n) € Z2.

Towards stability /instability of KAM tori. The next natural step is
to study the long time stability vs instability of more general (truly bidi-
mensional) quasiperiodic tori of Procesi-Procesi [40]. There are a number of
very serious difficulties to overcome in order to deal with this more general
case. Again the main challenge is to obtain the correct asymptotic expansion
of the linearized frequencies at KAM tori, namely the analogous of formu-
las (1.3), (1.4). This is a very hard problem which requires new ideas with
respect to the finite gap case.

The goal of this paper is to settle the machinery to obtain such asymp-
totics and to apply them to study a simplified NLS-like equation which, de-
spite not having a particular physical interest, contains the main difficulties
to be overcome in order to tackle the full problem of stability/instability of
KAM tori.

In order to justify the model and the simplifications that we will introduce,
let us first give a brief description of how the KAM-solutions appear. The first
step is to choose an appropriate approximate solution, typically a solution of
the linearized equation at v = 0, which is the starting point of a quadratic
algorithm which converges to a true solution. The idea in [21, 39, 43] is to fix
a finite set S = {kM, ... k@} ¢ Z?2 (of maximal rank), look for solutions

of (1.1) close to
vin(t,z) =D \/g ciratili®

jes
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and show that for most choices of & and many choices of £ € ]Rfl|r (in some
small ball of radius ¢) there exists a true solution ¢% of (1.1) essentially
supported on the Fourier modes in & which is quasi-periodic in time with
frequency

w= W)k,  wi= kP +0E).

Since the NLS equation is Gauge and translation invariant it turns out that
the solutions in [40] have the form of covariant quasi-periodic traveling waves,
according to the following definition:

Definition 1.1 (Quasi-periodic traveling waves). Let K € Matyy2(Z) (of
mazimal rank) with

RIS
15 K'= ("1 ol
(15) <kg> kY

A function q(p, ) is called a quasi-periodic traveling wave if it has the form

q(p, ) == Qv + Kz)

where Q: T — C is a real analytic function.
We say that a traveling wave is Gauge covariant if Q) is a function with
Fourier coefficients supported in the set {¢: (-1 =1}, i.e.

(1.6) Qlo+tl) =€e'Qp), T1=(1,...,1)ez.

We say it is Gauge invariant if supported in the set {¢: (- 1= 0}. Finally we
set

A7) Q= X QPO <co, for a>0,p> 1.
J4

Note that Gauge covariant, quasi-periodic traveling waves satisfy

(1.8) q(p + K, ) =7eqlp,) , ¥ ER?
(1.9) alp+1t1,-) =c'lp,), VtER,
where 7¢ is the translation operator (rcu)(x) := u(x + (). In this sense, the

solutions in [40] are covariant quasiperiodic traveling waves of the form

(1.10) qP(wt, z) = ¢P(p, 2)|p=uwt = Q(wt + Kz)
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where w € R? belongs to a Cantor-like set of positive measure and K as
in (1.5).
Linearizing (1.1) at g%, one gets the equation

(1.11) i0u = —Au + A(wt)u + N (wt, u)
with

(112) A(p)u = 2lq® (o, ) Pu+ ¢®(p, )%
' N (o u) = 2q"(p, ) ul® + P (p, )u? + [u*u .

As the original equation (1.1) is gauge and translation covariant and ¢® (¢, z)
is a gauge covariant quasi-periodic traveling wave, the linear operator A(y)
and the nonlinearity N (p,u) fulfill the following covariant properties, as we
show in Appendix C: for any (p,(,t) € T¢ x R2 x R

(113) Alp + tT) o e = o A(p), Al + K)o = ¢ 0 A(),
(L14) Mo+t éu) = et o N(p,u), N+ KC meu) = 7 0 Np, ).

The fact that one may reduce to constant coefficients the operator A(yp)
was already discussed in [39, 40] (and is actually simpler to prove than in the
case of finite gap solutions [35]). On the other hand the methods of [39, 40] do
not give any information on the asymptotics of the frequencies, and actually
one can prove that an expansion as the one in (1.4) cannot hold. Then one
is not able to prove that the non-resonance conditions hold and one may not
prove neither the stability result nor the successive instability one.

The results. As we already mentioned, the goal is this paper is to initiate the
analysis of stability /instability of the general case by studying the nonlinear
stability problem for a simplified non-resonant model, which contains only the
difficulties related to the Melnikov conditions and avoids the further algebraic
complications (which one expects to deal with exactly as in [39] and [35]). To
this purpose we study the following simplified model:

(1.15) iuy — Au+ ¥ (wt, 2)u+ 0z P(t,v,u,u) =0, x€T?.

We make the following assumptions on ¥ and &2:
(HY) ¥ (wt,z) is the multiplication operator by an analytic gauge invariant

traveling wave (see Definition 1.1), namely

(1.16) Y (wtx) = V(wt+Kz), V(p)= D V()?,
Lezd
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with the constraint that
(1.17) V()=0 Yl: 7(0) = Zf #0.

(H &7) The non linear term Z(t,x,y1,y2) = P(wt + Kz, y1,y2) with P an
analytic function on T¢ x By, (0),

P(e,y1,y2) = > Praya,€ Py ys?
£,dy,da

where ||P||a,r0 = Z |P€,d1,d2|€a|£|rgl+d2 <00,
4,dy,d2

with a zero of order at least two at y = 0, and satisfying the invariance
property
P(p+t1,e"y1, e "ya) = P, y1, u2) -

Remark 1.2. We model ¥ on the first term of the operator A(y) in (1.12),
namely the multiplication operator by |q%P (wt, x)|?, which is a gauge invariant
traveling wave with [ |q% (wt, x)|*dz constant in time. So we assume that the
same applies to V.

Remark 1.3. The operator ¥ (p,-) and the nonlinearity P (p,-) fulfill
(1.13), (1.14).

For any p > 0 we introduce the space $ = $P(Z?) = (1(Z*) N h?(Z?)
endowed with the norm

ullp == llullez2) + |lullpez2)-

Note that, by Young inequality, the space $P is an algebra with respect to
the convolution product, i.e.

(1.18) lu vl < 22 Hful, oll,

We are now ready to state our stability result.

Theorem 1.4. Fiz p > 0 and consider the equation (1.15). Assume (H V')
and (H P). Let R := [—1,1]. There exist v, €. > 0 and for any v € (0,7),
and any potential V' satisfying

(1.19) € =1 V]ap < €,
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there exist a Cantor-like set C with measure meas(R\C) < Cv, and ., T >0
such that for any w € C, r € (0,714) the following holds true. For any u € H?,
with ||u(0)||, <, the solution u(t) € $HP of (1.15) fulfills

T,
(1.20) lu@®)llp, < 2r, V[t < 2

As already mentioned, the proof of Theorem 1.4 follows the same general
scheme of [35] based on the three steps: 1. Reducibility, 2. Non-resonance con-
ditions, 3. Order three Birkhoff Normal Form. Since the last step is standard
(it is briefly discussed in Section 6) we concentrate on the first two.

We start by studying the reducibility for the Schrodinger operator

(1.21) A=ig, L=-A+7,

in the space 9 := (1(Z?) N hP(Z?), where p > 0 is given, which amounts to
prove that the following property holds:

Definition 1.5 (Reducibility). We say that a time dependent Schrodinger
operator £ is reducible on $P if there exists a quasi-periodic in time bounded
and invertible linear operator G such that

(1.22) G.L = —iG7IG + G71LG = diag(Q;), Q; €R.

In [15], Eliasson and Kuksin have proven in the analytic setting the ex-
istence of an invertible and time quasi-periodic linear operator G such that
G.£ as in (1.22) is reduced to a time independent, block diagonal operator @,
under smallness assumptions on € as in (1.19) and for a Borel set of frequen-
cies w of asymptotically full measure in €, without the constraint that ¥ is a
quasi-periodic traveling wave. Furthermore, it is well known (see for instance
[41]) that if £ is covariant in the sense of (1.13), then @) is diagonal. However,
the reducibility result of [15] does not provide an asymptotic expansion of the
frequencies {€2;};cz2. Thus here we proceed to prove a more refined result,
from which we obtain an asymptotic expansion for {€2;};cz> that generalizes
the one found in [24] in the finite gap case (see (1.4)). To state our result we
first need two definitions.

Definition 1.6 (Generators). A vector v = (vi,vq) € Z%\ {0} shall be called
a generator if

(1.23) ged(vi,v2) =1 andvy >0  or v=(0,1).

We shall denote by V C Z? \ {0} the set of generators.
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From now on, we fix
(1.24) 0<dx1l, and p:=1-24.

Definition 1.7. Given j € Z* \ {0}, we define v(j) € V as the first vector
w.r.t. the lexicographic ordering that attains the minimum in

1.25 min  |v-J
( ) veV:|v|<]j]° 03]
and set b(j) := j-v(j). This means that |b(j)] = min{|v-j| |v eV : |v] <
1517}
With these notations, we prove the following:

Theorem 1.8. There exist Vs, €. > 0 and for any v € (0,7.), any potential V
satisfying (1.19), there exist a Cantor-like set C with measure meas(R\ C) <
Cv, a sequence of Lipschitz functions R 3 w +— Q;(w) and a bounded linear
operator G, close to the identity and with quasi-periodic dependence on time,
such that for any w € C

(1.26) G.£ = diag(;),

with Q;(w) = Q; defined as

g2 ZWILOU) ) .
T A U foonor T o

sup sup (| (b(7), v(7), w)] + 0D (j,w)| + 18P (j,w)]) < 2]V lap

wER jeZ2

(v(),0(), ) iy, OVGw) | OP(,w)
)

with k > 0 depending on a and on the matriz K only. Moreover, for any
integer N > 3, there exist Ty > 0,cy > 0 and a Cantor set Cn C C, such
that meas(R\Cn) < ¢y, and Vw € Cn, Y({, L) € Gy, where

(128) Gn={(6,L) €2 x Z% : ift=0, then > |jP’L; #0

jEeZ?

d d
L= LI <N, e+ L=0, Yk + 3 j1; =0},
1=1 i=1

JEZ? jez? jez?
one has

(1.29) w £+ QL] > 0)"™
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The major step in proving non-resonance conditions (1.29) is to show
that the final frequencies {€2;},cz2 satisfy the asymptotic expansions (1.27).
Actually the problem of exhibiting asymptotic expansions for the eigenvalues
of a linear Schrodinger operator

S=—A+W

on T", n > 1, has been widely investigated already in the case of a time
independent W (see for instance [19, 20, 42, 30, 31, 38, 37, 2, 3]). Roughly
speaking, in such works one partitions the spectrum of £ into two subsets:
the stable spectrum, which is composed by the eigenvalues such that

(1.30 % =liF +0 (7).

and the unstable one, namely the set of eigenvalues for which (1.30) does not
hold. We point out that with our notations, stable eigenvalues correspond to
those such that

(1.31) (0(5)) = ()"

Refined asymptotic expansions were available in the time independent case
also for eigenvalues in the unstable spectrum, and in (3] it was proven that
all the eigenvalues of £ on T? are of the form

12 Y @, (J - 0., =

using techniques based on pseudo-differential calculus and a geometric decom-
position of the space of indexes j a la Nekhoroshev (see [36, 23]). However, an
expansion of the form (1.32) would not suffice in order to show non-resonance
conditions (1.29) at any order N: this is the reason why we use a slightly dif-
ferent approach, based on a structure which we refer to as quasi-Toplitz (see
Definition 2.16 below), and prove expansions (1.27). Remark that the major
difference with respect to the expansions (1.32) is represented by the func-
tions w(b(j), v(j)), namely by the fact that the terms which decay with (b(j5))
depend on the vector j through v(j) and b(j) only and decay exponentially
in v(j). This is the key to proving the non-resonance conditions (1.29).
Indeed, rewriting
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the asymptotic expansion guarantees that if all the |j;| > [¢|**, and either all
the [b(j;)| > [€]*2 or |v(j;)| > ||, then (1.29) follows by imposing Diophantine
conditions on w of the form

w-+ K| > |07 Y40, VKeZ

(and it is well known that such conditions hold for a positive measure set of
w provided that 7 is small enough).
Following this line of reasoning in (1.29) we can ignore all the terms

<b%il))>(<3;2)> =, @&2;(2{}) where the |j;| are sufficiently large. Similarly we can ignore

all the terms %}5;’2@")6*”‘“(%)' where either v(j;) or b(j;) is large. This means
that, for |L] < N, the expression w - ¢ 4+ - L assumes (up to a negligible
error) only a finite number of distinct values (of cardinality bounded only by
¢) which are small.

In turn this means that one can surely impose conditions of the type (1.29)
provided that 7 is sufficiently large.

