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On the space-time monopole equation

Bo Dai, Chuu-Lian Terng, and Karen Uhlenbeck

ABSTRACT. The space-time monopole equation is obtained from a di-
mension reduction of the anti-self dual Yang-Mills equation on R%2. A
family of Ward equations is obtained by gauge fixing from the mono-
pole equation. In this paper, we give an introduction and a survey of the
space-time monopole equation. Included are alternative explanations of
results of Ward, Fokas-Ioannidou, Villarroel and Zakhorov-Mikhailov.
The equations are formulated in terms of a number of equivalent Lax
pairs; we make use of the natural Lorentz action on the Lax pairs and
frames. A new Hamiltonian formulation for the Ward equations is intro-
duced. We outline both scattering and inverse scattering theory and use
Béacklund transformations to construct a large class of monopoles which
are global in time and have both continuous and discrete scattering data.

1. Introduction

The self-dual Yang-Mills equations in R* and their reduction to mono-
pole equations in R? have become central topics of study and useful tools
in modern geometry. The same self-dual equations in the case of a different
signature of R%? are not of the general type to be used much in geometry.
However, their dimensional reduction to the space-time monopole equation
in R%! yields an extremely interesting system of non-linear wave equations
which deserve to be better known. These equations can be encoded in a
Lax pair. Moreover, with a mild additional assumption and a gauge fixing
they can be rewritten for a map from R?! into a Lie group. These equations
differ only slightly from the usual wave map equation.

This article is meant to be an introduction to and a survey of the lit-
erature on the space-time monopole equations. We also give a construction
of the inverse scattering of the monopole equations via loop group factor-
izations. These equations form a hyperbolic system for a connection and
a Higgs field, and hence have a gauge symmetry. A simple restriction and
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coordinate change produces the equation for a map into the gauge group.
This last equation was introduced by Richard Ward, who studied them us-
ing a version of Riemann-Hilbert problem and twistor theory. He produced
the basic examples and a number of interesting papers [22, 23, 24]. Hence
the equation for the map is referred to as either Ward’s equation, or in
his original language, the modified chiral model. Additional work on the
equations is due to T. Ioannidou, W. Zakrewski [10, 11, 12], Manakov and
Zakharov [13], A. K. Fokas and Ioannidou [7] and Villaroel [21]. The last
three references present both the continuous scattering theory and the in-
verse scattering transform. The construction of a complete set of soliton
solutions has been carried out by the first two authors in a previous paper
[6].

The plan of the paper is as follows. We derive the monopole equa-
tions with their Lax pairs, paying special attention to the difference between
monopole equations in space and in space-time in Section 2. A family of
Ward equations for maps into groups is constructed in Section 3. Section
4 describes the action of the Lorentz group on the Lax pair system and on
frames. We make use of Lorentz boosts in the construction of solitons and
of the spacial rotation group in deriving estimates in the appendix. Next we
list special classes of solutions, so we can continue the discussion with a lot of
examples in mind. Section 6 contains a very brief Hamiltonian formulation
for the family of Ward equations. In Section 7, we introduce the transform
which produces the continuous scattering data as well as the inverse scat-
tering transform. Since the inverse scattering transform always exists, this
produces many global solutions to the equations that are decaying at spa-
cial infinity. The details of the fixed point theorem which yields continuous
scattering data for small initial data are in the appendix. In Section 8 to 10,
we review Bécklund transformations, and use these transformations to con-
struct soliton monopoles and monopoles with both continuous and discrete
scattering data.

Due to soliton theory, Béacklund transformations and the inverse scat-
tering transform, we discover a very large class of solutions which are global
in time. This is in contrast to the closely related wave map equation from
R*! to G. Tt is a difficult theorem first of T. Tao [15], extended by D.
Tataru [16], to show that small initial data results in solutions for all time.
Whether the difference is entirely due to integrability, or whether there is a
deeper analytic theory or more examples to be found, remains open.

2. The Monopole equations
The curvature Fa = _, ; Fy; dz; A dzj of a u(n)-valued connection 1-
form A = Z?Zl A;dz; on R* is
Fij = [Vi, Vil = =00, (45) + 0x,; (Ai) + [Ai, Aj],

where
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The connection A is anti-self-dual Yang-Mills (ASDYM) on R* if
*xFg = —Fa,

where * is the Hodge star operator with respect to the Euclidean metric
2?21 dz? on R%. The ASDYM on R* written in coordinates is

(2.1) Fig = —F3y, Fi3=—Fyp, F4=—Fo3.

The ASDYM has a Lax pair formulation. The term “Lax pair” refers
to any equation which is written as a “zero curvature” equation for a con-
nection, or a portion of a connection. This connection contains an addi-
tional complex parameter p which is variously interpreted as a “spectral”,
“twistor”, or “Riemann-Hilbert parameter”. Set

z =T+ 1Ty, W =T34+ 1Ty,
V.=3(Vi—iVy) =2 -4, V:=4(Vi+iVy) = £ — 4;, and V,,, Vg
similarly. Since A; € u(n), A; = —A} and Ay = —A?,, where B* = B'. The
equation
(2.2) (Vo +uVe, Vi — Vs =0

is equivalent to the ASDYM (2.1) on R*. This is because (2.2) holds for all
p € C\ {0} if and only if the coefficients of y, 1 and p~! of (2.2) are zero,
which is (2.1).

If we assume the ASDYM connection A is independent of x4, then A, =
$(Ay — i®) and Ay = (A, + i®), where ® = Ay is the Higgs field, A =
Ay dt + A, dz + As dZ is a connection 1-form on R3. Then (A, ®) satisfies
the Euclidean monopole equation (cf. [3])

Du® = +Fy,

where * is the Hodge star operator with respect to the metric da? + dy? +
dt?>. The Euclidean monopole equation is an important equation in both
geometry and physics (cf. [8, 3]).

The ASDYM on R?? is again *F4 = —Fy4, but * is the Hodge star
operator with respect to the metric da? + da3 — dz% — dz3. In coordinates,
the ASDYM is

(2.3) Fio = Fs4, Fi3=—Fya, Fig=—Fas.
This equation has a Lax pair similar to the ASDYM on R,
(2.4) Vo + 4V, Ve +p Vs =0

(the only difference with (2.2) is that the second operator is taken with a
plus sign). In other words, A satisfies (2.3) if and only if (2.4) holds for all
pe C\{0}.

We say E(...,u) is a frame of the Lax pair [D1(u), D2(p)] =0 if D1 E =
DyE = 0.

If [D1(p), D2(p)] = 0 is a Lax pair of a PDE with spectral parameter p,
then [D1(\), Da(M\)] = 0 is also a Lax pair of the same PDE with parameter
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= gijr's, where D;(\) = ZJ 1 fij(n)Dj(p) and fi; are meromorphic func-
tions. Moreover, if E is a frame for the Lax pair [D1(p), Da(n)] = 0, then
F(...,\)=E(..., aiig) is a frame for the Lax pair [D;()\), D2(\)] = 0. We
say these Lax pairs are equivalent.

If there is a g such that Di(uo)g = Da2(po)g = 0, then g 1[Di(p),
Dy(p)]g = 0 is also a Lax pair for the same PDE, which is called the Lax
pair obtained from the Lax pair [D(u), D2(p)] = 0 by fizing the gauge at
1 = po. So Lax pairs of a PDE come in many forms. We can choose an
equivalent Lax pair and fix a gauge to make our computation easier or more
transparent. For example, this is what we will do in later sections when
we compute the SO(2,1)-actions on frames and discuss the scattering and
inverse scattering of the monopole equations.

By making a linear fractlonal transformations in p, we obtain an equiv-
alent Lax pair. Set u = 5. Then

(2.5)

200+ 1) (Vg + pV,) = L1 + iLo,
200 — i) (Vi + p~1V3) = Ly —iLo,

where
Ll = )\(vx;a + vxl) - (vx4 + vxz)v
Lo = )\(Vm - vm) + (vm - vwl)'

It follows that (2.4) holds if and only if [L1, Ls] =0, i.e.,
(26)  [AMVas + Vo) = (Vay + Vi), A(Vay = Vay) + (Vay = V)] =0

holds for all A € C\ {i,—i}. So (2.6) is an equivalent Lax pair for the
ASDYM on R?2. The use of i in the section on scattering theory, and A in
the rest of the literature on the Ward equation, is unfortunately confusing,
but necessary.