2. Functional setting
2.1. Time-dependent momentum preserving operators

We shall consider quasi-periodic time dependent operators t — M(wt) €
L($HP) with frequency w € R?, where

(2.1) M(p) =Y M), M(() € L),

tezd
that are analytic and momentum preserving according to the following defi-
nition:

Definition 2.1 (Momentum preserving operators). Here and in the following
we shall define the linear map m : Z¢ — 7>

(2.2) 7(f) = Zd:g.k(i) 1 — sup |7 (0)]
i=1 7 £#0 |€|

We say that a time dependent linear operator M (wt) is momentum preserving
if

(2.3) j—i #nl) = M (0) = (M) ey =0
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For any a > 0 we define the norm

(Mlo= sup [|Mgull,, (M)} = > MM (0).

J
lullp <1 tim(0)=j—3'

We denote the space of time dependent momentum preserving operators with
finite norm as L,(HP).

Definition 2.2 (Gauge covariant operators). We say that M as above is
Gauge covariant if Y24, £; # 0 implies MJ (()=0.

A convenient way of envisioning such operators is as normally analytic
maps from a thickened torus

(24) T?:={pecC?: Re(p)eRY(2rZ)?, [m(p)|<a} — L(HP).

Remark 2.3. If M € L,($P), then M(p) € L($HP) for all ¢ € T and the
operator norm satisfies || M ()| z(sp)y < [M]a.

One may easily verify (see Lemma 2.14) that £,($?) is in fact an algebra
with respect to composition. Then it is standard to define the commutator
and the adjoint action as follows:

Definition 2.4. For M,S € L,($?), we set adS[M](¢) := [M(p), S(¢)] ==
M(p)S(p) — S(p)M(p), which in matriz form reads

j— (€ (€1 (£ j— (¢ T
([, 8] () - ; ZMJ ()17 () = ST () MIZEE) (1)
1+42

Definition 2.5. We say that M € L,($9?P) is self-adjoint if it satisfies
j=m(f)
(2.5) M; (0) = M; W(Z)( 0)

so that M(p) is self-adjoint for all ¢ € T. As is standard, we say that a
bounded operator G € Lo($HP) is symplectic if G = &4 with A € L,(HP)
self-adjoint.

Remark 2.6. If A, B are self-adjoint, then so is i[A, B]. Consequently, anti
self-adjoint operators form a Lie algebra. Moreover, if M is self-adjoint and
G = % is symplectic (i.e., iS is self-adjoint) then GT*MG = exp(ad(S))M
1s self-adjoint. Similarly Gauge covariant operators form a Lie algebra, so if
S, M are Gauge covariant, so is G and G"*MG.
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Time-dependent changes of variables. Given the linear PDE w; = i£u, where
£ is a time dependent Schrodinger operator as in (1.21) with P € L£,($?),
let G € L,(9HP) be a quasi-periodic in time bounded invertible change of
variables of the form G = ¥ with S € £,($?). Then, defining u =: Gv, one
has v, = i(G.L)v, with G.£ as in (1.22). The Lie exponentiation formula
gives a nice representation of G,£ in terms of the adjoint actions:

I ___adS . = (ads)kil : adS  .__ .- (adS)k
(26) £, :=G.L=¢ 2—1;TS, e 2._;) N g.

Remark 2.7. Note that, by Remark 2.6, if £ is self-adjoint and G is sym-
plectic (or equivalently iS is self-adjoint) then £1 is self-adjoint. The same
holds for the Gauge covariance.

Symplectic structure. As we have already explained in the introduction, time
dependent Schrédinger operators have a natural Hamiltonian structure on
the phase space T¢ x R? x $?, equipped with the symplectic form d) A dy +
iy duj A diij . To this purpose we associate to £ as in (1.21), with P self-
adjoint, the Hamiltonian

(2.7) HS =w- )Y+ Z ’j’2‘uj‘2 + Zijfﬂ(e)(g)ew'wujfﬂ(z)aj ,
J Jil

with Hamilton equations ¢ = w, @ = ifu,) = —(u, Pou)gy(c)- Accordingly,
to a symplectic map G = ¢4 we associate the generating function

j—7 (£ il —
A(p,u) == Z A; ( )(E)e e“’uj_ﬁ(g)uj ,
4,
whose time one flow ®!; gives the symplectic change of variables (u, ¢, )) =
g(?}, @/7 yl) == (I)}4(7}7 S0/7 y/)
(2.8) p=¢, Y=YV +i(Gv,G)nc), u=GCG(pv.

Note that (by the Lie exponentiation formula) ®Y conjugates (®1).He =
elAYHe = He,, with £ defined in (2.6). Finally if P, A are Gauge covariant
then so is £4.

Basic properties of L,($?).  We now list some useful properties of the space

La($P).
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Remark 2.8. We shall systematically use the fact that the norm |- |, of Def-
inition 2.1 is ordered. Indeed, if M(p), N(p) are such that (M,)} < (Ng)]
for any j, 7', then |M |, < |N|a.

Lemma 2.9. Let M be a momentum preserving operator according to Defi-
nition 2.1. If there exist 6, A > 0 such that

(M)} < Ae™1 vj,j e 22,
then there exists C'(p) > 0 such that

M|, < C(p)AG72.

Proof. We remark that || M ul|, < ||f * ul|, where f = (f;);ez2 has compo-
nents f; := e~%l. Then one uses (1.18) and the bound follows. O

Lemma 2.10. Let ¥ be a traveling wave as in Definition 1.1 with ||V ||lap <
00. Then the multiplication operator My : u — ¥ u belongs to L,($HP) for any
a € [0,a) and

|Myla < Cp,p) (2= a) "7 |V ]ap.

Proof. The multiplication operator is represented by the matrix

V() ifj—j =m(C)

0 otherwise ’

(2.9) <mﬂw=wmc{

where we used the fact that V' is a traveling wave, see (1.16). Hence My is
momentum preserving. To compute its norm, remark that |j — j'| = |7 (¢)] <
c 14| hence, setting 0 = c(a — a),

(My,)] = 32 e <e 3o
Lj—j'=m(0) £
SeMJHQ253¢XR%Mwaww@sumeijmm.
¢ [
Then use Lemma 2.9. O]

We now want to define the “order” of a momentum preserving operator
(see Definition 2.13 below). On the one hand, an operator of order —m is
standardly defined as a linear map $H? — HPT™ Vp; on the other hand, if H?
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represents a space of functions of two variables, $P(Z?) = HP(Z) @ $HP(Z), one
can define a “vectorial order” such that an operator of order —(nj,ng) maps

HP(Z) @ HP(Z) — HPT(Z) @ H*72(Z)

(see for instance [35]). Here actually the main novelty is that we use a “non
standard” set of coordinates, which we define in the following.

2.2. A non-linear coordinate set on Z2

In this section we prove some properties of the quantities b(j), v(j) defined
for all j € Z? in Definitions 1.6, 1.7.

Lemma 2.11. Let v,w € V be distinct generators with max(|v|, jw|) < R. If
x € Z* satisfies max(|z - v|, |z - w|) < A, then |z| < 2AR.

Proof. Denoting by a := (2 -v,x - w)T, x is the solution of the linear system

Mz = a where M is the matrix with rows vT and w?. Then one estimates
M~ by Cramer’s rule. O

We shall denote by Bg(0) the ball of radius K and center 0 in Z2.

Lemma 2.12. There exists Js > 0 with the following property. For any
J ¢ Bi,(0) such that |b(j)] < 2[j|* (see (1.24)), the following holds true:

(i) For all w € V with |w| < [j]° and w # v(j)

namely v(j) is the unique vector attaining the minimum in (1.25).
(ii) If there exists h € Z2* with |j — h| < 2max(|j], |h|)® and v(h) # v(j),
then

. 1o
> — .
[0(7)] > Sl
Proof. (1) Assume by contradiction that there exists another generator w € V

such that |w-j| = |[v(j)-j| = |b(j)| < 2|j|*. Then, we apply Lemma 2.11 with
A =2|j|*, R = |j]° and we deduce

. O1— . 1
<4l = || <4

and item (i) follows provided Js > 43
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(71) We claim that, by taking Js large enough, one has
1. .
(2.10) 217l < Il <21

Indeed if |h| > 2[|, then by triangular inequality one deduces that || < 4|h/|°,
so in particular, being § < 1, one has |h| < R, same for |j|. Then just take
Js > Rs to get a contradiction. The other inequality is analogous.

By the definition of v(-) we have |v(j)| < [j]°, [v(h)| < |h|®. We distinguish
two cases. If |v(4)| > |h|® then the thesis follows by (2.10). If |v(5)| < |h|°,
then using the bounds on b(j), |j — k| and again (2.10) we get

[w(h) - k| < [v(§) -] = [v(§) - (5 +h— )| < 2[5]" +2[5]° max(|j], |h])* < 4|h|*

provided J; is sufficiently large and ¢ sufficiently small.

Then we apply Lemma 2.11 with 2 = h, v = v(j), w = v(h) R = |h|°
and A = 4|h|*. We deduce |h| < 8|h|'7%, which leads to a contradiction for
Js large. O

Next we define the order of a momentum preserving operator.

Definition 2.13 (Order). Given N = (n,m) with n,m > 0 and an operator
M € L,(9P), we define the following norm:

(2.11) Mo n = sup [|M,_null,,
[lullp<1
J' a i -\ un N\M
(Mon) = 2 O G GO
€ j—j'=m(l)

where ¥j € 72, b(j) is the quantity in Definition 1.7 and u in (1.24). We
denote by L, _N the subspace of L, with finite | - |o,—N norm.

These operators form an algebra, as the next lemma shows. Let

(2.12) C(p,0):=cPsupe 7FkP ~ o7 P.
keN

Lemma 2.14 (Algebra property). Given two operators M, N, with
| M |ag:—Ny s | Na—n, < 00, we have

(213) ’MN‘a;—N1 < ‘M’lu—Nl‘N‘a;a'
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Moreover, let N1 = (n1,mq) and No = (ng, msg); then we have for any o’ < a

|MN‘a’;f(n1+n270) < 2Mn2‘M|a/;—N1’N’a’;—N2

2.14
214 § Oy +12)/6,0— )| Moy, [Ny,

The proof, being quite technical, is postponed to Appendix A.

Remark 2.15. We note that if M € L,($P) is time independent, then (by
formula (2.3), and recalling that w(0) = 0) it is necessarily diagonal, namely
there exists a sequence {M;}jez2, M; € C, with M = diag(M;)jez2. Moreover
one has supjczz |[M;| =|M|,, Va.

2.3. Quasi-Toplitz norm

The purpose of this section is to define, for a fixed m > 0, a decomposition
of operators in £,(H?) into a sum of terms of order —IN = —(m — k, k) for
all k = 0,...,m. We shall further require an invariance property on the term
of order —(0,m), which we will refer to as line-Toplitz.

Definition 2.16. An operator M € L,($?) is said to be:
e Line-Téplitz if there exists a map ZExVxZ — C, (£,v,b) — M({,v,b),
such that

j’ : : d ;o 2
M7 (0) = M(L,v(4),0(5)), VLeZ, j,j €Z”.

We denote by T, = To($9P) the set of line-Toplitz operators in Lo($HP).
e Line-Toplitz of order —m, m > 0, if

(2.15) |M|g,_,, == sup Z eacltFallion (0, v, b)|(B)™ < +o0
veEV, bEZZEZd

where ¢ is defined in (2.2). We denote by T —m, m > 0, the set of
line-Téplitz operators of order m.

e Quasi-Toplitz of order —m, m € N, if there exist a line-Téplitz operator
M" € Ta—pm and m operators MO ¢ ﬁg()ﬁp), i=1,...,m such that

m
(2.16) M=M+3 MY, MDeLs m.

=1
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We denote by Cg?_m the set of quasi-Téplitz operators of order m of
L,(HP), which we endow with the norm

\M|3Tm;_inf{\MT —|—Z\M(l (imeiy | M = MT+ZM(’}

=1

Lemma 2.17. The line-Téplitz operators are bounded, more precisely for all
"€ (0,a) one has

‘M‘a’;f(Omz) < C(C>p)(a - a/)ipiﬂM‘g,fm
Proof. We have!

(Ma/;—(O,m)); = Z €a|£‘<b(j)>m|9ﬁ(f7U(j)’b(j)”@_(a—a,)m
Cj—j'=m (L)
I )

Let g; = e—c(a—a')|j| and g = {gj}jEZQ & ,617. We have

lglp = \/Z e—zc(a—a/)|j|<j>2p + Z e—cla=a’)lj| Sep (a— a/)—p—Z
J J

It follows from the algebra property of $P w.r.t. convolution that
Mo, —m) S 191pIM5 i Sep (@ —a)P2IM[E
O
We shall need to keep track of Lipschitz dependence on the parameter
w € R? To this purpose, given a compact set @ C R? we fix v > 0 and

define the following norm on the space of Lipschitz maps f: O — E (E a
Banach space)

18 = sup f@)lp+7 sup |Auurfls. Do SRICOLEICHy

w#w' eO ’w - wl|

1 As is conventional we write A < B if there exists a universal constant C' > 0
such that A < CB. Similarly we write A <S¢, B if there exists C' > 0 depending
only on c,p such that A < CB.
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Definition 2.18. Let O C R? be compact. We denote by CqTO the set of

Lipschitz maps M : O — LI with the | - |35, norm.

a;—m a,fm

O
(M35, = sup |M(w am + sup Ay MIT,,

w#w' €O

Given a momentum preserving operator M € L,($H?) and K > 0, we
define the projections Iljy<x M, Iy M by
(2.17)

<M =

M) < K
{ J ( ) | ’ - H‘g|>KM =M — HWSKM'

. )
otherwise

These projections obviously map the space L£,($?) to itself. Moreover, since
the symbol M (¢, v(j),b(j)) of a line-Toplitz operator has no conditions on
£, they are also well-behaved with respect to the line-Toplitz structure. By
direct inspection one then gets the following Lemmata.

Lemma 2.19. The projections 11y <k (and H‘g|>K) preserve the spaces 7;Om,

EZT_(?W and they are continuous. In particular, if M is quasi- Toplitz then so

is its time average (M )a = p—qM.
For all a’ < a, one has the bounds:

@]
|H\Z|<KM‘2y(3m |M’ m> |H\€|<KM‘a—m = |M’2T7—m)
’ T,0 _a-a O
|H\Z|>KM’Z3 < e lom a)K|M|a “m |H|€\>KM|a' <e K|M|qT

Lemma 2.20. Given a time independent (and hence diagonal) operator A =
diag(A;) € EZT’_%, there exists a decomposition of the eigenvalues

Ay = a(v(), b)) + Y
k=1
so that

(218)  sup a(v,b)[Cel D)™ + 3" sup [ ) (b)) mF < 2|48,
vEV,bEZ k—1 j

Moreover, if A; € R, then also a, r](-k) eER fork=1,...m

Proof. Since A € CqT O ., there exists a decomposition

A=A"+3 AW such that |A"|}¢ +Z|A<l>|0 it < 2049
k=1

=1
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Recalling that A is time-independent, we have

A= (Ahga = (AT)a + 3 (A®Y.,
k=1

Now, the operators (AT)ga, (A®))ra are all time-independent and hence di-
agonal; moreover, (AT)pa is still line Toplitz. The bounds follow from Re-
mark 2.8. The reality condition follows by taking the real part in both sides
of the equality above. O

We now discuss the algebra properties of Eq 0 . Our purpose is to get a
result analogous to the one in Lemma 2.14. With thls in mind, we give two
. . qT,O
propositions on the product of operators in £; 7.

Proposition 2.21. Let M; € L%  and My € £, | and set m =

a,—mj a,—ma’
min{my, mg}. Then we have MyM, € ﬁgT_?w with the bound
0 - o 1é)
(2.19) | My M35, < Ca™® | My |35, | M| 35,

Moreover, setting m; = mo = 1, one also has VO < a’ < a that M1 My €
EZ,T”?Q, with

(2.20) | My M| 30, < Cla— )~ M |3 [ M) 359

a,—1 a,—1
Here C, qo, q1 are positive constants depending only on my,ma, i, 9, c, p.
The proof, being quite technical, is postponed to Appendix B.

Corollary 2.22 (Exponentials). Given a,m > 0 and A € EZT% such that
(the constants C,~ are defined in Proposition 2.21)

q0
92.21 A0 < 5=

one has for any sequence ¢y € Ly, and for all M € EqT 0

")

Proof. 1t follows directly by iterating the bounds in Proposition 2.21. O

| |qTO

(2.22) chad APFMEC < 9)e \Oo(
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Remark 2.23. Estimate (2.19) of Proposition 2.21 and Corollary 2.22 ensure
that the well known fact that smoothing operators generate bounded changes
of variables holds also in the quasi-Toplitz context. On the other hand, esti-
mate (2.20) shows that the product of two operators of order —1 is actually
of order —2, up to a small loss of analyticity.

3. The homological equation

We consider a diagonal operator

(3.1) D =diag(Q))jeze, =17+, Q:=diag(Q;) e LI, .
Recalling Lemma 2.20, we have (NZJ- = a(v(y), b(j))+r](-1)+r](-2), with a(v,b),

r() | 12 satisfying (2.18) for m = 2. For all 0 < || < K, all j € Z? and all

v € V such that 7(¢) || v we define

(32) d(g,j) ZZW'E‘FQ‘ _Q'fw(i)

(3.3)  ol,v,b) i =w-L+2 ’”'( |)|b — 7)) + a(v,b) — a(v,b — v - (L))

We define the (possibly empty) sets for v > 0, K € N
(3.4) €W =cp()
={weo: faEl=NT, Vo< <K, jez?}
(3.5) ¢® =CHk()
={weO: Pluvb)|>29(| T, VO< || <K, veV: n(l)| v},
(3:6) Op.x(7) = Chl(1) NCRK (7).

Proposition 3.1. Fix v,a > 0, K € N and a compact set O C Oy C R.
Consider a diagonal operator D as in (3.1) with 16|Q|qTR <. Consider the
sets CM), C?) defined in (3.4), (3.5) and set

(3.7) 01 =0pk(7) -
For all P € ﬁa 2, there exists S € £q O+ solving the homological equation

(3.8) —1S+[D, S] = Uy <k P,
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fulfilling the estimate
(3.9) |S[E0F < Cp, . 6,¢) a0y~ KA PIATS

If P is self-adjoint, then so is iS; if P is Gauge covariant, then so is S.

The solution S of the homological equation (3.8) is given, in components,
by

P
J
j—7 (£
(3.10) SO = T -0
0 otherwise.

if0< (| <K,

Note that S is well defined for w € C,(jl) and it is well known that S €
L,($HP). Moreover if P is self-adjoint, one verifies that 1S is so (just use the
characterization (2.5)), same for the Gauge covariance.

Next we show that S € EZT’E*, namely it has a decomposition (cfr. (2.16))
§=8"+5W 1 5@ with ST € Ty, SV €Ll ), s®erlt

By assumption also P is admissible of order —2, hence it has the same de-
composition. In particular we shall denote the line-Toplitz part of P by

(3.11) [P = (6, 0(7), b)) -
We then decompose S as follows

i—m(l
[P0 (0)
w-l+ Qj - Qj_ﬂ(g)
j—m (¢ j—m (¢
(PO () [P0 ()
WAl = Qi Wl =

(3.12) SO =

(3.13)

—.[5(1))i () —.[g(2)17 ™)
=[SO’ =[s@)

We further need to decompose the first term in the r.h.s. above, which is the
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most delicate one because of the divisor. We introduce the following sets

(3.14)

Ao ={(£,5) € Z4\ {0} x Z*: =n({)=0, |{|< K}

Av=A{(0.5) € ZIN{0} x Z%: w(f) #0, 0] < K, v(j) || 7(0)}

Ap = {(6,5) € Z\ {0} x Z%: w(0) #0, |¢] < K, v(j) Y m(0), €] < ¢ ()"}
Ay = {(6,7) € Z\{0} x Z%: w(0) £0, v(j) 7(0), < ()’ < 1] < K}

and note that {(£,5): 0 < || < K} = U}_,A;. Further denote by §4 :=

04(l,j) = 1if (¢,5) € A, da(¢,7) = 0 otherwise. Starting from (3.12) we

further decompose

(315) 8770 = gt )
- 1 !
(3.16) + [P <£)(d(€,j)_ (4, v(j), b(j)))5A1
(PO 0) jn(t)
gy 0t

[P0 )

(3.17) AT

Saq + [SP1.

In the next lemmata we shall prove the line (3.15) gives a line- Tophtz opera-
tor, line (3.16) gives an operator in £ " (1,1) and line (3.17) one in E " (2.0)"

Lemma 3.2. The operator in the r.h.s. of line (3.15), which we denote by
ST is line-Toplitz and

(3.18) 5700 < 7K27+1|PT|Z:?2

Proof. Recalling (3.11), (3.3), one checks that the elements of ST are actually
given by (ST)2 " (¢) := (¢, 0(j), b(5)) with

(;vb) if 7(¢)=0, (#0, [{|<K

S(t.o.b) = { Blvb)

(¢, 0,b) it w0 £0, |l <K, v]| )
0 otherwise

so ST is line-Toplitz. To study the Lipschitz variation we remark that, since

A wd(C0,0)| < [0 +2/Q8G <2K Yw#£uW €O,
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one has

Aw,w’ < 2772K2T+1 )

1 ’ _ ’ Aw,wfa(é, v, b)
(¢, v,b) (l,v,b)(w)d(¢,v,b)(w')

It follows that |A, . ST|E a2 < YUK Ay PTIE o + 29 2K%7 1 PTT T,
Estimate (3.18) follows using the small divisor estlmates in (34), (3.5). O

Lemma 3.3. The operator in line (3.16), which we denote by SU), belongs

to ,C " 1,1y and there exists C' = C(p,p,6,¢c) > 0 such that
(3.19) [SONh _qy) < CYTHE¥ TP

Proof. We bound first the operator S(), defined in (3.12). Using w € CD , we
know that |(S 1))J ﬂ(e)( 0)] < 7*1K7|(P(1))§ 7r(6)( ?)|. Thus, by Remark 2.8,
we get |S( )]a/Q;_(Ll) < 7_1KT|P(1)|Q/2;_(1,1). To study the Lipschitz norm we
proceed as in the previous Lemma and we conclude that

(3.20) SOy <2 ETPD D,

-1

Regarding the remaining operator in line (3.16), which we denote by SO it
has matrix elements given explicitly by

w if w(0) # 0, [¢] < min(K, c(7)°), v(5) | = (f)
a(0.7) , it , min(K,c(7)°), v(g) W~

(SO 0y = (PTYIO0) (d(gl, 5 a(f,v(;) b(j))>

it 7(£) 20, |¢| < K and v(j) || 7(¢) and (SD)I7O(£) := 0 otherwise.
First line of S : We claim that there exists C' = C(8, j1,7) such that

(g(l));:*ﬂ(f) (0) ==

O+
< Oy LK

()"
(3.21) sup
jezzgezt: (W L+ — Q5

[el<e(5)? (@)W (5)

Indeed if (j) < Js (with Js the constant of Lemma 2.12), then the bound
follows trivially using also that w € V).

Consider now the case (j) > Js. Then by (3.3), in order for the denomi-
nator to gain the term (j)*, we need 7(¢)-j to be large. This is what we show
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to happen. In particular we claim that

(3.22) G) =35, 0 <), m(@) WolG) = |j-=(0)]>2()"

and then (3.21) still holds. To prove (3.22) we distinguish 2 cases.

Case 1: |b(j)| > 2(j)*. Let w € V be the direction parallel to 7(¢), then (being
w a generator), |w| < |7(0)] < ¢ < (j)°. As v(j) is the vector realizing
min{|v-j|: v €V, |v| <|j|°}, we have

7w (0) - jl = Jw - j| = o(4) - 3] = [b()] > 2(5)"

and in this case (3.22) follows.
Case 2: [b(j)| < 2(j)*. Then as |w| < (j)° and w # v(j), Lemma 2.12 (i)
gives again |w - j| > 2 (j)*, proving (3.22) also in this case.

Now, recalling that
(3.23) d(l,g) =w-L+2m(0) - j = 7 (O + Q5 — Qo)

and using (3.22) we obtain that |d(4,5)| > 2(j)* — (lw|c + D){H)* -1 >
C (7). Hence (3.21) is proved in case of the sup norm. The Lipschitz norm
is estimated by the same case analysis.

We deduce that

~ o _ T
(3.24) ‘5(1)5A2|a/+2;,(171) < Cy'K? +1|PT|aO/2;7(072)

a\ P2
< (2 C 71K2T+1 PT T,O
< <2> ot \

a,—2

where in the last inequality we used Lemma 2.17.