If we assume the connection A is independent of x4, then

Au=(A—id),  Aw=g(A+id)

where A;, = ¢ is now the Higgs field for our new space-time monopole
equation. A calculation shows that we can write the space-time monopole
equation in the same form as the more familiar Euclidean monopole equation
for a connection A = A;dt + A, dz + Az dz and a Higgs field ¢ (cf. [25]):

(2.7) Dag¢ = +Fy.

Here we have used the * operator for the Lorentz metric dz? + dy? — dt>.
In this paper, we always assume (A, ¢) decays at spacial infinity.
Equation (2.7) has a Lax pair induced from the Lax pair (2.4) for AS-

DYM:

i ¢>

(2.8) Vt -5 +uVs, Vt +— +p Vs
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Set

A—1 ot —l— T t—=z

i 6T |

Then (2.6) induces an equivalent Lax pair for the monopole equation in
(&,m,y) coordinates:

(2.9) [AVe—V,+0¢, A7V, =V, —¢] =0.
This is the Lax pair used by Ward. We have:

,U:

ProrosITION 2.1. The following statements are equivalent for a con-
nection A on R*>! and a Higgs field ¢:

(1) (A, ) is a solution of the space time monopole equation (2.7) on
R21,

(2) (2.8) holds for all p € C\ {0}.

(3) The linear system,

(35 o +u)E = (5(Ar +i¢) + pA)E
(2.10) 9% ) _ ’
(35 + 10 ') E = (5(Ar — i) + ' A9)E
is compatible for complex parameter p.

(4) (2.9) holds for all X € C\ {0}.
(5) The linear system

A% = 2)F = (Mg — (A + 0))F,
(2.11) {()\ 18_77_8%)1? (A4, — (Ay — ¢)F

is compatible for complex parameter X.
Moreover, if E(z,y,t, 1) is a frame of (2.8) (i.e., a solution of (2.10)), then

(a) F(x,y,t,\) = (:c Y, ,)\:Lf) is a frame of (2.9) (i.e., a solution
of (2.11)),
(b) E satisfies the reality condition
(2.12) E(z,y, t, i Y E(z,y,t,u) =1

if and only if F' satisfies the reality condition
(2.13) F(z,y,t, \)*F(x,y,t,\) = L.

3. The Ward equations

We call solutions of linear systems (2.10) or (2.11) that satisfy the reality
condition monopole frames. Note that, unlike the case when the Lax pair
is a full connection, locally there can be a serious lack of uniqueness in
solving for a frame. We resolve this lack of uniqueness away from p € S!
by observing that the spacial part of the Lax pair is a Cauchy-Riemann
operator. Frames, if they exist, are unique if we require E,, = I at spacial
infinity. We expect the frames to exist at most points u ¢ S?.
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When p = p € S!, the existence of frames is more problematic. To
obtain the Ward equation, we need extra assumptions, even for small initial
data.

DEFINITION 3.1. Let p € S, and (A4, ¢) be a solution of the space-time
monopole equation such that (A, ¢) decays at spacial infinity. We say (A, ¢)
is p-regular, if there is a smooth solution k : R>! — U(n) such that

(%@ +p7102)k = (Aw + p L A2)E,

and k — I and the first derivative of k decays as |z| — oo. (Note that the
second equation of (3.1) is the Hermitian transpose of the first.)

Let f be a U(n)-valued map. Then
f(ax - A)fil =0y — (fAfil + (8xf)f71)

is the gauge transformation of f on 6% — A, or
frA=fAF 4 ff
Suppose (A, ¢) is p-regular and k is the solution of (3.1). We fix the gauge

at u = p, i.e., we apply the gauge transformation of k~! to the Lax pair
(2.8) to get

1 - 1 _ _ —1\ §
(3.2) [§8t+u8z—(u—p)z4z, SO+ 0= (= p Az | =0,

where A, = k™' x A, and A; = k1 x A;. Or equivalently, the following
linear system is compatible for an open subset of parameters u:

(55 +hgp)E=(u—p)AE,

(5 1 ') E=(u' = p HAE.
Suppose (A, ¢) is also —p-regular. Then there exists g : R*! — U(n) which
satisfies (3.3) with pu = —p, i.e.,
(3 4) (%8t - paz)g = _2pA297 5

(300 = p~'02)g = —2p" " Azg.

A computation shows that
(3.5) —(9t9™ e+ (929 at(9y9™ )y +laeg ™ cos 0 gog™ +sind gyg '] =0,

where p = €. This is the one-parameter family of Ward equations [22].
We then obtain

(3.3)

PROPOSITION 3.2. Suppose E(x,y,t,u) is a frame for the solution of
the space-time monopole equation, (i.e., E is a solution of the linear system
(2.10)), and E(x,y,t, ;) are smooth at p = +e®. Then

is a solution of the Ward equation (3.5).
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The Lax pair (2.9) is equivalent to the following Lax pair:
(3.6) AVe=Vy+0, AMVy+¢)—V,]=0.
We fix the gauge of (3.6) at A = oo (equivalent to fixing the gauge of (2.8)
at u = 1), i.e., take the gauge transformation of h=* on (3.6) to get
N 0 .
(3.7) (A = (9y — A), A9, — (8_77 - B)] =0,
where d,h = (A, — ¢)h, Och = A¢h, A = —2h~'¢h and B = h™' % A,. So
we have the following proposition:
PRrROPOSITION 3.3. The following statements are equivalent:
(1) Equation (3.7) holds for all \ € C,
(2) ) )
0¢B = 0yA,
0, — A,8,— B] = 0.
(3) The linear system

58) {(/\85 —9,)H = —AH,

(A0y — O0y)H = —BH,
is locally solvable for an open subset of A € C. Moreover, if H(x,y,t,\) is
a solution of (3.8) and is smooth at A =0, then g = H(...,0) satisfies

0 (09 _4 0 (0g 4 0 (09 4 dg 4 Og -1 _
(39) 8t<8tg ) oz (83:9 ay \ oy? ot ot |70

i-e., g is a solution of Ward equation (3.5) with 6 = 0.

As a consequence of the above proposition, we see that to construct
solutions of the monopole equation that are A\ = oo-regular, it suffices to
construct H(&,n,y, \) such that (A\0eH — 0,H)H ! and (\0,H — 0, H)H !
are independent of A.

PROPOSITION 3.4. If a monopole is p = +1 reqular (i.e., A = 00,0
reqular), then it is gauge equivalent to a monopole (A, ¢) such that A¢ =0,
Ay = ¢. Conversely, if (A, B) satisfies (3.7), then Ae =0, A, =¢= AJ2,
and A, = Bisa monopole.

4. The Action of SO(2,1)

The Lorentz group SO(2,1) is the group of all g € SL(3,R) such that
g'Io1g = o1, where Iy; = diag(1,1,—1). The group SO(2,1) acts on
R2! by the standard action g -p = gp (here p € R?! is identified as a
3 x 1 vector). Given a connection A = Ajdr + Axdy + Asdt, a Higgs field
¢, and g € SO(2,1), the action g - (A,¢) = (g - A,g - ¢) is defined by
g-A=g-Aydrx+g-As dy+ g- As dt, where

(9-A)p)=Ai(g-p), (9-9)p)=9(g-p)
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The space-time monopole equation is invariant under the Lorentz group
SO(2,1), i.e., if (A, ¢) is a solution then sois g- (A,¢) = (g- A, g - ¢) for
g € SO(2,1). In order to make the scattering theory estimates tractable
and to understand the 1-solitons we need to understand the natural action
of SO(2,1) on frames (solutions of linear system (2.11)). Since SO(2) of
the xy-plane and O(1,1) of the xt-plane generate SO(2,1), to compute the
explicit formula of the action of SO(2,1) on frames, it suffices to compute
the action of the following one-parameter subgroups on frames:

cosf) —sinf 0
R(f) = | sinf® cosf 0],

0 0 1
coshs 0 sinhs
T(s) = 0 1 0

sinhs 0 coshs

We also need the representation o : SO(2,1) — SL(2,R), whose differential
doe maps e1o — €91 to —%(612 —e91), €13 + €31 to %(611 —e92), and e + €39
to —%(612 + 621). So

sy = (58 5). swen=(G %)

N|w

— SIn 5 COS 5 (&

The group SL(2,R) acts on the scattering parameter space CU {oco} by
the linear fractional transformations:

a b A\ aX+b

* A= ——.

c d cA+d
THEOREM 4.1. The group SO(2,1) acts on the Lax pairs and on the
frames of the space-time monopole equation. If F' is a frame of (A, @), then

(g-F)(p,A) = F(g-p,o(g)*A)

is a frame for g- (A, ¢), where o : SO(2,1) — SL(2,R) is the representation
given above and x is the standard action of SL(2,R) on X via the linear
fractional transformation.