Second line of SOF Again we consider two cases.
1

Case 1: [b(j)| > 2(j)* or (v(j)) > 3(j)° or [¢] > c(j)°. In this case we exploit

the decay of (PT)?W(@ and get that for w € Op g (7)

B PO 55 = s

< [bG)] G (PO o)) (‘d(glj) |+ |a(€,v(;) b(j)))|)

(3.25) < Ca 5y KT e FPOI- | pT T,
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Case 2: [b(j)| < 2(j)" and (v(j)) < 3(j)° and [¢| < c(j)°. In this case we ex-
ploit the decay of d(¢, )~ — 0(¢,v(5),b(j)) L. Precisely we note that

a4, §) = w L+ [ =15 = 7O + Q5 — Qe
=w- L4+ 2m(0) - j— 7O+ Q5 — Qnio)

so decomposing € as in Lemma 2.20, and using that v(j) || 7(¢) we arrive at

5Oy o0 5 aol b
B P0) = O + 30, 20)

—a(v(j — m(0),b(j — () + " =D @D

d(l,j) =w - £ +2

Since |b(j)] < 2(j)*, (v(j)) < 3(j)° and also |x(¢)| < (j)°, Lemma 2.12

",
(#7) implies that v(j) = v(j — m(¢)) and then one has also b(j — 7({)) =
b(7) —v(j) - m(€). We deduce that

. ) . 1 1 2 2
d(gaj) = a(‘&”(])v b(])) + 7"](» ) ]( )ﬂ(g) +r ( ) T;jw(g)
and thus we estimate

. 1 1 2 2
1 1 G = el P =@ )

) GG T Ao, 60
< ‘Q‘ZTL20772K27§771K27

[{2)*( |

We reason in the same way for the Lipschitz variation and obtain the bound

o
" < Oy LKL

w1
(326 . 9" (325 ~ 5500
[ <K, w(0)|v(j)

Thus we obtain the same kind of estimate as in (3.25), with 7 ~» 37 + 1.
In both cases, using Lemma 2.9, we finally get

_ o o 7
(3.27) 1SW6a,lpi—ay < Oy KT PTEE,

Then estimate (3.19) follows from (3.20), (3.24), (3.27). O

Lemma 3.4. The operator in line (3.17), which we denote by S@, belongs
to £ " (2.0) and there exists C'= C(p, u,d,c) > 0 such that

o - T —
(3.28) 15(2)|a/+2;—(2,0) < Oy R (’P(Q)’c?/Z;—(z,o) ta 2“/6’PT’§>
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Proof. We need to estimate two contributions. The operator S ) given in
(3.12), is estimated similarly as S (1) in the previous lemma, obtaining the
estimate

—o O o
(3.29) SO a0y SVTETTTPO, o

Regarding the first operator in (3.17), which we denote by S (2) it has elements
only supported in the region |[¢| > ¢ <j>6. Then the small divisor estimate

in (3.4) and Lemma A.1 give the bound

13919, ) < Closp1.6,0) a #015O0+ <4710 (p, ) a0 K| PTIO.

U
Proof of Proposition 3.1. Estimate (3.9) follows from Lemmata 3.2, 3.3 and
3.4. U

4. The KAM reduction scheme

In this section we shall study the linear Schrédinger operator in (1.21) and
prove that, provided that V' in (1.16) is sufficiently small, then £ is reducible
with sufficient knowledge on the asymptotics of the eigenvalues. As explained
in the introduction, the reducibility of Schrodinger operators is by now well-
known, the novelties in this result are the fact that the reducing change of
variables is quasi-T06plitz of order —1 and the asymptotics of the eigenvalues.

Theorem 4.1 (Reducibility). Consider a Schriodinger operator as in (1.21)
with a travelling wave potential ¥ as in (1.16). There exist €,y > 0 such
that the following holds. For all v € (0,7.) and for any potential satisfying
the smallness condition (1.19) there exist: a sequence of Lipschitz functions
R:=[-1,1] 3w Qj(w), a positive measure set Osy C R and a sympletic
change of variables G such that

(4.1) G.L=diag(Q;), G-Ide EZ/T”?{” ,  with a' =a/8.
Moreover

(4.2) Q; = |3 + a(v(j), b(3)) + i + 2

with the bounds

sup [a(v, b)[FeX 1 (0)2 + sup [rVFGY(0()) + sup [P B < 2|V ]|ap -
vEV,bEZ J J

Finally if V is Gauge invariant then G is Gauge covariant.
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We can be more explicit regarding the set On. For ¢ € Z%, j € Z? and
all v € V such that 7(¢) || v we consider d(¢,j),0(¢,v,b) defined as in (3.2)
with ; defined in (4.2).

Proposition 4.2. Under the Hypotheses of Theorem 4.1, there exists T > 0
such that the set O contains the set Ogy = Og(v) NCH(y,7) N CA (v, 1)
where

(4.3) O = Oo(7)

={weR: |w-l+k >290"Y V(L k) ez 140},
(4.4) ¢ =cW(y,7)

={wer: [a))| =T, V40, jer},

45 €@ =c®(,m
={weR: Pluvb)|>4y|77,VL#£0, veVstxl)]|v}.

We defer the proof of this proposition to the end of the section.

The first step. In the first step in the reduction scheme we exploit the struc-
ture of the Schrodinger operator in (1.21) and perform a change of variables
Go = € which conjugates £ to —A + Py, with Py quasi-Toplitz of order —2.

Lemma 4.3. Fiz ap = a/4, v > 0 and consider a Schrodinger operator
as in (1.21) satisfying (1.19). Then there exist positive constants C,qz, qu,
depending on 0, i, T,c,p only, and operators Sy € /J%T”_Olo and Py € EZE?%
(with Oy defined in (4.3)) satisfying the bounds
T,0 1 - T,0 -
Sol3 5 < Oyl ®([Viap,  [Rol3, "5 < Oy la V]I

ao,—2 — a,p’

such that Lo := (Go)«£ = - A+ P.

The proof is performed in several steps. We start by defining Sy as the
solution of the homological equation (see (2.9))

(4.6) iSo+[A,So] = My by setting
V(£) ,
- — - - if w(€) #0
()00 =4 e txGE-lj—s@F 07
0 otherwise

(recall that, by (1.17), V(¢) = 0 if n(¢) = 0).
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Note that Sy is well defined for w € Oy and

(4.7) (Go)u(—A + My) = % (—A + My) — IZ ;"dé}:’!) So
(4.8) = -A+ My + Z %([—A + My, So] —iS0)
—~ !
= — A+ [My, So] + Z %([MV,SO} — My),
h=2 ’
so for w € Oy
Py =ty 5l + 3= P O, 55— ) = 3 S

h=2 : h=1

In Appendix B we prove that there exist positive constants C, ¢o, g3, depend-
ing on 0, u, 7, ¢, p only, such that the following holds.

Lemma 4.4. Let Sy be the solution of the homological equation (4.6). Then
for 2a’ < a we have

C

4.9 Sol&% < ———— |V ||ap.
( ) ’ ‘a -1 = ,Y(a_za/)qQ H H P

Moreover the commutator [So, My is quasi-Toplitz of order —2 with the
bounds

(4.10) |[S0, My]|3Sy < Oy H(a - 2d)*|IV2,

Proof of Lemma 4.3. We need to bound \(adSO)hMV]qT 0 for all b > 1. If
h = 1, this is achieved through (4.10) with o’ = ay.

If h = 2, then by (2.20) of Proposition 2.21 (and recalling that | - |3'f;?° <
|- 132)

1180, [S0, My )&% < Ca= |So|$2F (S0, My )|TG

ap,—2

< Clamnm Ty V|3,

Otherwise if h > 3, then we set A = (adSp)"~2[Sy, My so that, by (2.19) and
possibly taking C' larger,

AT < (Cam®ISHIE ) 2 (S0, My]ITS
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Then we apply (2.20), which reads
(S0, ]I < Cam (Ca™®|SolT )" [0, My ]IS
<Oyl F [V lap)" !
with g4 = 2(g0o + ¢1 + ¢2 + ¢3). We deduce that

Va3 |V h1
RIS <y 3 M hi”n o) < onrae v,
h>1 !

provided that Cy~'a=%|V|lap < 3. This amounts to fixing e, < 2C~a%
n (1.19). O

The iterative scheme. After the first step we have conjugated £ to an oper-
ator of the form —A + Py where Fy € EZO’_Q is appropriately small. Now we
apply a slight modification of a standard KAM scheme in order to reduce to
constant coefficients. As before the main novelty is that through the iteration
we are able to control the quasi-T6plitz norm. The KAM reduction scheme

is based on the iteration of the following lemma.

Lemma 4.5 (KAM step). Fiz v > 0 and K € N. Consz'der a Schrodinger
operator D + P with D defined in (3.1) and P € Eq 5 satisfying

(4.11) 16|, <y, 16|PITG < /KT

Let Oy be the set defined in (3.7). There exists S € EqT 9+ and a time inde-

pendent operator Q€ ﬁqT 5 such that, setting G = e, for allw € O, one
has

Gu(D+P)=Dy+ Py, Dy =diag(|jl* + O )jere

where Py € ﬁg,T?; for all 0 < @’ < a with the estimate

(4.12) ‘P_._‘Z'/T’,?; < C(p, 5) -2/6 71K3T+1(’P‘qT O) Lem a—d K‘P|qTO
and

(4.13) Q- I < 1P|

Proof. We start by defining S as the solution of the homological equation

(4.14) —1S+[D,S] = Iy q<xP by setting
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P
j—m (£ -4 -7 if 0 < || < K
SO0 =1 Tawy s
0 otherwise

Note that S is well defined for w € C(V) (defined in (3.4)) and, by Proposi-
tion 3.1, one has S € E‘f’_@*, with the bound (3.9). Then

o2ds (adS)h '
(4.15) G.(D+P)=¢e**(D + P) ﬂhZITS
—(D+P)+ i adSh : (D + P, 8] —i8)
= D + diag(P/ :( 0)) + s P+ [P, S]
+§29§%@iqRSW—HmeKPm
so for w € CM) we put
Pe = P+ P51+ 3 S (5 i),
~ !

D, := D + diag(P!(0))ezz -

By construction P = PT + P1) + P® as in (2.16). Now by Lemmas 2.19
and 2.20

, o Do e
PJ(0) = (0, 0(), b()) + (PM)}(0) + (PP)(0).
So in order to define D, on all of R we just extend each (0, v, b), (P(i))g (0)

by Kirszbraun theorem preserving its weighted Lipschitz norm | - |7. The
bound (4.13) follows. The bound (4.12) follows by Corollary 2.22 and
Lemma 2.19. O

Proposition 4.6 (Iteration). Let £y be a Schrodinger operator of the form
(4.16)
—A+Py, —A=dag(lj]*), PeLT%, co:=7"P|T% < K;372

ag,—a4 "’ ao,—2

where Kq is large enough. Set

(417)  anmap(l= 3272, Ky i= Kod", e, = ege L
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For allm > 1, there exist

(1)n, A sequence of time-independent operators

(4.18) Dy, =-A+0®™  where QW ¢ 52:,7372
with 000 — QDR < e,y

(we have set QO := ().
Following Lemma 2.20 we denote the eigenvalues as

(419) Q) = o™ (u(), b)) + 1" 4+ 1
and define the nested sequence of compact sets (recall (3.4), (3.5))

(420) On = O?’L—l m CST)L,l,anl(’y) ﬂ C(D23,71,Kn,1(/7) N

(17)n, A sequence of operators P, € 53}7‘3’5, Sy, € 52370:72 such that

(4.21) (65")* (Do1+ Pot) =Dy + P,, Ywe O,
(422) A NBIE % <ens 1S5, < KV e,
Proof. The lemma is proved by standard iterative estimates. O

Corollary 4.7. Given a Schridinger operator £y satisfying (4.16) there ex-

ist a time independent operator Q) € EZZ’/RQ _y, a Cantor-like set O, and a

symplectic change of variables G with G — 1d € 522}25’12 such that
(4.23) GoLo=—-A+Q, YweO.

Proof. The proof of this lemma is also standard and follows from the fast
convergence of the Q™ in Proposition 4.6. We put Ou := N, O,,. 0

Proof of Theorem 4.1. The thesis follows from Lemma 4.3 and Corollary 4.7,
except from the fact that O, has positive measure. In order to show this, we
shall prove Proposition 4.2, which gives a cleaner characterization of the set
Os. Then, the measure estimates are deferred to the next section. ]
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Proof of Proposition 4.2. We need to show that Og, C N72,O,, i.e. we have
to verify conditions (3.4)-(3.5) for w € Ogy,. Proving (3.4) is standard (see for
instance [6]). Regarding (3.5), by (4.5) one has, for w € Ogp,

w42 |(?‘b — 7O + a™ (v,5) — a™ (v, b — v - 7(0))| >

49107 = 1a™ (v, b) — a(v,b)] — |[a™ (v,b— v -7 () — a(v,b— v - 7(L))].

The estimate follows by recalling that |[¢| < K,, using (2.18) to bound
|a™ (v, b) — a(v, b)| in terms of [Q() — Q\qT ", and then exploiting the bounds
(4.18) (see e.g. the proof of Lemma 7.6 of [35] for details). O

5. Measure estimates
The purpose of this section is to prove that the set of frequencies w for which

the non-resonance conditions (1.29) hold up to order N has positive measure.
Recalling the notations of Theorem 4.1 and denoting

= |j2 + a(v(j),0()) + R(j), R(G)=r" ++rl?,

we have

(5.1) sup e* !l (b)?]a(v, b)IR+Sup|R( DIFGH < 2ey.
v,b

Denote by

V= (Uh)hzl ..... N € VN b := (bh)h:l,“',]\f € ZN,
n = (Uab)b a=12 € {_1707 1}2N7 j = (jh)h:l ..... N € ZQN;

—1l,...

and for (£, K,v,b,n,j) € An = Z¢ x Z x VN x ZN x {—1,0,1}2N x 72N,

consider an expression of the form

N N
(52) d(gv Ka \Z ba nvj) =w-l+ K+ Z Mh Cl(Uh, bh) + Z 2k R(]k) .
h=1 k=1

We shall prove the following result:

Lemma 5.1. Given N € N, N > 2 there exist 7, €x, v > 0 such that for
any 0 < v < v, and € < €, the set C.(N,~,7n) := Ci defined as

5.3 Ci:=qwER: deaKa‘]?bvnaj > TN
(5.3) { a( =5
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V(¢ K,v,b,n.3) € Ay (6K) #(0,0)}
has positive measure. More precisely there exists a constant c, > 0 such that
meas(R\ C.) < cuy .
Proof. We first notice that for all L > 0, we can ensure that

6:2] 2 g VEK) 200, J<tL

just by taking e, = €,(L) small enough. So we choose L > 0 (to be fixed later).
Next we note that, for £ # 0, if | K| > 2|¢| then (for €, small enough) one has
‘d(éa K7V7b7 na.])| > % > .

So from now on we restrict to [¢| > L and |K| < 2||.

We prove the claim by finite induction on the number of 7, ,, different
from 0. More precisely for every 0 < n < 2N we shall show that for v small
enough, there exist a sequence of increasing 7,, and a sequence of nested sets
C" = C"™(~, ) such that, provided

|mi|+ -+ |mn|=n,

then for any w € C™ one has

(5.4) 1(5.2)] > e, Y(EK) # (0,0)

and moreover

(5.5) meas(R \ C°) < Cv meas(C" \ C"1) < Oy

for some C' > 0. Then the lemma follows by taking C, := C2N and ¢, =
(2N 41)C. Then 7, is fixed so that (2N +1)C, < meas(R), and the measure
of C, results positive.

Case n = 0. In this case (5.2) reduces to w- ¢+ K, so the set C° coincides
with the set Op defined in (4.3), with 70 := d 4+ 1. It is well known that
meas(R \ Op) < C for some C' > 0.

Case n ~» n + 1. Assume that (5.4) holds for any possible choice of (7,)
st mi| + -+ men] =n, 1 <n < 2N — 1, for some (7,)q=1,..n. We can
assume that [¢| > L and |ni1| + - + |mon] = n+ 1.

We further divide two subcases.

Case I At least one of the following conditions holds:
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L.a There exists h = 1,..., N such that 7y, # 0 and either ca’|v,| > |¢] or
b > |e]™72.
Ib There exists h = 1,..., N such that 7o, # 0 and (j;,) > |[¢|™/*.

In Case La, assume w.l.o.g. that 1 # 0 then

N—-1 N
| (52| 2w £+ K+ Y maa(va,ba) + Y 12aR(ja)] = a(vn, by)]
a=1 a=1
Y —2 —ca’|luy]| gl
> T oye(by)2eerlonl >
<€> <€> nt1

which is true provided ¢, is small enough and L sufficiently large. In Case L.b,
assume w.l.o.g. that ney # 0 then

N N-1
| (52)] > w0+ K+ maa(va,ba) + > 12aR(a)| — [R(N)]
a=1 a=1

o 1 0
> — >
=0 TG = et

Case II: For all k = 1,2 and h = 1,..., N such that ng, # 0 one has
ca’|lvy| < €] and |by| < €|/ if k = 1 and one has (j,) < |{|/* if k = 2.
Now for || > L, |K| < 2|¢| and v, b, n,j as in Case II we define

R£7K¢V7b7775j(7—n+17’7) = {W E R‘ : |d(£7 K7V7 b?ﬂ?-i)‘ g 7’€|7Tn+1} :

Now (recall |¢| > L and the Lipschitz estimates on a(v,b) and R(j))

d
Imd(é, K,v,b,m,j)| > |{| —2Ne > 1

so meas (Ry,k vbmj) < 27[¢]~ ™ and

meas U  Rexvbmi| <D ) ,g|31+1

[e|>L, |K|<2[¢| oL <ol oy <]
v.bmjeCase II o <112, (3 ) <leimn /i
<Oy PN G EINT =
(=1

which is finite provided

5 2
Tnal > (5 + ;)NTn +d+1.
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Then we put
cti=c"\ U Rekwbmi

[1>L, |K|<2[¢]
v,b,n,jeCase 11

and clearly it fulfills (5.5). This concludes the proof of the inductive step. [J

We are now ready to discuss the measure of the non-resonant w. Let us
start by discussing the set Og, of Proposition 4.2.

Proposition 5.2. There exist s, €, 7 > 0 such that for any 0 < v < v, and
€ < €, the set Ogn of Proposition 4.2 has positive measure, in particular

meas(R\ Ogp) < Cy .

Proof. We show that the set C, defined in (5.3) with N = 2 is contained in
Ofin. Indeed C™) defined in (4.4) contains C,, just taking j; = j, jo = j — (),
(vi,bi) = (v(5i), b(ji)) for i = 1,2, K = [ju* — 52, m1 = n21 = 1, 1o =
N2 = —1.

Also C® defined in (4.5) contains C,, setting vy = vo = v, by = b, by =
b—v-n(l), K = Q%b— |7(€)|* (note that %b € Zasm({) || v) and taking

M1 = —Thz, N21 = 122 = 0. O
We finally prove Theorem 1.8:

Proof of Theorem 1.8. Reducibility is a consequence of Theorem 4.1. It only

remains to prove that VN € N Melnikov conditions of order N are satisfied,

namely that C, C Gy, with Gy asin (1.28) and C, as in (5.3). First we observe

that, since L as in (1.28) satisfies |L| < N, it has at most N non vanishing
components Lj,, ..., L;,. Then it is sufficient to set

V= (U(jl)ﬂ"'7v(j1>7--'7U(jN)7"'7v(jN)>7

|Lj, | times |Ljy| times
b = (b<.]1)7 .. -7b(j1)7 HE 7b(]N>7 . '7b(jN))7
|Lj, | times |Ljy| times
n = (sign(Lj,),...,sign(L;,),...,sign(Ljy), .. .,sign(L;,)),
|Lj, | times |Ljy | times
(5.6) K=> |iPL;.
JEZ?

Then the result follows by Lemma 5.1, observing that the set Gy is defined
in such a way that, with K as in (5.6), one always has (¢, K') # (0,0). O
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6. Nonlinear stability results

In order to prove stability we apply a classical Birkhoff normal form proce-
dure, see for instance Theorem 8.1 of [35]. We start by recalling some standard
notions on time dependent Hamiltonians.

One works in the extended phase space (¢, Y, u) € T4 x R? x $P with the
symplectic form dY A dy + idu A du.

In this context we shall consider real on real analytic functions on the
complex domain D(a,r) := T¢ x D(r) where

d
D(r) = {y eCh: Y| := Z Vil <r®, ueH: |ull, < 7“} ,
i=1

with T¢ defined in (2.4). Given a real analytic function F(p, Y, u) we consider
its Taylor-Fourier series

Flo,Yu)= > Fapgree®Yua’,

a,ﬂENZ2
0e78,leNd
n Q- a;j —f;
Fopie=Fpap—o, v’ =ezu’u)

Correspondingly we expand vector fields in Taylor Fourier series (again well
defined and pointwise absolutely convergent):

X(w)(% V,u) = Z X(():Uﬁ)M el YLy b
o,BENZ? 474 JeNd

where w denotes the components ¢;, V; or u;, ;. To a vector field we associate
its majorant

(61)  XPDd= Y XYl Y e d
(€74 l€NY o, BENZ?

Then we have the following

Definition 6.1. A vector field X : D(a,r) — C% x C? x P will be said to
be majorant analytic in D(a,r) if X, defines an analytic vector field D(r) —
Ce x C? x $P.

Since Hamiltonian functions are defined modulo constants, we give the
following definition of regular Hamiltonian and its norm:
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Definition 6.2. A real valued Hamiltonian H will be said to be regular in
D(a,r) if its Hamiltonian vector field Xy is majorant analytic in D(a,r). We
define its norm by

(6.2) [Hloy = sup |(Xg) (V,u)]

(Yu)eD(r

1X1), = X9 +

XN XL X @)
— + + :
r r T

Note that the norm |F|,, controls the norm | Xr|, in D(a,r).

If F(w;p,Y,u) = F(w) depends on the frequency w € O, where O is
some compact set, we define the weighted Lipschitz norm:

Fw ) T F(w y ") la,r
(63) |F|ST = sup |F(UJ, ')|a,r +’Y sup | ( ! ) ( 2 )‘ LA
’ weo w1Fw2€0 lwi — wal

Definition 6.3. We say that a regular Hamiltonian H is Gauge and Momen-
tum preserving if

(0)+ > jley—B;)#0 or Z€+Z —Bj)#0 = Hapie=0

jez? jez?

By convention we define the scaling degree of a monomial e? Y u®@P as
deg(l, o, B) := 2|l|+|c|+|B|—2, and define the projection on the homogeneous
components of scaling degree d as

H(d) = Z Ha7ﬂ’l7£ 61€-¢ylua ,aﬁ ,
0e74,1eNd o, BeNE?

2|l +|a|+|B|=d+2

similarly for HSD and HED. One easily verifies that {H) H@)} has
scaling degree dy + ds.

Proof of Theorem 1.4. A direct computation ensures that the NLS equa-
tion (1.15) is Hamiltonian

J

P = /T2 P(p + Kz, u(z),u(z))dr.
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By assumptions P is a Gauge and Momentum preserving regular Hamiltonian
of scaling > 1, with norm

|Plo, <Cr, Vr<r,.

We now fix 0 < v < 7, and assume that ||V |l,p7™ < €, so that we may apply
Theorem 4.1. The time dependent symplectic change of variables G defined
in Theorem 4.1 gives rise to the symplectic transformation G defined in (2.8)
on the extended phase space. By definition, G preserves the scaling degree
and maps D(a/8,r) — D(a/8, pr) for all r > 0, where p — 1 < [|[V|lap7 "
Thus for all regular F' of scaling > 1 one has that F' o G is still regular, of
scaling > 1, and satisfies

|F © g‘a,p'r S 2’F‘a7r7 Va S a/8

Finally, since V' is Gauge invariant then G is Gauge covariant. By construction
G reduces the Hamiltonian H to the diagonal form

Hi=HoG=w Y+ Qluyl’ +K(p,u), |Klys, <Cr, Vr<r,

J

where K is a Gauge and Momentum preserving regular Hamiltonian of scaling
> 1. We note that, thanks to Theorem 1.8 with N = 3, we can impose third
order Melnikov conditions of the formula (1.29) for any (¢, L) € Gs. Since K
is a regular Gauge and momentum preserving Hamiltonian, we can eliminate
all of its monomials of scaling degree 1. Precisely, as H; fits the hypotheses of
Theorem 8.1 of [35] (with € = 1), there exists a symplectic change of variables
which cancels the terms of scaling degree one in /C and conjugates H; to

HQZW'J}—FZQ]"U]"Q—FI%(()O’U), ’E|a/8,T§CT27 \V/’I"ST* 5
J

where K has scaling > 2. Then the stability times in Theorem 1.4 follow by
a standard contraction mapping Lemma argument, see for instance Corollary
5.1 of [9].

Appendix A. Technical lemmas

Lemma A.1 (Bony). Given M € L,($P) and setting

¥ . . 6
A1) By = 10 >l gy e
I M (¢) otherwise
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we have that M) ¢ Lo —n for any n > 0 and any 0 < o < a with the
quantitative estimate

[ M]a

(R) e
(A.Q) |M |a/,—n 51%5 (a _ a/)un/é

Proof. Exploiting the definition (2.11) we have

R i a i’ A\ un
M )= 3 e (0] G
Gj—j'=m(0)
le|>c ()8

< c—Hn/d Z ealé\ef(afa’)\é\’g‘nu/é‘MJJj 0|
t:j—j'=m(0)

< C(un/d,a — a')(M.,)!

with C(p, o) defined as in (2.12) for p,o > 0. O

Proof of Lemma 2.14. To prove (2.13), we just use the fact that one has

(MN, )] = Y el el =7 @) Gy o)™ NI, (62)]
f1,1€2:j—j/:7r(£1+fg)

S Z(M(l,—Nl );1 (Ma76)§1 ‘
Ji

For the second statement we divide M = M) 4 M®) as in (A.1), then

(7M(B)Na;—(m+nz,0))§ =
alby+L2 j—m (¢ : ni+n2 i’
oo ettt T )| gyt INT ()|

£1,09:j—j'=m (L1 +L2),
leq1<e(5)®

’

ally j—m (€1 A\ puni alls . ng j
< S (e @) Gy el (G — (o) INT L (6)]) %

£1,00:5— 5 =7 (£ +L3),
. una
(J —m(l1))

leg1<e(3)?