PRrROOF. For the action of R(6), it can be checked easily that if E is a
solution of (2.10) for (4, ¢), then E solves (2.10) for e . (A, ®), where
E(z,t,p) = E(e?2,t, ¢ ).
(Here we identify ¢’ with the rotation matrix R()). In other words,
R(9) - E(p,u) = E(R(0)p, e”p).
To compute the action of R(f) on solutions F' of (2.11), we recall that

Aioy o iddw)

K= XF> 1—p ; and

A—1
F(p,)\):E<p,)\—+Z,>,
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where E is a solution of (2.10). But for i = ¢y, the corresponding X and
A are related by

S\_i(l—l—eie))\—(l—ew)_ Cosg)\—i—SiIlg _<COS% Sin%) )
(1 — e\ +i(1 + et?) —sing)\—i-cosg —Sing CoS 5 '

In other words,
(R(6) - F)(p,A) = F(R(0)p, 0 (R(0)) * A).

For the action of T'(s), we use the light cone coordinates £, 7. Then T'(s)
maps (£,1,y) to (e°€, e *n,y). Suppose F(p, ) is a solution of linear system
(2.11) for (A, ¢). Given s € R, define

F(&m,y,A) = F(T(s) - p,e’A) = F(e°¢,e*n,y,€* ).
It can be checked easily that F is a frame for T(s) - (A, ¢). But

S\ = <€02 69 ) s« A= 0(T(s)) ¥\,

N|w

where # is the standard action of SL(2,R) on C. O

COROLLARY 4.2. The group SO(2,1) acts on frames E of (2.10) as
follows: If E is a frame of (A, ®), then (g- E)(p,u) = E(g - p, gip), where

R(0)p = e“p,
cosh £y 4 sinh £
T(s)gp = 2 2

sinh 5 pu+ cosh 5

5. Special classes of solutions

Many examples of solutions to the monopole equations are obtained by
assuming additional conditions. A first set of examples comes from linear
solutions of the wave equation. If H C (G is any abelian subgroup, the
monopole equations for maps into H are linear. This provides us with a
number of solutions to which we can later apply Backlund transformations.
Let H C G be the Lie subalgebra of H. Suppose that (A, ¢) = (a,ag, ) €
®’hdhdh decays at spacial infinity, where ag = A, a = (a1, a2) = (Az, 4y),
and b is the Lie algebra of H. Then the monopole equations (2.7) are written
in space-time (here d and x are spacial):

_ 99
(5.1) N
5t — dag = xd¢.

The gauge transformation of e™ appears as

(av a07¢) = (a - du7a0 - %7¢)
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A global way of fixing gauge suitably is to require that d * a = 0 (a spacial
equation which is easily solved). With this choice, we apply d* to the second
equation of (5.1) to obtain

%(d*a)—d*daozd**dqbzo.

Since d * a = 0, Aag = 0. We assume agy decays at infinity, hence ag = 0.
Finally, we conclude

PRrROPOSITION 5.1. The abelian monopole equations are equivalent to the
linear wave equation for ¢:
2 2 2
Uo = (at - 82: - ay)¢ =0,
with *d a = %, dxa=0, and ag = 0.

We make special note of the fact that the condition of p-regular is not
automatic even in the abelian case. It is satisfied if we can find a gauge trans-
formation g = e" € H such that for p = €' we have D1(p)g = Da(p)g = 0.
But

Di(p) — Da(p) = i(sinaV, — cosaVy, — ¢),

so we have g~ 1(D1(p) — Da(p))g = i(sin O‘a% — cos aa—ay), which implies that
0 0
(5.2) —sina(a; — a—Z) + cos a(ag — 8_Z) —¢=0.
Here u decays at spacial infinity. But (5.2) is the ODE
du .
— =aysina — ag cos a + ¢,
dr

where d7 = sin adx —cos ady. The condition that u decays at spacial infinity
is given by integral conditions, so it is not automatically true. However, if we
can find a decaying solution of (5.2), it is unique. Because all the variables
satisfy wave equations, if we find a solution u for (5.2) at time ¢t = 0, we can
propagate it using the wave equation to any t. It follows that the condition
of p-regular is a property of the initial data alone.

Our second class of examples is well-known (cf. [20]). It involves solu-
tions of the monopole equation which are invariant under time translation.

PROPOSITION 5.2. Suppose that (A, $) is a solution of the monopole
equation, which is fized under time translation. Then its Lax pair is gauge
equivalent to the Lax pair of a harmonic map.

PROOF. The Lax pair (2.8) becomes

[uvz (A ti0), Vs (A ws)} — 0,

Since the connection at p = 1 is now a full connection in C, we fix the gauge
at u =1, so the Lax pair is now a Lax pair for the harmonic map
[ 0 1—put 1-—

_ . 0 wo_ .
T 9 (At +id)g, 5T 5 Y (Ay zcb)g} 0,
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where g : C — U(n) satisfies

9ag=1 = A, + (A +i9),
Yag=1 = A; + (A, — i)

Note that this differs from the Euclidean monopole reduction, where the
different sign produces Hitchin’s self-dual equation ([9]) rather than the
harmonic map. O

COROLLARY 5.3. The Lorentz transformations of the stationary solu-
tion corresponding to harmonic maps produce families of solutions to the
monopole equations.

It can be checked that the solutions obtained in the above corollary
decay in space.

Special solutions of the monopole equations also come from the reduction
to R which involves the assumption that the field (A, ¢) is independent
of one of the spacial variables, say y. The solution of these equations will
not directly yield solutions of the monopole equations which decay in space,
but we will see that they do arise in the consideration of radially symmetric
solutions.

Assume (A, ¢) is independent of y. Then the A, = 1) becomes a second
Higgs field and the Lax pair (2.8) reduces to

[Vi—i¢+ (Ve + i), Vitid+p~ (Ve —iv)] =

The equations become

[vt7 ] [Qb ¢]
vtw = v:vgba
Vigp = V1.

The usual Lax pair is obtained by restriction to characteristic coordinates.
Let Vi +V, =V, Vi =V, =V,,and ¢4 = ¢+, ¢_ =) — ¢. We get
three equations of ¢4 and ¢_ encoded in the Lax pair

[vé +794, Vy+ 771¢—] =

The wave map ¢ : R — G is obtained from this Lax pair in the same
manner that the Ward map is obtained from the Lax pair for monopoles.
Finally we are interested in solutions with a radial symmetry. In gauge
theory, the symmetry is inspired by requiring that under the pull-back of
a space-time symmetry, the fields (A, ¢) go to gauge transformations of
themselves. For example, given J € su(n) such that ™ =1, then

€ (A,0)(z,t) = (™ Az, )e ™, (e z, b))

is an SO(2)-action. If the monopole equation is invariant under this action,
then the field

(A, ¢) _ (ejﬂae Jo 6‘]0&06 JG’eJque—JG)’
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where a,ag and ¢ depend only on r and ¢. Both a and ¢ must vanish at
r = 0 unless J = 0. We then make a singular gauge transformation by e”’?
to the form

(A> ¢) = (arv ag — Ja ap, ¢),
where J now indicates a singularity at 0 and lack of suitable decay at co.
PROPOSITION 5.4. Fiz a representation of S* — U(n) given by ¢ —
Jo

e’?. The monopole equations for a monopole with radial symmetry induced
by J are equivalent to the equations for V,, Vi, ¢ and ¢ = ag=J.