-/

< kM2 Z(Maer);l (Ng,-n, )gl '

Ji
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Moreover by (2.13) with M ~ M) and estimate (A.2) we have

‘M|a’N|a/

p(nitng) °
5

’M(R)N‘a’;f(nﬁm,o) < ’M(R ’a (n1+n2,0)‘N’ a’;0 S

(a —d')

Appendix B. Proof of Proposition 2.21 and Lemma 4.4

Before proving Proposition 2.21, we give the following auxiliary result:

Lemma B.1. Given ny,my,ms € N, let Ny = (n1,mq), R € LN, and
T € Ta—m,- Then RT € Lo, n,, and TR € E%;,(m’mz), with the bounds

(B.1) |RT|2, n, S aP?|Rla, N, |TIL
(B-Q) |TR‘§;—(n1,mz) ~Spnt @ Mm|R|5;—(n1,0)’T|a,—m2-

Proof. Bound (B.1) follows directly from Lemma 2.14 and Lemma 2.17. Anal-
ogously, to prove (B.2) one observes that

)} = Y RN () RI(6)] () b))

£q,02:
J—j'=m(t1+L2)

S a3 AT () () e 5N G — () RT ()]

01,65
J—j'=m(ty+Ll2)

B ) y
S,u,nl a Hm Z(I%a,o,—mg)é‘l (E ,7n1,0)§'1 )

a
- 2
J1i

(TR,

and the result follows by Lemma 2.14, by Remark 2.8, and by Lemma 2.17. [

Proof of Proposition 2.21. We start by proving estimate (2.19).
As M, € Ag_pm,, L = 1,2, there exist operators M, MY ,ML(m") such
that M, = MT + 5™ M and

(B.3) Mg, mﬁZlM(z)lﬁsz o < 2AMJT

To each M we may associate the symbol T, (¢, v,b). First of all we define the
line-Toplitz part of M; My by setting (M;Ms)T := T with

(T)7 (0):= T(L,v(5),b(7)) . T(L,v,b) ==Y Ty (l1,v,b) Ta(la,v,b—v-7((y)).
L1+La=L
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We estimate its |T'|3 _,, norm, given by (2.15), with m = min(m;, my):

T < sup > e CHDIT(0 0, 5)|(5)"
vEV,bEZZeZUl

< sup Zealfl\ T4 (41, v, b)[(b)™ sup Zea(clv/lﬂbh |2 (Lo, 0", 1)
VeV bEL y 7 VEVVEL ) 7a
< Mg,y M5 1o -

a,—mi

Then we set

(B.4)
R Z:MlMQ -T
=S MO ME S I + 33T My M (T M - T)
i=1 i=1 i1=112=1

We start with estimating the first summand. To each term in the sum we
apply Lemma B.1 with R = Mlz) € £%§—(i,m1—i) and T = M3 € Ta—my,
deducing that

M ME |2y S P2 M |5, (imy—iy M3 ]T

a,0

(B.3) , . .
S aPTE MG, | Mag

a,—mi a,—msa *
The second summand in (B.4) is estimated analogously using Lemma B.1

with R = My € La,_(1n,—i and T = M € Ty, , getting

MT M2,y Sgome @MY 0y [M3]E

(B.3)

Smhmz aium2|M1|g,r*m1 ’Mz ZT*WZ )

By Lemma 2.14 one has that Vi; = 1,...,m; and Vig =1,...,mg
M MED s =) < M |2y —) 1MS™ | 3,00
(B.3)
< 4’M1’g,r—m1 ’MQ,gT—mQ .

Remark that, since m = min{ms, mo}, in particular Vi; = 1,...,my, Vip =
1, oo, Mo

]\41(“)]\45r = E%;*(il,m*l&)ﬂ M'lr MQ(W) € ﬁg;,(i%m), Ml(“) M2(Z2) (S E%;f(il,mfzd)'
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Thus it only remains to estimate the last summand in (B.4). In particular,
we are going to prove that M{ MJ — T € La. (m,0)-
Recalling that j — j' = m(¢), we have:

(M MJ —T) (0) =
> Tl v()), b ))(‘32(52,7)01),5(]'1)) — Ta(la, v(j), b(5) —v(j) - 7T(£1)))

01 +ep=0
Jj1=j—m({y)

Now if v(j) = v(j1) then b(j1) := v(j1) - j1 = v(j) - (j — 7(f1)) = b(j) — v(j) -
7(¢1), and thus the term in the parenthesis above disappears. Consequently
we can restrict the sum to the indexes j; fulfilling v(j1) # v(j).

For these remaining terms, using that |j — j/| = |7(¢)| < c7t|¢], we set
m’ < mq + me and estimate

j/
<M;f ME-T, (m,m) |
J

< emesliT ST el g (0 0(7), b)) [T (b, 0 (n), ()] ()™
01,02
J1=j—n(f1),
v(j)#v(j1)
+emeiliT N e dalht el T (0, 0(5), b(5))| %
£1,02
jl:j_ﬂ-(ll)v
v(3)#v(j1)

/

X [Za(l2, v(4), 0(5) = v(F) - w(£0))[ ()™ -

If we show that the two sums above are uniformly bounded, then Lemma 2.9
will give us the needed boundedness. Let us start with the first sum. We
distinguish two cases.

Case 1: (j) < Js5 (given by Lemma 2.12). Then trivially

3 ettt T (4, 0(5), (7)) T2l v (1), ()| ()™
£1,02

:j_ﬂ—(el)7

v(j)#v(j1)

’

S 1M a0 M2 a0

Case 2: (j) > Js. We further distinguish 4 subcases:

(A) [ea] > ¢y >6 (B) [61] < c(j)® and Jo(j1)| > 5(7)%  (C) |1 < c(5)°,
() < 3()° and [b(5)| > ()5 (D) |G < c(i)’, [v(in)] < 5(j)° and
b < G-
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In case (A) we have

(4)

ST et T (0, 0(5), b)) [Fa (b, v(r), b)) ()
01,02

Ji=j—m(f1),

v(j)#v(j1)

Sale pm!, . _pm
Seay x0T (0, 0(), bG) M35 Sens @ IMTIT M z.0
151

In case (B) we get

(B)

> el |g (0, 0(4), b(5))] 1F2(C2, v(j1), b(in))| ()™

0.0
hi=jon(er),
v(g)#v(41)

3, . . N
Suo M50 el 12115 (€2, v (1), b )| v ()|
12

S,uéc 5 ‘Ml ,0 ’M2

rovided Js is large
enough. Indeed assume by contradiction that |b(j1)| < 5(j)*. Then, by the

definition of b(j), we have that

In case (C) we start by remarking that [b(j1)| > 5(j)* p
(<3

()] < [o(ir) - g1 < o) - dal + (i) - 7 ()] < [bGin)l + ()* < ()

where in the last inequality we have used (j) > Qﬁ, contradicting the
hypotheses. Now, as ¢ < 1, we bound

(©)

> 3Ot (0, 0(5),0(7))] [Fa(la, v(j1), b(ir))| (7)™H ()™
l1,0

h=jon(er),

o(3)#v(in)

S D en T (6, 0(5), bEGNIBEN™ D €31 [Ta(la, v(ir), b)) (b)) ™
fl £2
Mg

p(m 1+m2)

5#,5a ‘MQ a,—m1 a,—m2*

Concerning (D), we claim that in this case v(j) = v(j1), so there is no con-
tribution to the sum. Indeed if v(j1) # v(j), Lemma 2.12 (i7) (which we can
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apply as |7 —j1| < (j>5) would imply |v(j1)] > % <j>5, getting a contradiction.
This concludes the proof of (2.19).

Proof of (2.20): Let M} € T, _1 and Mi(l) € L4;—1,0) be quasi-Téplitz de-
compositions of the M;.

| M]3 —1+‘M ’a(10)<(1+5)|M’qT

Arguing as in the proof of Proposition 2.21, to each M we associate the
symbol T;(¢,v,b). We set

T(lv,b) == > Tallr,0,0)Talla, v,b—v-m(01)), (T)] (€) == T(L,0(4), b)),
l1+l2=L

and we define the line-Toplitz part of M; My as (M;Ms)" = T. Then T is by
definition line-TGplitz, moreover to estimate |T[3, _, Va' < a we only need to
control:

sup Z e® (elvl+1e) Z T1(l1,v,0)To (b, v,b— v - 7(ly)) <b>2
veEV ,bEZ =7 O +bo=1

< sup Y e CPHIADIZ (04 0, B)(B) (v - w(4))
vey bEZZ c7d

x osup S e CIHED T, (0, of )|V
VEV VEL ) pa

S sup Y ealblteloDig (g o, b)|(b) e tamatell=@malltl gy gy | MTIE,
veV bEZZ GZd

S (a—a) 2|]\41T —1| |a’—l

~oC

We are left with estimating
(B5) MMy —T = MFME + MO mI + MO M) + (MFME - T)
We will actually prove the following:

1 1
A]w1 MQ( ) c ,C o . M1( )Mg € E%;,(l,l) +’C%,;*(2:0)’

—(1,1)°

1 1
MO + (MIMQ— T) €Lt 50)-

The estimate of the last two terms in (B.5) is straightforward: by Formula
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(2.14) in Lemma 2.14 one has MMMV ¢ Lo (5, With

1 1 2 1 1
| )|%’;7<2,0) S (a—a')~ %M} )\%;—(170)IM§ ls-0.0)5

while arguing as in the proof of Proposition 2.21, formula (B.4) with m’ = 2,
one obtains that there exists v = y(u, 0, p) > 0 such that 1175 —T € L

L <i—(2,0
W1
’M1TM2 T’a {(—2,0) Swéep aﬂ’Mﬂ |M2 a,—1"

Concerning M7 MQ(I), one has:

v a’ 1405 j—m (1
(MEME, o S S eEOR el ) )
g =ty +£2)
X [(j = ()Y m (L) UM MDY, ()]
S @™ (M) 00T (M)t )7

Ji

which implies

1 — (1
MMy S @ M 1M g

by Lemma 2.14 and by Lemma 2.17.
In order to conclude the proof, we now estimate Ml(l)MZT . Recalling that
one has

i’ '—71'[1
B6)  MOMHI)= Y ()T )M, (L),
b1,02:01+02=FL

with (Ml(l)MQ) # 0 only if j — 5/ = m(¢), we decompose Ml( )MQT as follows:

(B.7) MY MF =V MEYD + (Y M) P)
1 1 1
+ (MM MO+ (I MHP) 4 (Y TP

where the summands in (B.7) respectively corresponds to the cases:

(A) (j —m(ly)) > Js, with Js given by Lemma 2.12, and |01] > ¢ ')‘5

(B) (j —m(61)) > 3s. |6] < c(3)? and Jo(j — =(£1)] > 4 31— ()

(C) (j —m(tr)) > Js, |ta] < <(5)°, [o(j — 7(r))] < 1(] — m((1))°, and
b = m(t0))] > (G = 7 (€2))";
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(D) (j = 7(tr)) > Js, |ta] < (5)°, [o(j — 7(1)] < 3(j — 7(61))° and
b(j —m(€2))] < (G —m(€0))*;
(E) (§ —m(f1)) < Js.

Concerning (]\41(1)M§)(A)7 using |¢1] > c(j)? one obtains

21 -l

(AEVMDSY, )F Sens (0 =) S(MM) 500 (M) 3 007,

Ji

For (Ml(l)MQT)(B), we define 6 := ¢ (a — a’)/2 and we observe that

()" o (5 = m(0a))” + (m(2))* S5 (G — m(0))° S5 (G — w(€0))]

from which one obtains

!

1 B 20 _pli_ st 1
(0 )MQ)( ) - (2, 0)); Segs a” F e 7| )|%;(0,0)|M2T|%,0

Then the estimate on (Ml(l)Mg)(B) follows by Lemma 2.9. The estimate of
(Ml(l)MQT )(©) simply follows observing that, since

)" S G =m0+ (w(@))* S G = w6 S [0 = ()]

one has

C i’
((Ml(l)MQ )(_ )_(2 O))]

< Y el T ) (M5)] L, ()]
£y, 09:5—j"=m(01+L2) ,
\b(j—w(ll))\><1)‘u

< Y el — a(e)) | (MDY () (MY ()]
li,lo:5—j =m(£1+L2)

(1) 1 1
SZ M1 %”_(1’0));‘ <(_§)%,—(0,1));’

and applying Lemma 2.14 and Lemma 2.17. In order to estimate (Ml(l)MQT)(D),
we start with recalling that, by Item 2 of Lemma 2.12 with j replaced by
j — m(¢1) and h replaced by j, one has v(j — 7(¢1)) = v(j). Then one has

() =17 -v(j = ()] |G = 7(tr)) - v(i —7(0)] + [w(€1)[[v(j — 7(€1)]
< (b(j = (1)) + v (G — m(6))]
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Se (0 = 7(01))) + (L)) {v(G — 7(61))) -
This in turn, setting o := (a — a’)/2 and 6 := ¢~ !0, enables to deduce

D
(A MDY )]

e ST el M)y (1))

£q,€9:
j—j'=m(t1+t2)

X (b(j — m(L0) || v( — 7 (1)) | (M. T)j (en) (£2)]
Se (aff)*le*gljfﬂ’Mf1)|g;—(1,0)!MzT\Z,_1

Finally, using that (5)% <, (j — 7(€1))%* + (w(01))** < p, 8, I3 |[01|* , one
obtains

1 E i’ i’
(VM) o )T Saen (0 =) 3 () 31007 (M) 0.0

]1

Proof of Lemma 4.4. We set (recall that V(¢) = 0 if n(¢) = 0) (Sg);:,(f) =
S(4,v(5),0(j)) with

O it w0 £0. v
(B.8) &(f,v,b) = w-{+25~ or b—|m(0)?
0 otherwise

One has

1Sole 1< sup > e S (0,0, b)|(b)!
vEV beZeezd
= sup e clvl+a’[f] \E(/e;)’
veV beZ jog |w - £+ 25550 — |7 (€)?]

(b)
€= Im(02 + 2553
b] > |w - € — |7(£)]?| then (recalling that u |E)|)| is a non-zero integer) one has

% < 2. Otherwise if [b] < |w - € — |7(£)|?| then, by (4.3) and recalling that
(O] < <7,

(b

We estimate x = by distinguishing two cases. If

< (lw - 0= [T (O] + D)™y S e,
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In conclusion,

(B.9)
L SIS 4O 1T
0:j—j'=m(£)7#0
Syt EMVOINTT Sey (a—2a) TV g
t:j—j'=m(0)#0

Recalling that, if 7(¢) || v(j), 7 -7(¢) = I‘:((fg‘lb(j), we have

V()
A Py sy vy e
(So— S (0) = if ' = j - 7(0), 7(€) £0, 7(0) o).
0 otherwise .

Accordingly, we divide the indexes j, ¢ which contribute to Sy — S§ following
the two conditions:
i) One either has [¢| > ¢(j)% or (j) < jmm := 225 ; ii) One has || < c(j)?,
(7) > jmin and w(€) | v(j). We decompose accordingly Sop — S§ = R+ P.
First, by applying Lemma A.1 to Sy — S} and setting R; = (Sp — S3)(),
we deduce
|Rala,

2

(2,0) 55 a_% ||V||a,p :
To deal with the case |j]| < jmin, We set (RQ);’(E) = (SO);/ (€) if 7 < jmin -
Since if [j| < jmin We have
()%
|w - €+ 2j - w(l) = [x(0)]?]

(B.10) <A Gnin) 07

defining R := Ry + Rs, we get that
2u
(B.11) |R|%’%—(2,0) Sor aimaX{T’T}”VHa,p'

To deal with case ii), we define

V() . | .
Py Lt 05 0 @R T > w1 <) w0 o)

J
0 otherwise.

Now we claim that if (j) > 2%, (| < c(j) and 7(¢) [f v(j), then |j - 7(¢)| >
().
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Indeed, |[¢] < c{j)? implies that |7(¢)| < (5)°. Fixing w € V to be the
direction parallel to 7(£) one has |w| < (j)° hence

(&)l = w3l 2 pG)] = min 17 - 0]
vEV:|v|<(j
Then, if [b(j)] > (j)* our claim follows. Otherwise, we prove the claim by
contradiction. Recall that v(j) attains the minimum above and by ii) v(j) |} w.
If |w - j| < (j)* then, by Lemma 2.11 (j) < v/2(j)*7%, which contradicts
(j) > 2%
As a consequence if (j) > 22, |¢| < c(j)? and 7(¢) | v(j), then

G ) Gy
W e+ 270~ [ (OF] = 2j-7(O)] - £~ =0
() -,

<
20k = (Jwl + c72)e(5)? T
provided that (j) > jmin. Therefore we have

(B.12) 1Ple—10) S Vlap-

Recalling that Sy = S§ + P + R, estimates (B.9), (B.11), (B.12) then imply
that S is quasi- Toplitz of order —1. We now prove estimate (4.10). We start
with explicitly computing [Sp, My]. Setting h = j — 7(¢), one has

(1S0, MVDE(0) = 3 V(0 ((S0)) ™ (t) — (S0)) 05 (62)
l1+02=F
&%:ev(m%) (o=@ @ —r@r)
2 VOV (5= )
-y et DV )

where
dpy 0y o= (Wl + 25 - (o) — |m(la) |P) (w - Lo +2(j — 7 (61)) - w(lo) — | (L)) .

We then split the above sum into two terms, according to whether 7(¢2) || v(j)
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or not. In the first case, we set

(B.13) ([So, My ™D (0) = 0 = (27 (1) - m(l2)) V() V (L)

0 +Ha=0 df1 L2
m(L2)llv(5)

)

we observe that when 7(ls) || v(j)

|7 (f2)|

df1/2 = (w Ay + 2b(]) ”U ])‘ - ‘7{(62)‘2))(
% (w - s+ 2b(j) 'E}(é?))” o (ly) - 7l — |7 (E)]?),

and we are going to prove that the symbol

Tbo) = Y - (2m(6r) - wd(fzz) V(01)V (L)

m(€2)llv

of [Sp, My " is of order —2. In the second case, we set

)

(B.14) R?(g) — Z —(2n(Ly) - 7(L2)) V(£1)V (£2)

0 +ep=¢ doy 0,
m(2)4v(5)

with h = j — 7(¢), and we shall prove that R € Ea_/,_(zo) .

2

We start with exhibiting estimates on |[So, My]*[7, _,. Let
(B.15) U, by) = w - by —|m(Le)|* = 2em(€y) - w(ly), €€ {0,1},
so that the denominators appearing in (B.13) have the form
(27 m(la) + Ol £2))(2] - (L) + f1 (b1, o))

arguing as to obtain estimates (B.9), we observe that Ve € {0, 1}, if (b) >
|f€(l1,¢3)], one has

2(b)

(- b+ 20) TG — 2em(lr) - w(l2) — n(E2))

<2

(B.16)

I’
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while if (b) < |f€(¢1,¢2)|, one has

2(0)
(w - o+ 26() TG — 2em(r) - w(l) — [ (E2)[?)
(B.17) 2[f<(ly, £2)]
= T o+ 20) FEJ — 2en(t) - m(la) — In(ta)P)

[a?6] 5
<= < NaErA
RTAERSR! 62|77

Let now 0 := (a — 2a’)/2. Combining (B.16) and (B.17) and recalling that,
since 7(¢3) || v and v is a generator, one has c|v| < c|r(l2)| < |l2|, one obtains

IS0, My]"ly QNZ G N V() V () [T P

L1 +Ly=¢
w(Lg)||v
<Ze"f' S V()Y ()] 62T 0P
Zl(H?H
‘rrZQ v

SN eIl PO 31V (00)| [V (£y)]
£1,02

Ser (a—2a) 2T V2

provided 2a’ < a.
We now turn to prove that R defined as in (B.14) belongs to £ '

—(2,0)°
Letting jmin := 2%, we decompose R = Ry + Ry + R3 as follows:
(R)F(0) = Ry(6) if max{[e], (1], [6a]} > c(5)°,
(Rl)?(ﬁ) =0 otherwise;
(R2)}(6) = R}(6) i (j) < Junin
(Rg)?(ﬁ) =0 otherwise;
(R3);L(£) = R?(g) if maX{ML ’61‘7 ‘EQI} < C<j>5 and < > > ]m1n7
(Rg)?(ﬂ) =0 otherwise.
Arguing as to prove estimate (B.11), one easily sees that Ry, Ry € E < (N)

for any N € N. We now prove that R3 € C o
First of all, we claim the following:

(B.18) (R)j(0) 0 = |j-w(la)] > ()"

—-(2,0)°
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Indeed, if (Rg)?(ﬁ) # 0, then by definition of R3 and R one has (j) > jmin,
[o] < c(5) and 7(£2) [ v(5). But then |[fs] < c(5)? implies that |7 (f3)] < (5)°.
Fixing w € V to be the direction parallel to 7(f3) one has |w| < (j)°, hence

ly) - il > |w-§| > |b(5)] = i j -
m(l2) - j| = w - j| = |b(j)]| ol 17 - vl

Then, if [b(j)| > (j)* our claim follows. Otherwise, we prove the claim by
contradiction. Recall that v(j) attains the minimum above and, since 7(¢2) }
v(7), v(j) Ww. If |w - j] < (§)* then, by Lemma 2.11

() < V20)1°
which contradicts (j) > 225 This proves that (B.18) holds.

As a consequence, taking f€(¢1, (2) asin (B.15), one has that, if (Rg)g(f) +
0, then Ve € {0,1}

2k
lw - lo + 25 - w(ly) — e2m(ly) - w(ly) — |7 (l2)]?]
) ()"
12) - w(l2) + f(br, £2)|
< Gy
T 20 — |wllla] — c2[la]? — 2¢ 2|6 |6]

()
= 20 — (] + 2 DEG)B =

since (j) > jmin. This proves that

(B9)y o)t = 3 eFHR)] (0)1)>

C:j—h=m(0)
S D eFNT VL)V (l)||r(6)||n(6))
imh=n() G

/ .
<. a_2€_(a_7)‘]_h|HVHipa

and thus estimate (4.10) follows. O
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Appendix C. Covariant properties

Assume that H is an Hamiltonian function which is invariant by translation
and gauge:

(C.1) Hor =H, Hoe'=H, V¢eR, VteR.
Its Hamiltonian vector field X g thus fulfill
(C.2) 7 Xpu(u) = Xu(rcu), ' Xg(u) =" Xg(u), VeeR, VtER.

Consider now a quasi-periodic traveling wave q(p,z) fulfilling (1.8), (1.9).
Denote by

Alp)u = dXn(q(p,-))u
and
N(p,u) == Xu(a(p,) +u) = Xu(a(p, ) — dXnu(q(p,))u

Following [7, 8, Section 3.4], now we prove the following lemma.

Lemma C.1. For any (p,(,t) € T? x R2 x R one has

(C3) Alp+K o =m0Alp), Alp+il)oe’ =c'oA(p),

(C4) N(p+K( meu) =mcoN(pu),  N(p+tle'u) = e’ o N(p,u).

Proof. We prove just the first identities in both line, the second one being
similar. We start with the first identity of (C.3). Differentiating the first
of (C.2) at g(¢, ) in direction w we get

(C.5) 7 [dXnu(q(e, ))w] = dXnu(rcql(e,-))mcw .
Then the covariance property (1.9) implies immediately
(C.6) Alp + K() oc = 7 0 Ap)

To prove (C.4) just use again that, by (C.2), (C.5) and the covariance prop-
erties (1.9) of the quasi-periodic traveling wave,

e o N(p,u) = Xu(req(p, ) + meu) — Xu(req(p, ) — dXu(rcq(p, ) 7cw
= Xp(q(p + K¢, *) + 7cu) — Xu(qle + K, +) — dXu(q(p + K¢, ) mew
:N(QD—I—KC,TCu).



1366 E. Haus et al.

Acknowledgements

This research was supported by INDAM, PRIN 2020 (2020XB3EFL001)
“Hamiltonian and dispersive PDEs”, PRIN 2022 (2022HSSYPN) “TESEO
— Turbulent Effects vs Stability in Equations from Oceanography” and PRIN
2022 (F53D23002730006) “Stability in Hamiltonian dynamics and beyond”.
We warmly thank Dario Bambusi, Luca Biasco and Francesco Monzani for
useful discussions.