[Vt,vr] = [¢7¢]7
Ve, 9] = Vi, 9],
Vi, 6] = [V, ] + 5 ¢

PRrROOF. It is useful to notice that

1 4 e i
szi(v:c_zvy): 9 (vr_;v9)v
Vo= w1 v, = v+ vy

z—2 x T UWVy)= 2 r , 0)-

Substitute these expression in the Lax pair (2.8) and compare coefficients of
i, p~ ! and the constant term to get

[vt - IL¢> vr + “ﬂ = 07

which yields two equations. The third equation come from the equation
Vi — i, Vi +id] + [e7(V, — Vo), e (V, + V)] =0.

This last equation has an extra term which spoils the integrability of the

system, and prevents the three equations from being encoded as a Lax pair.
O

6. Hamiltonian structures

Let (p,q) denote the standard variables for the cotangent bundle M of
the space of rapidly decaying maps from R? to U(n), and H : M — R the
functional defined by

1 _
£=5 [ [ o+ e~ dal” ddy.
]RQ

We introduce a Hamiltonian formulation of the Ward equation, which does
not seem to have appeared in the literature before. For each unit direction
v of R2, (i) the symplectic form w? is the sum of the standard symplectic
form on cotangent bundle M and an extra closed 2-form depending on v,
(ii) the Hamiltonian system of H with respect to w” is the Ward equation
with p = v.

Let © be the canonical 1-form on M defined by

O (p.q) (9P, q8q) = p(q~'6q).
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The standard symplectic form on M is dO. We identify the tangent and
cotangent spaces in the Lie algebra formulation with the L? inner product

(A, B) :/ tr(AB) dxdy.
RQ
Use the Cartan formula

dO(&1,&2) = &1(0(62)) — £(0(&1)) — O([&1, &2))
to compute dO to get

d@(p,q)((51p7 q_lélq)a (02p, q_15261))
= (01p,q "02q) — (62p, ¢~ 61q) — (p.[q 610, 4 62q]).

A computation shows that the following 2-form is closed:
70, (010,47 619), (620,41 029)) = (g v, [¢™ 610, b24)),

where ¢, = dq(v) = gy cosf + g, sinf if v = ¢, Then w' = dO© + 7V is a
symplectic form on M. In fact,

Wl (61,47 1019), (92p, ¢~ ' 629))
= (01, ¢ "62q) — (b2p, ¢ ' 610) + (—p+ ¢ ' qu, [ 014, ¢ S24]).
Since
dH ) (0p, 6q) = (6p,p) — (g '6q,d* (¢ "dg)),

a direct computation shows that the Hamiltonian flow for H with respect
to the symplectic structure w" is

qa = p,
pe+ [=p+a g q ) = d* (g dy).
So we have proved

PROPOSITION 6.1. Given a unit vector v = € in R2, the 2-form w® is

a symplectic form, and the Hamiltonian system of H with respect to w’ is
the Ward equation (3.5).

In [12], Ioannidou and Zakrzewski considered another family of Ward
equations, and studied the Lagrangian and Hamiltonian formulations for
that family of equations.

7. Scattering theory

Scattering theory for the Ward equations has been treated by a number
of authors, including Manakov and Zakharov [13], Villarroel [21], and Fokas
and Ioannidou [7]. We include a brief synopsis and interpretation of the
results. In particular, we construct the inverse scattering transform via loop
group factorizations.
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Ward’s original analysis of the space-time monopole equations is via
twistor theory. We recognize features of this analysis in what follows, al-
though we do not go into the twistor formulation. Recall that

1 X0 1 i _
Dy (p) = §Vt D} +uVz,  Do(p) = §Vt + o +p Vs,

We rewrite the Lax pair as the linear system consisting of first a spacial
operator

(7.1) Ds(n) = Di(p) = Da(p) = pV, — p~'Vz —i¢
(7.2) = wm - z‘(’“‘zi“_l)vy —ig.

The second operator in the Lax pair we write as one of a family of time
operators

Di(p) = D1(p) + Da(p) + aDs (1)

=Vt %(u + i Ve - %(u — 1) Vy + aDy(u).
The operators can be rescaled (i.e., multiplied by a scalar function of p), so
the points ¢ = 0 and p = oo are included by changing the scaling factor
(for example, if we multiply by u to the operators, then they are defined at
p =0, and if we multiply by p~! to the operators, then they are defined at
i = o00). Note that D1E = DyFE = 0 if and only if D;E = D,E = 0.

If ¢ S', then the spacial part of the connection, Ds(u), can be thought
of as containing a 0 operator in the complex structure on R? given by the
complex coordinate

/,L_lz-i-ué _ ﬂ_li—l—ﬂz
wW="——-— W= —-.
a(p) a(p)
(In fact, Ds(p) = V). The factor a(u) does not change the complex struc-
ture. Note at p =00, w =2z, and at p =0, w = z.

Suppose the Higgs field ¢ and the connection A decay at infinity. For
fixed time and every u € CU {oc} \ S! the connection D4(u) determines a
bundle holomorphic in the complex parameter w = w(u) on R2U {0} = S2.
By a theorem of Grothendieck, this bundle is the sum of line bundles

Ly=L1®Ly®- @ L,

with first Chern classes ¢(1) < ¢(2) < --- < ¢(n). The reality condition
insures that the Chern classes at fi~! are the negative of the Chern classes
at p, since the bundle L;-1 is dual to the bundle L, at p. We call this
sequence ¢(u) = (¢(1),...,c¢(n)) the Chern vector at p.

THEOREM 7.1. Suppose we have a solution of the monopole equation in
a time interval [Ty, Ty]. Then for every p € CU {oc}\ S, the Chern vector
of the spacial holomorphic bundle is preserved under the flow in time.
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PRrROOF. As a warm-up, we first prove this for u = 0. Then the spacial
connection is Vz and we choose D1(0) = V; —i¢ as the evolution operator.
We have [V, —i¢, Vz] =0. We may make a complex gauge transformation
so that D1(0) = Vy—ip=h"lo % oh. Hence the gauge equivalent Lax pair
gives

O (hoV.on)=0
E( oVso )=0.
The complex structure on the bundle determined by V3 is carried into a
structure which is a gauge equivalent one. Hence they have the same split-
ting, and so the same Chern vectors.

A similar computation occurs for each u, where we make the choice of
the time direction at u to be real. For simplicity, let u = €*p where p € RT
and rotate variable by z — €z so that in this coordinate system p = p is
real. Choose as a suitable evolution operator

1+ p?

(1 —p?)¢
5 NP9

1
Di(p) + p°Ds(p) = Vit pVe = ——

2
The der.ivatives which appear are in t.he direction of % = HTp% + pa%. We
can again make a gauge transformation so that

)
v, -1 2‘) w:hloa%oh,
)

—(hoDy(p)oh™) =0,

Hence the complex structure of the bundle does not changes under a flow in
the 7 variable. However, time translation is a translation in the 7 direction
followed by a translation in the z variable. Translation in S? by z is holo-
morphic and does not change the complex structure. Hence the splitting
type of L, = L, does not change under the flow in time. We conclude that
the Chern vector ¢(y) is preserved. O

What do we expect? Since the space of 0 derivatives which lead to
non-trivial splitting has codimension at least two, we expect that for most
choices of initial data, the non-trivial splitting occurs at isolated points. At
these points in C\ S', we expect to have singularities (poles and zeros). We
expect continuous scattering data to be defined as a jump across p € S'.

DEFINITION 7.2. A rapidly decaying spacial pair (A, ¢) is said to have
continuous scattering data if the frame, which solves

Dy(WE, = (Hfg—l v, - i(lH—Q,u—l)vy _ w)) E, =0,
Eu(00) =1, Ez-1 = (Ej)",

u

has solutions E;—L, which are holomorphic in a

OFf ={ueC 1< <1+¢
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for some € > 0. Moreover, we assume that the limits

lim E,=Sf
peO* y—ei?

exist. It follows from the reality condition that S, = (S, )*71. We call the
non-negative Hermitian matrix

So = (S5) 7185 = (S5)"Sy
the scattering matrizx.

Let W21 denote the space of maps f such that f and first partial deriv-
atives of f are in L.

PROPOSITION 7.3. Assume there is a gauge in which (A, ¢) is rapidly
decaying in spacial variables; moreover, assume (A,¢) is small in WL,
Then the Chern vector é(u) = 0 at every u € CU {oco} \ St. Moreover,
the continuous scattering matriz Sy exists, I — Sy decays for each 6, and the
scattering matriz S satisfies

(a) I1— Sy is small in L,
(b) S5 =59 =0,
(c) dsSp = (—sin 96% + cos 96%)5’9 =0.

PROOF. The existence of E, away from the circle u € S* C CP! is a
straight forward iteration argument involving estimates in L* on E, using
(A, $) small in L' N L>®. We relegate the estimate as p — ¢ € S! to
an appendix. Once the basic estimate are in place, proof of regularity and
holomorphic dependence on p is straightforward. We explicitly derive (a)
in the appendix. To obtain (b), note that (E;-1)"! = E7, due to the reality

condition on (4, ¢). Hence (S, )~! = (S5)*.
To obtain (c), notice that
Dy(e) = —i(dsp — ),
where ¢ = —* =sinf A, —cos A, + ¢. Since Ds(p)E, = 0, it follows from
the definition of ST that Dy(e?)S+ =0, so ds9S* = 1S*. But
ds p((ST)") = (dspST)" = (¥ST)" = (ST)"¥" = —(87)"v.
Now compute
ds0S = ds p((ST)"ST) = (ds0(ST)")ST + (S7)"ds 05"
= —(ST) ST + (8T)yST =0,
and (c) follows. O

COROLLARY 7.4. Assume (A, @) is a smooth solution in R? x (Ty,Tb)

and decays in spacial variables, and has a smooth continuous scattering data.
Then

0 0 . .0
0= (a + 0039% + smHa—y) Sy.
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The corollary assumes that the scattering theory is differentiable in t.
Since Dy(p) = D1(p) + Da(p) = Vi + uV, + u~ V5 has the property that
[Ds(p), Di(p)] = 0, we conclude that Dy(p)E, = 0. Now the result follows
by the same method as (c) in the proposition.

COROLLARY 7.5. If (A, ¢) and (A, ) are gauge equivalent, then they
have the same scattering data.

PROOF. Suppose (4, 95) is the gauge transformation of (A, ¢) by a uni-
tary map w. If E,(x,y,t) is the frame for (A, ¢), then u(z,y,t)E,(z, y,t) is
the frame for (A, ¢). Hence the limits 5’; = uS, and 59_ =uS, . But u is
unitary, so S = S. O

Inverse scattering theory is simpler than scattering theory. To dispose
the gauge ambiguity, we need to make a choice somewhere. We choose to
do this at p = 1. First we note that if we have initial scattering data
So(z,y) satisfying ds 9Se(x,y) = 0, then the scattering data Sp(z,y,t) for
the solution at time t should satisfy

0S8y 0S5y .08y
BT +00808x +Sm08y =0.

Since ds 9 Sp(x,y) = 0, there exists s such that
So(x,y) = s(xcosf + ysinb, §).
The linear evolution equation for Syp(z,y,t) implies that
So(x,y,t) = s(xcos@ + ysinbh —t,0).
The problem is now to write
Su(@,y,t) = B, (z,y,8)) " Ef (2,9,1), peS

where E extends holomorphically to u inside the unit circle, E:[ extends
holomorphically outside the unit circle, and E, = ((E;,l)*)*l. We can
always do this, and the ambiguity corresponds to the gauge transformations.
The condition that Si(x,y,t) = I is equivalent to the solution being 1-
regular. However, we choose a method of factoring which yields a unique
solution for all scattering data. The inverse scattering was given in [21] by
Villarroel and in [7] by Fokas-Ioannidou. We prove it using the Iwasawa loop
group factorization theorem of Pressley and Segal [14]. Since Sy is Hermitian
symmetric and non-negative, there is a Hermitian symmetric matrix P, such
that Sy = Pg, where p = €. The Iwasawa loop group factorization of
Pressley and Segal [14] says that we can factor

P, =U.E}
uniquely such that U, is in U(n), U; =1, and E;L extends holomorphically
to outside the unit circle. Set E, = ((E;_l)*)_l. Now Sp = (E, ) 'E;}

when p = €. Since Sy, is smooth, E;—L is smooth.
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THEOREM 7.6 (Villarroel [21], Fokas-Ioannidou [7]). Let Sp(x,y,t) =
s(xcosf 4+ ysinf —t,0). Then the factorization described above

Sp = (E;)_l(l',y,t)E:(ZC,y,t),

where = € and E/jf can extend holomorphically to |u|t' > 1 yields smooth
frame for a solution of the space-time monopole equation.

Proor. We need to show that Eff(:v,y,t) generates a solution to the
monopole equation. To do this, note by construction that Ef is holomorphic
in |u|** > 1. The operator ds g is a directional derivative, dspS = 0 and
S=(5")"18%, so

0=dspS = (dsp((S7)"1))ST + (S7) s 95T,
Thus we have
(dspST)ST) ™ = =57dsp((S7)71) = (dspST)(ST)

Note that . . .
g o~ Mpmpm) 0 ptpm O

S 2 oz 2 oy
is the meromorphic extension of ds g = d
we obtain the identity on 0 < |u| < oo

(ds,uE:)(E:)_l = (ds,uE;)E;jl'

< ¢i0. S0 by meromorphic extension,
k)

Since the left hand side is meromorphic in |u| > 1 with a simple pole at
oo and the right hand side is meromorphic on |u| < 1 with a simple pole
at 0, both sides are meromorphic in C with simple poles at 0 and oco. Let
E, = Ef when |u[* > 1. Then E;-1 = (E})~". It follows that

&= (dsy BB, = pnCyr+ ' C_1 + Co

for some Cj(z,y,t). But di 1 = dsy and By = (E:;)—l7 s0 &7y = —&u.
Hence C_1 = —CY and C§ = —Cy. Write C; = A,, C_; = Az and Cy = ¢;
then we have

(ds,uEu)E;1 = pA, — ,U_IAZ + ¢,
where A, = —(Az)* and ¢* = —¢. In other words, we have proved (D1 (u) —

Da(p))E,, = 0.
The proof of the evolution equation, i.e., Dy(p)E, = 0, is similar and we
do not carry it out here. O

Of course, if we start with an initial condition which has only continuous
scattering data, we will not necessarily obtain the same initial data by the
inverse scattering transform, but obtain a gauge equivalent solution.

COROLLARY 7.7. Let (A, ) be a solution of the space-time monopole
equation rapidly decaying in the spacial variables. Assume in addition that
the Chern vector &(u) = 0 for all p € C\ S'. Assume also that the so-
lution has continuous scattering data for all t. Then the solution obtained
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from the scattering data at t = 0 agrees with the given solution up to gauge
transformation.

PrROOF. We know from the assumption that Sp(x,y,t) = s(xcosf +

ysin® —t,0), since Sy is unique,
Sp= lim E, 1)'E,.

uﬂeie7|u|>1( i) B

Hence the frame provides a factorization. This factorization is unique up
to a unitary matrix v = u(z,y,t). This unitary matrix gives a gauge trans-
formation between the original solution and the one constructed by inverse
scattering. ]

8. 1-soliton monopoles

In addition to continuous scattering data, solutions of monopole equation
may also have discrete scattering data. We first construct monopoles whose
frames have one simple pole, and in later sections we construct frames with
multiple poles and show how to combine them with continuous scattering
data.