References

[1] D. BAMBUSI AND B. GREBERT. Birkhoff normal form for partial dif-
ferential equations with tame modulus. Duke Math. J., 135(3):507-567,
2006. MR2272975

[2] D. BamBust, B. LANGELLA, AND R. MONTALTO. On the spectrum of
the Schrédinger operator on T%: a normal form approach. Comm. Partial
Differential Equations, 45(4):303-320, 2020. MR4068472

[3] D. BAMBUSI, B. LANGELLA, AND R. MONTALTO. Spectral asymptotics

of all the eigenvalues of Schrodinger operators on flat tori. Nonlinear
Anal., 216:112679, 37, 2022. MR4343876

[4] J. BERNIER, E. FAOU, AND B. GREBERT. Rational normal forms and

stability of small solutions to nonlinear Schrédinger equations. Annals of
PDE, 6(14), 2020. MR4171851

[5] J. BERNIER AND B. GREBERT. Birkhoff normal forms for hamiltonian

pdes in their energy space. Journal de I’Ecole Polytechnique — Mathema-
tiques, 9:681-745, 2022. MR4412513

[6] M. BERTI AND L. Biasco. Branching of Cantor manifolds of elliptic
tori and applications to PDEs. Comm. Math. Phys., 305(3):741-796,
2011. MR2819413

[7] M. BERTI, L. FRANZOI AND A. MASPERO. Traveling quasi-periodic

water waves with constant vorticity. Archive for Rational Mechanics,
240:99-202, 2021. MR4228858

[8] M. BERTI, L. FRANZOI AND A. MASPERO. Pure gravity traveling quasi-
periodic water waves with constant vorticity. Comm. Pure Appl. Math.,

77(2):990-1064, 2024. MR4673876

[9] L. Biasco, J. E. MASSETTI, AND M. PROCESIL. An Abstract Birkhoff
Normal Form Theorem and Exponential Type Stability of the 1d NLS.
Comm. Math. Phys., 375(3):2089-2153, 2020. MR4091501


https://mathscinet.ams.org/mathscinet-getitem?mr=2272975
https://mathscinet.ams.org/mathscinet-getitem?mr=4068472
https://mathscinet.ams.org/mathscinet-getitem?mr=4343876
https://mathscinet.ams.org/mathscinet-getitem?mr=4171851
https://mathscinet.ams.org/mathscinet-getitem?mr=4412513
https://mathscinet.ams.org/mathscinet-getitem?mr=2819413
https://mathscinet.ams.org/mathscinet-getitem?mr=4228858
https://mathscinet.ams.org/mathscinet-getitem?mr=4673876
https://mathscinet.ams.org/mathscinet-getitem?mr=4091501

[10]

[11]

Nonlinear stability for a forced NLS 1367

L. Biasco, J.E. MASSETTI, AND M. PROCESI. Almost-periodic in-
variant tori for the NLS on the circle. Ann. Inst. H. Poincaré Anal. Non
Linéaire, 38(3):71177587 2021. MR4227050

J. BOURGAIN. Fourier transform restriction phenomena for -cer-
tain lattice subsets and application to nonlinear evolution equa-
tions. 1. Schrodinger equations. Geom. Funct. Anal., 3(2):107-156,
1993. MR1209299

J. BOURGAIN. On the growth in time of higher Sobolev norms of smooth
solutions of Hamiltonian PDE. Internat. Math. Res. Notices, 6:277-304,
1996. MR1386079

J. BOURGAIN. On invariant tori of full dimension for 1D periodic NLS.
J. Funct. Anal., 229(1):62-94, 2005. MR2180074

J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND
T. TAo. Transfer of energy to high frequencies in the cubic defo-
cusing nonlinear Schrodinger equation. Invent. Math., 181(1):39-113,
2010. MR2651381

H. L. EriassoN aND S. B. KUKSIN. On reducibility of Schrodinger

equations with quasiperiodic in time potentials. Comm. Math. Phys.,
286(1):125-135, 2009. MR2470926

L. H. EL1AssON AND S. B. KuksIN. KAM for the nonlinear Schrodinger
equation. Ann. of Math. (2), 172(1):371-435, 2010. MR2680422

E. Faou, L. GAUCKLER, AND C. LUBICH. Sobolev stability of
plane wave solutions to the cubic nonlinear Schrédinger equation
on a torus. Comm. Partial Differential Equations, 38(7):1123-1140,
2013. MR3169740

E. FAoU AND B. GREBERT. A Nekhoroshev-type theorem for the non-
linear Schrodinger equation on the torus. Anal. PDE, 6(6):1243-1262,
2013. MR3148054

J. FELDMAN, H. KNORRER, AND E. TRuUBOWITZ. The perturba-

tively stable spectrum of a periodic Schrédinger operator. Invent. Math.,
100(2):259-300, 1990. MR1047135

J. FELDMAN, H. KNORRER, AND E. TRUBOWITZ. Perturbatively un-

stable eigenvalues of a periodic Schrédinger operator. Comment. Math.
Helv., 66(4):557-579, 1991. MR1129797


https://mathscinet.ams.org/mathscinet-getitem?mr=4227050
https://mathscinet.ams.org/mathscinet-getitem?mr=1209299
https://mathscinet.ams.org/mathscinet-getitem?mr=1386079
https://mathscinet.ams.org/mathscinet-getitem?mr=2180074
https://mathscinet.ams.org/mathscinet-getitem?mr=2651381
https://mathscinet.ams.org/mathscinet-getitem?mr=2470926
https://mathscinet.ams.org/mathscinet-getitem?mr=2680422
https://mathscinet.ams.org/mathscinet-getitem?mr=3169740
https://mathscinet.ams.org/mathscinet-getitem?mr=3148054
https://mathscinet.ams.org/mathscinet-getitem?mr=1047135
https://mathscinet.ams.org/mathscinet-getitem?mr=1129797

1368 E. Haus et al.

[21] J. GENG, X. Xu, AND J. YOu. An infinite dimensional KAM theorem
and its application to the two dimensional cubic Schrédinger equation.
Adv. Math., 226(6):5361-5402, 2011. MR2775905

[22] G. GENTILE AND M. PROCESI. Periodic solutions for a class of nonlinear
partial differential equations in higher dimension. Comm. Math. Phys.,

289(3):863-906, 2009. MR2511654

[23] A. GIORGILLI. Exponential stability of Hamiltonian systems. In Dynam-
tcal systems. Part I, Pubbl. Cent. Ric. Mat. Ennio Giorgi, pages 87-198.
Scuola Norm. Sup., Pisa, 2003. MR2071233

[24] M. GUARDIA, Z. HaNi, E. HAaus, A. MASPERO, AND M.PROCESI.
Strong nonlinear instability and growth of Sobolev norms near quasiperi-
odic finite gap tori for the 2d cubic NLS equation. J. Fur. Math. Soc.,
published online first, 2022. MR4577970

[25] M. GUARDIA, E. HAaus, AND M. PROCESI. Growth of Sobolev norms
for the analytic NLS on T?. Adv. Math., 301:615-692, 2016. MR3539385

[26] M. GUARDIA AND V. KALOSHIN. Growth of Sobolev norms in the cubic
defocusing nonlinear Schrodinger equation. J. Eur. Math. Soc. (JEMS),
17(1):71-149, 2015. MR3312404

[27] Z. HANI Long-time instability and unbounded Sobolev orbits for some

periodic nonlinear Schrodinger equations. Arch. Ration. Mech. Anal.,
211(3):929-964, 2014. MR3158811

[28] E. Haus AND M. PrROCEsI. KAM for beating solutions of the quintic
NLS. Comm. Math. Phys., 354(3):1101-1132, 2017. MR3668616

[29] T. KAPPELER AND R. MONTALTO. On the Stability of Periodic Multi-
Solitons of the KAV Equation. Comm. Math. Phys., 385: 1871-1956,
2021. MR4284004

[30] Yu. E. KARPESHINA. Perturbation series for the Schrodinger operator

with a periodic potential near planes of diffraction. Comm. Anal. Geom.,
4(3):339-413, 1996. MR1415749

[31] Yu. E. KARPESHINA. Perturbation theory for the Schridinger operator

with a periodic potential, volume 1663 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1997. MR 1472485

[32] S.B. KUKSIN. Growth and oscillations of solutions of nonlin-
ear Schrodinger equation. Comm. Math. Phys., 178(2):265-280,
1996. MR 1389904


https://mathscinet.ams.org/mathscinet-getitem?mr=2775905
https://mathscinet.ams.org/mathscinet-getitem?mr=2511654
https://mathscinet.ams.org/mathscinet-getitem?mr=2071233
https://mathscinet.ams.org/mathscinet-getitem?mr=4577970
https://mathscinet.ams.org/mathscinet-getitem?mr=3539385
https://mathscinet.ams.org/mathscinet-getitem?mr=3312404
https://mathscinet.ams.org/mathscinet-getitem?mr=3158811
https://mathscinet.ams.org/mathscinet-getitem?mr=3668616
https://mathscinet.ams.org/mathscinet-getitem?mr=4284004
https://mathscinet.ams.org/mathscinet-getitem?mr=1415749
https://mathscinet.ams.org/mathscinet-getitem?mr=1472485
https://mathscinet.ams.org/mathscinet-getitem?mr=1389904

[33]
[34]

[35]

Nonlinear stability for a forced NLS 1369

S.B. KUKSIN. On turbulence in nonlinear Schrédinger equations. Geom.
Funct. Anal., 7(4):783-822, 1997. MR1465602

S.B. KUKSIN. Oscillations in space-periodic nonlinear Schrodinger equa-
tions. Geom. Funct. Anal., 7(2):338-363, 1997. MR1445390

A. MASPERO AND M. PROCESI. Long time stability of small finite gap
solutions of the cubic nonlinear Schrédinger equation on T?2. J. Differ-
ential Equations, 265(7):3212-3309, 2018. MR3812225

N. N. NEKHOROSEV. An exponential estimate of the time of stability of
nearly integrable Hamiltonian systems. Uspehi Mat. Nauk, 32(6(198)):5-
66, 287, 1977. MR0501140

L. PARNOVSKI AND R. SHTERENBERG. Complete asymptotic expan-
sion of the integrated density of states of multidimensional almost-
periodic Schrodinger operators. Ann. of Math. (2), 176(2):1039-1096,
2012. MR2950770

L. PARNOVSKI AND A. V. SOBOLEV. Bethe-Sommerfeld conjecture for
periodic operators with strong perturbations. Invent. Math., 181(3):467—
540, 2010. MR2660451

M. Procesi AND C. PROCESI. A normal form for the Schrodinger
equation with analytic non-linearities. Comm. Math. Phys., 312(2):501-
557, 2012. MR2917174

C. PROCESI AND M. PROCESI. A KAM algorithm for the resonant non-
linear Schrodinger equation. Adv. Math., 272:399-470, 2015. MR3303238

M. PROCESI AND X. XU. Quasi-T6plitz Functions in KAM Theorem.
SIAM J. of Math. Anal., 45(4):2148-2181, 2013. MR3072759

O. VELIEV. Multidimensional periodic Schridinger operator, volume 263
of Springer Tracts in Modern Physics. Springer, Cham, 2015. Perturba-
tion theory and applications. MR3328527

W.-M. WANG. Energy supercritical nonlinear Schrodinger equa-
tions: Quasiperiodic solutions. Duke Math. J., 165(6): 1129-1192,
2016. MR3486416


https://mathscinet.ams.org/mathscinet-getitem?mr=1465602
https://mathscinet.ams.org/mathscinet-getitem?mr=1445390
https://mathscinet.ams.org/mathscinet-getitem?mr=3812225
https://mathscinet.ams.org/mathscinet-getitem?mr=0501140
https://mathscinet.ams.org/mathscinet-getitem?mr=2950770
https://mathscinet.ams.org/mathscinet-getitem?mr=2660451
https://mathscinet.ams.org/mathscinet-getitem?mr=2917174
https://mathscinet.ams.org/mathscinet-getitem?mr=3303238
https://mathscinet.ams.org/mathscinet-getitem?mr=3072759
https://mathscinet.ams.org/mathscinet-getitem?mr=3328527
https://mathscinet.ams.org/mathscinet-getitem?mr=3486416

1370 E. Haus et al.

E. Haus

Dipartimento di Matematica e Fisica
Universita di Roma Tre

Largo S.L. Murialdo

00100 Roma

Italy

E-mail: ehaus@mat.uniromad.it

B. Langella

International School for Advanced Studies (SISSA)
Via Bonomea 265

34136, Trieste

Italy

E-mail: beatrice.langella@sissa.it

A. Maspero

International School for Advanced Studies (SISSA)
Via Bonomea 265

34136, Trieste

Italy

E-mail: alberto.maspero@sissa.it

M. Procesi

Dipartimento di Matematica e Fisica
Universita di Roma Tre

Largo S.L. Murialdo

00100 Roma

Italy

E-mail: mprocesi@uniromad.it


mailto:ehaus@mat.uniroma3.it
mailto:beatrice.langella@sissa.it
mailto:alberto.maspero@sissa.it
mailto:mprocesi@uniroma3.it

	Introduction and main results
	Functional setting
	Time-dependent momentum preserving operators
	A non-linear coordinate set on Z2
	Quasi-Töplitz norm

	The homological equation
	The KAM reduction scheme
	Measure estimates
	Nonlinear stability results
	Technical lemmas
	Proof of Proposition 2.21 and Lemma 4.4
	Covariant properties
	Acknowledgements
	References