The building blocks of the discrete scattering data are one-solitons,
which are easy to describe. We have the harmonic maps ¢ : R? U {oo} —
SU(n), which yield time-independent solutions to the Ward equation.
Among these, we have one-unitons, which come from holomorphic maps into
Grassmannians. We also have the Lorentz transformations of these station-
ary one unitons. This family makes up the one-solitions. It is somewhat
more difficult to show that every one-soliton, defined in terms of a single
pole for the frame, is of this type.

We need to use another gauge equivalent Lax pair to construct soliton
solutions. If a monopole (4, ¢) is A = 0 regular, then we can fix the gauge
of (2.9) at A =0 to get

[)‘(85 - AE) - 81/7 )‘(81/ + 295) - 877] =0,

where ¢~) = —fly, and fln = 0. The above Lax pair is equivalent to
(8.1) [78y — O + A¢), 70, — 8, — 2¢] = 0.
(Here 7 = A1)

The spectral parameters p, A\, 7 in Lax pairs (2.8), (2.9), and (8.1) are
related by

:—)\_Z,, r=X1 so 7':/\71:72(”_1).
A+ p+1

The above discussion gives the following proposition (cf. [22]):

W

PROPOSITION 8.1. Suppose there is a smooth GL(n,C)-valued (x,y,
t,7) defined for (z,y,t) € R*! and T in an open subset of C such that
(1) P:= (10,0 — Op)yp~ " and Q := (10,3) — Oytp)yp ! are independent
of T,
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(2) w(x7 y7 t? 7_—)*"ﬂ(ic7 y? t? 7_) = I'
Let A be a connection and ¢ a Higgs field defined by A¢ = —P, A, = 0,
and Ay = —¢p = —Q/2. Then (A, ¢) is a solution of the monopole equation.
Conversely, every solution of the monopole equation that is reqular at A =0
s gauge equivalent to a solution of this type.

DEFINITION 8.2. A map ® that satisfies (1) and (2) of Proposition 8.1
is called a Ward frame if P, (@Q decay in spacial infinity and ¢ (x,y,t,00) = 1.
A Ward frame is a Ward soliton frame if 1) is rational in 7.

DEFINITION 8.3. A solution (A4, ¢) of the monopole equation is called
a k-soliton if it is regular at 4 = —1 and has a monopole frame FE that is
rational in p with k£ poles counted with multiplicity.

If f:S% — GL(n,C) is rational with one simple pole at 7 = a, then it
can be checked that (cf. [19]) f must be of the form

oa— o
ga,fr(T) =1+ 7Tl7
T—«
where 7+ = I — 7 and 7 is a Hermitian projection m of C*. We identify

the space of rank m Hermitian projections of C" as Gr (m,C"™) via the map
7 — Im(7m). So a Ward 1-soliton frame must be of the form g, (5. (7) =

I+ 2=2 7l (z,y,t) for some constant « € C\R and 7 : S* xR — Gr (k,C").
Note that (19, — dep)yp~ ! and (19,9 — 9,1)1p~! are independent of 7 if
and only if the residue at 7 = « is zero. This implies

PROPOSITION 8.4. Given a € C\R a constant and m : R*! — Gr (k,C")

a smooth map, then go (1) =1+ 2=2 7t is a Ward soliton frame if and
only if
(8.2) (aOym — Ogm)m =0,

(aOym — Oym)m = 0.

Moreover, if  is a solution of (8.2), then there exists a holomorphic map
7o : S2 — Gr (k,C") such that w(z,y,t) = mo(y + af + o~ 1n).

Note that if & = #i, then z + o + o~ 'n = y £ iz and 7(z,y,t) =
mo(y £ ix). So the 1-soliton g4;r is a 1-uniton harmonic map.

The SO(2,1)-actions described in Section 4 of 1-unitons are 1-soliton
monopoles. In fact, we have

PROPOSITION 8.5. Given o = re? € C\R, let e® = r, e¢ = cscf+cot § =
cot(0/2), and h = T(c)R(—n/2)T(s) € SO(2,1), where T'(c) and R(0) are
1-parameter subgroups of SO(2,1) defined in Section 4. Let my : S? —
Gr (k,C™) be a holomorphic map. Then the action of h on 1-uniton frame
9i.xo gives rise to a monopole solution that is gauge equivalent to the 1-soliton
giwen by garx,- In other words, all 1-solitons monopoles are obtained from
the action of SO(2,1) on l-unitons up to gauge equivalence.
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PROOF. Recall that A = 77!, and

F(CB, Y, t, )‘) = Gi,mo(y+iz) ()‘71)

is a solution for the linear system (2.11) (Lax pair in \). Let (z,7,%)! =
h(z,y,t)t. A computation gives

§+it = —— (y+al+aly).
sin 6
Let A = A« A. Then \ = %’:1), so the pole of this expression is when
A\ = —i, i.e, when %ﬁ‘;l) = —i. But r = e® and e = cot(0/2), so the pole

is at A = o~ !. This shows that k- F' has one simple pole at A = a~!. Note
that h - F' is equal to

(h - F)(@,y,1,2) = Gimo(griz) (0 (R) % X))
A —a

Al —
(@, 1)) Gom (ot (T,

= mo(§ + i) — €' T (§ + i)

= (T((xvyvt) - €i97T

where 7(x,y,t) = 71 (y+aé+a~1n) and 71 (2) = mo(iz/ sin 6) is holomorphic.
So h - F'is gauge equivalent to the 1-soliton g, .. Note since mg : S? —
Gr (k,C") is smooth and h € SO(2,1), the monopole given by g, decays
at spacial variables. O

9. Backlund transformations and construction of soliton
monopoles

Multisolitons with simple poles were constructed by Ward [22]. Ward,
Ioannidou, and Anand ([24, 10, 2]) derived methods for computing soli-
tons which have poles with higher multiplicities. These multisolitons have
dramatic physical properties. We give here a brief description of a method
of “superposing” solitons, which is closely related to the permutability for-
mula for Backlund transformations. This technique allowed Dai and Terng
[6] to construct solitons with an arbitrary number of poles with arbitrary
multiplicities.

Intuitively, the permutability formula is based on factoring frames. Given
the frames of two solutions i1 and ¥y with singularities at different sets Sy
and Sy, S1 N Sy =0, in CU{co}, we write

3 = h1ibe = Pathy,

(i.e., factor 1#1@&51 = 1/;511/;1). Here 13 has the singularities at S U S3, and
j and 1;]- have the same singular set S;. It is not difficult to see that 3 is
a frame for a solution when ¢ and ¢ are. The details of allowing limiting
case where 57 — S5 yield the interesting but complex solitons. The converse
of factoring solutions is also true, but not completely straightforward. We
now go to the details.
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THEOREM 9.1 (Algebraic Biacklund transformation). Let ¢ (x,y, t,7) be
a Ward frame with P = (10, — )™t and Q = (70,0 — )1,
and gorx a l-soliton Ward frame. Suppose 1 is holomorphic and non-
degenerate at T = «. Let 7(x,y,t) denote the Hermitian projection of C™
onto Y(x,y,t,)Im(w(z,y,t)). Then
(1) ¢($, Y, 1, T) = a7 (z,y,1) (TW(CU, Y, t, T)ga,ﬂ(x,y,t) (7_)71 is holomor-
phic and non-degenerate at T = «, &,
(2) V1 = goz¥ = 1/~Jga,,r is again a Ward frame such that

(r0,n = O = P,
(7'8171/’1 - 8y¢1)¢1_1 =Q,

where P = P + (@ — a)d,7 and Q = Q + (& — a)d,7).
We will use gox * 1 to denote 1.

PrROOF. We give a sketch the proof. Statement (1) can be proved by
computing the residue of @5 at 7 = a and show that it is zero. We use
Proposition 8.1 to prove (2). Set § = ga,7. Since D = (170, — 0¢) is a
derivation, we have

(DY)t = (DGg~" +g(Dy)yw~'g " = (Dg)g~" +gPg",
so it is holomorphic for 7 € C \ {a} and has a simple pole at 7 = a. But v
is also equal to g (here g = gq,r is a 1-soliton Ward frame), so

(Dyr)vyt = (DY)t +b(Dg)g ™"

But (Dg)g~! is independent of 7 and ¢ is holomorphic and non-degener-
ate at 7 = «, @, hence the RHS is holomorphic at 7 = «. So (le)wl_l is
holomorphic in C. But the residue of (D)7 ! at 7 = oo is also zero. Hence
it must be independent of 7. Similar argument implies that (T@,ﬂb—&tw)w*1
is also independent of 7, so by Proposition 8.1, ¢ is a Ward frame.

Set P = (Dipy)p;t = (D§)g~' + §P§~". Evaluate the residue at 7 = oo
to get P = P + (@ — a)d, 7. Similarly, we get the formula for Q.

Since P, ) decay at spacial infinity, I—(. .., «) decays at spacial infinity.
But g, is a 1-soliton monopole frame, so d,7,0,m also decay at spacial
infinity. Hence P, Q decays at spacial infinity. O

k-soliton monopole frames with only simple poles

Let a,...,04 be distinct complex numbers and Im(a;) > 0 for all
1 <j <k, 7r§-) : §? — Gr (k;,C") holomorphic maps, and 7;(z,y,t) =
W?(y + aj§ + a;ln). Then gq, r, is a l-soliton Ward frame. Apply the
Algebraic BT (Theorem 9.1) repeatedly as follows: Set 91 = ga,.x,, and
define 1; inductively by ©; = ga; x; * ¥j—1 for 2 < 5 < k. Then v is a
k-soliton Ward frame with k simple distinct poles at ag,...,ar. These are
the same soliton Ward frames constructed by Ward using the solution to
the Riemann-Hilbert problem.
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k-soliton monopole frames with pole data («, k)

Ward’s limiting construction is as follows: Let fy, fi be rational maps
from C to C?, and 7, and o, the projections of C? onto the complex line
spanned by fo(wite)+€f1(wite) and fo(wi—e) —efi(wi—e) respectively, where
Wite =y + (i £ €)€ + (i & €)~!n. Ward showed that

Y = lim Ji—emae * Jite,mie
e—0

is a 2-soliton Ward frame with a double pole at 7 = ¢ and is not stationary.
Since the algebraic BT is easy to compute, Ward’s limiting method can
be calculated systematically as follows (for detail see the paper by Dai and
Terng [6]): Let ae = av+ €, a;j : C — C" be rational maps, and f;. =
ap +are+ ...+ aj,lej_l. Let 7 (x,y,t) denote the Hermitian projection
of C" onto the complex line spanned by fj(y + a.é + a-1n). Set ¢ =
lime—0 9o, m ., Which is a 1-soliton frame gq, » (here 7 is the projection onto
Cao(y + € + a~1n)). Define 9}, inductively by 15, = lim._.g Joeme ¥ V1
Then 9y, is a k-soliton frame with pole data («, k) (i.e., ¥ has a single pole
at 7 = a with multiplicity k). Note that 1y, depend on k holomorphic maps
from CP' to U 'Gr (i,C").
Soliton frames with arbitrary pole data

To get Ward soliton frames with arbitrary pole data, we need a more
general BT for adding a k-soliton with pole data (o, k) to an existing Ward
frame (cf. [6]):

THEOREM 9.2 (Adding a k-soliton with pole data («, k)). Suppose ) is
a Ward frame that is holomorphic and non-degenerate at T = «, &, and ¢
a k-soliton monopole fmme with pole data (o, k). Then there exist unique
¢ and v such that ¢ = ¥, ¢ has pole data (v, k:) and 1 is holomorphic
and non-degenerate at T = o, &. Moreover, ¢ qb@[) ¢¢ is again a Ward
frame and & and ¢ are constructed algebraically.

As a consequence, we see that the two BTs and the limiting method give
rise to Ward soliton frames with arbitrary pole data. The following theorem
was proved in [6].

THEOREM 9.3 ([6]). Algebraic BTs, adding k-soliton BTs, and the lim-
iting method produce all soliton monopoles up to gauge equivalence.

If 7o : S — Gr(m,C") is holomorphic, then the limit of the 1-soliton
frame,

oa— oa—
lim I+ T (y+aé+atn) =1+ 7 (00
e T 7m0 T ) a0 )
exists as (x,y) tends to infinity and is independent of ¢. In other words,
the Ward soliton frame tends to a fixed rational map h(7) at spacial infinity
and is independent of time. It can be checked easily that this property is
preserved under the Algebraic BT and limiting method. Hence we have
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PROPOSITION 9.4. If ¢ is a Ward soliton frame, then  lim  (x,

(z,y)l|—o0
y,t,7) exists and is independent of t.
10. Monopoles with both continuous and discrete scattering data
The Lax pair (2.9) of the monopole equation is equivalent to

(10.1) [T(Vy —¢) = V¢, 7V, =V, —¢] = 0.
The linear system associated to this Lax pair is

(T0y — Oe)p = (TAy + 76 — Ae)),

(1O — Oy) = (TAy + ¢ — Ay)t).

The Algebraic BT theorem for the monopole equation can be proved the
same way as for the Ward equation. We only state the result:

(10.2)

THEOREM 10.1 (Algebraic BT for Monopoles). Suppose « € C\ R is a
constant, and 1 is a frame of the monopole solution (A, ) (i.e., solution
of (10.2)), and ¥ (x,y,t,7) is holomorphic and non-degenerate at T = a.
Let go.» be a 1-soliton Ward frame, 7(x,y,t) the Hermitian projection onto

U(x,y,t, «)(Imn(z,y,t)), and
1; = ga,frwg;}r‘
Then
(1) ¢ is holomorphic and non-degenerate at T =,
(2) Y1 = ga,7¥ = Vgax is a frame for (10.1) with A, ¢ given by
{177 = Ay,
AE == (1 — @)(8§ﬁ)h + h_lAgh,
A, + b= Ay + ¢,
A —¢p=(1- 2)(0y7)h + h~H(Ay — ¢)h,
where h =7 + & 7t
Theorem 9.2 works for normalized monopole frames too.
Suppose k : C — GL(n,C) is meromorphic, k(oco) = I, and k(7)*k(7)
= 1. Then
k(z,y,t,7) = k(y + 76+ 7 ')
satisfies
(19y — )k =0, (78, — )k =
So if 4 is a solution of (10.2) for the monopole solution (A, ¢), then so is
Yk. However, if lim||(; )| —oo k(Z, Y, t, T) exists and is independent of ¢, then

k must be the constant map I. Hence we can use this condition to normalize
frames to get a unique one:

DEFINITION 10.2. A solution 1 of (10.2) for the monopole (A, ¢) is called
the normalized monopole frame if
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(1) w(x7 y7 t? %)*w(x? y? t7 7_) = I?
(2) there exists a map h(7) such that limy| || —oo ¥(2,y,t,7) = h(T)
exists and is independent of .

By Proposition 9.4, a Ward soliton frame is a normalized monopole
frame. By the Inverse scattering Theorem 7.6, given a smooth map s :
R x S' — GL(n,C) such that I — s(-,¢%) decays for each § and s* = s > 0,
then there exists a solution E(z,y,t, ) of the linear system (2.10) such that

(E7) YEN)(x,y,0,e?) = s(xcos 0 + ysin g, e)

E(z,y,t,u) — Las ||(z,y)|| — oo, and E is holomorphic in |u| # 1. Such E
is a normalized monopole frame with only continuous scattering data.

If we apply Algebraic BTs and General Algebraic BTs repeatedly to
a normalized monopole frame with only continuous scattering data, then
we obtain normalized monopoles frames with both continuous and discrete
scattering data. So we get

THEOREM 10.3. Let s : R x St — GL(n,C) be a smooth map such that
I —s(-,e?) decays for each § and s* = s > 0, and ¢; a normalized soliton
monopole frame with pole data (oj,n;) for j = 1,...,k. Then there is a
unique normalized monopole frame E(x,y,t,u) such that
(1) E is holomorphic for p € C\ (S* U{a1,...,ax}), has poles at a;
with multiplicity n;, and
E:E(xayata ei@) = lim E(%y,tjﬂ)
lul£t <1, p—e®®
exist and are smooth, 4
(2) (EZ'Ey)(x,y,t,e?) = s(xcosf + ysind — t,e) is the continuous
scattering data of M,
(3) Egbj_l is holomorphic and non-degenerate at jn = o for 1 < j < k.

Below we want to prove that all normalized monopole frames with only
finitely many poles and a jump across S' are constructed by the above
method.

First we need to recall a factorization result. Let D denote the group of
f:8%=CU {0} — GL(n,C) that satisfies the following conditions:

(1) S f(w) =1,
(2) fe(e?):= limy = o1 ,ei0 f(p) exist and are smooth,
(3) f is holomorphic in S?\ S! except with possible finitely many poles.

The following results were proved in [18]:

(a) Given f € D, then there exist uniquely h;, g; € D such that f =
h1g1 = gaha, fi is holomorphic in $?\ S!, g; are rational maps, and
gi(—1)=TIfori=1,2.

(b) If f € D has a simple pole at «, then there is a unique projection
7 such that f g;}r is holomorphic and non-degenerate at a.
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Note that if E' is a normalized monopole frame then E(z,y,t,-) € D.
Moreover,

(i) E is a soliton frame if and only if E is rational in ,
(ii) E has only continuous scattering data if and only if E(x,y,t,-) is
holomorphic in S?\ S?.
For general normalized monopole frames with both poles and jumps across
S we have

THEOREM 10.4 (Subtracting 1-soliton). Suppose 1 is a normalized mo-
nopole frame, and 1) has a simple pole at T = « (may have other singularities
as well). Then there exist unique 1,1, and smooth w7 : R*!' — Gr (k,C")
such that

(i) @é = ¢ga,ﬂ = ga,fr¢17
(ii) ¥ and v are holomorphic and non-degenerate at T = o, @,

(iii) ga,x s a normalized 1-soliton monopole frame, and 1 is a normal-

ized monopole frame.

PROOF. Statements (i) and (ii) follow from known results stated just
before the theorem. To prove (iii) we use residue calculus. Set D = 70, — 0k,
and let g :== ga.x, § := ga,z- Then

(DY)~ = (DY) +d(Dg)g 4.

Since the LHS is independent of 7, the residue of the RHS at 7 = o must
be zero, so

—(...., @) (@dym — Dem)T(...., )" = 0.

But ¢(...,a) is non-degenerate, hence (ad,r — O¢m)m = 0. Similarly, cal-
culate the residue at 7 = « in the expression (79,1 — dy¥)y~! to get
(aOym — Oym)m = 0. By Proposition 8.4, go r is a 1-soliton monopole frame.

Since ¢y = §14b,
(DY )yt = —g7'Dg + g (DY) 5.

The LHS is holomorphic at 7 = a,& and the RHS is holomorphic for all
T # a,a. So (Di1); ! is a degree one polynomial in 7. Similarly, (70,1 —
833¢1)'¢1_1 is a degree one polynomial in 7. By Proposition 8.1, 9 is a
monopole frame. O

Similar argument gives

THEOREM 10.5 (Subtracting a soliton with pole data (o, k)). Suppose 1
1s a normalized monopole frame, and v has a pole at T = a with multiplicity
k (may have other singularities as well). Then there exists a unique k-soliton
monopole frame g with pole data (o, k), a normalized monopole frame 1)1,
and maps 1[1 and g such that {1 and @5 are holomorphic and non-degenerate

T =o,d andwzlﬁgzgwl.
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A consequence of the above two theorems is that every normalized mono-
pole frame with continuous scattering data and finitely many poles can be
obtained from Theorem 10.3.

11. Appendix: Existence of Continuous Scattering Data for
Small Solutions

The over-all details of the scattering data described in Sections 7 and 10
where we find solutions with a combination of a jump across the unit circle
and point (singularities) measures do fit into the general scheme proposed
by Beals and Coifman [4], [5]. Beals and Coifman point out that the Self-
dual Yang-Mills equations have local scattering data more like the AKNS
scattering problem than either type of KP, and Fokas and Ioannidou point
out that the Ward equation inherits this similarity. Existence of solutions
which have combinations of the two types of scattering data follows from
the existence of the inverse scattering transform and the process of adding
discrete measures by the described Bécklund transforms. Papers of Fokas
and Ioannidou [7] and Villarroel [21] discuss the existence of the scattering
and inverse scattering transforms.

We find that, as in the AKNS models, small data leads to scattering
data which consists only of the continuous part. For simplicity, we assume
all the data is rapidly decaying and lies in the Schwartz space. Recall that
the spacial operator is

-1 -1
Dy() = Da(p) — Do) = Ly, i)

THEOREM 11.1. Assume that there exists a gauge transformation such
that in the given gauge (A, ¢) is small in W21, Then the chern vector c(p) is
zero for all p € CU{oo}\ St. Furthermore there exists continuous scattering

data Sy = I + Gy where Gy is small in L?;yt).

COROLLARY 11.2. Given initial data (A, ¢) which is small in W21, there
exist global in time solutions of the space-time monopole problem with this
initial data. These solutions are unique up to gauge transformation.

v, —i¢.

First we explain how the corollary follows from the theorem. The exis-
tence of global solutions follows from the existence of scattering data which
is purely continuous for the initial data, the known flow of the scattering
data under time, and the existence of the inverse scattering transform. Be-
cause the scattering data remains small, the solution remains small in time.
Suppose there is a time ty at which uniqueness fails. Since we presume the
solution to be continuous in time, the second solution is small for a short
time near ty. Hence it has scattering data, and must be identified with the
solution constructed by inverse scattering data by a gauge transformation.

To prove the theorem, we note that the proof is rather standard away
from the unit circle, although it will follow from the proof we give near
the unit circle as well. The difficulty is to prove that the limits exist as
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|| — 1. To do this, use the combination of Lorentz and fractional linear
transformation so that p is pure imaginary. Now let
T=(ntp )/ (=),
so 7 < 1is real. We assume |u| < 1, so 7 < 0. For |u| > 1, then the reality
condition implies that E, = ((E;-1)*)"!. The equation for the frame now
reads:
(Op —iTOy)Er = G4
where
Gr(z,y,t) = Ar(z,y,t) Er(x,y,t), Ar=A; —iTAy(x,t) —V1—72 .

As is usual with solutions with small data, we solve by iteration. Let
E. =1+ ijl Qjr Set Qor =1, Qj-(—00,y) =0, and define Q; ; itera-
tively by

(Or —i70y)Qjr = Gj1r = A7 Q11

Here A; is as above.

We now take the Fourier transform in the y variable alone, and denote
the transform in y only of an expression () by Q Let ¢ be the transform
variable of y. We have

ax@j,f - CTQj,T = Gj*l,ﬂ"
But this ODE can be solved explicitly:
Qjr(,C,) = sgn (¢7) / TGy 1 (r, ) dr

¢r(z—7)<0
So

/ Qpor(,C, )dC

:/ sgn (CT)/ GCT(xfr))Gj,LT(r,(,t) dr d¢.
—o0 ¢r(xz—r)<0

If 7¢ > 0, then the above integral is equal to

o0 0
/ / Gy (x—5,(,t) dsdC.

For 7¢ < 0, we get a similar but different formula. This explains the jump.
So we obtain in a straightforward fashion the estimate independent of 7:

1Qjrllt S |Gj1rll2 = ||A7 * Qj—17|l2 < [|A7|[2]|Qj—1,7]]1-

The norms used are || - ||; as the LgoLé and || - ||2 as the L(lx ¢y norm. Given

these estimates, the solution
Qz,¢,t) =) Qj(x,¢,t)
Jj=20
exists in LgoLé when ||[A,]]z < 1. But it is easy to see that when the
W2 norm of (A, ¢) is small, this inequality is satisfied. Furthermore, ||Q||,
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bounds ||Q||~ and existence follows. Iterating these same estimates in the
various derivatives of () will give estimates on the higher norms, although
we do not expect or require smallness in the higher derivatives and weights.
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