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Abstract. We review a proof of the well know result stating that mod-
uli spaces of stable sheaves with fixed Chern character on a polarized
K3 surface are deformations of a hyperkähler variety of Type K3[n] (if
a suitable numerical hypothesis is satisfied). In a recent work we have
adapted that proof in order to prove results on moduli of vector bundles
on polarized hyperkähler varieties of Type K3[2] – this is the content of
the second part of the paper.

1. Introduction

1.1. Background and general outline. Vector bundles, or more gen-
erally coherent sheaves, on K3 surfaces play a prominent rôle in Algebraic
Geometry. We mention a few instances of interesting results obtained by
studying sheaves onK3’s. First moduli spaces of semistable sheaves on polar-
ized K3 surfaces provide, possibly after desingularization, models for “half”
of the known deformation classes of (compact) hyperkähler manifolds – the
other half being provided by moduli spaces of sheaves on abelian surfaces.
As shown by Mukai, also zero-dimensional moduli spaces are interesting. In
fact rigid stable vector bundles of rank greater than 1 allow to describe ex-
plicitly the ideal sheaf of embedded K3 surfaces of certain genera for which
the surface is not a complete intersection. Lastly, we recall Lazarsfeld’s proof
of the Giesker-Petri Theorem via vector bundles on K3’s.

Since K3 surfaces are the hyperkähler (HK) surfaces, one is naturally
led to investigate moduli of sheaves on polarized HK varieties. Recently we
have proposed to focus on torsion-free sheaves on a HK whose discriminant
(if F is a vector bundle, the discriminant is equal to −c2(F∨⊗F )) satisfies
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a certain condition, and we named such sheaves modular. By way of exam-
ple any torsion free sheaf on a K3 surface is modular, and a sheaf on an
arbitrary HK manifold X whose discriminant is a multiple of c2(X) is mod-
ular (but this condition is in no way necessary for a sheaf to be modular).
In [O’G19] we proved an existence and uniqueness result for slope-stable

modular sheaves on HK’s of Type K3[2] (i.e. deformations of the Hilbert
square of a K3 surface) which is analogous to well known results valid for
sheaves on K3’s.

In fact we extended to moduli spaces of sheaves on HK’s of Type K3[2] a
strategy that was employed more than 20 years ago in order to prove results
on moduli spaces of sheaves (of arbitrary dimension) on K3’s. The idea is
to specialize the polarized HK to one which carries a Lagrangian fibration
(i.e. an elliptic K3 if the dimension is 2), and then to relate (semi)stability
of a sheaf on a Lagrangian HK to stability of its restriction to a generic
Lagrangian fiber. The latter holds for a sheaf F on an elliptic K3 sur-
face, provided the polarization is close to the fiber of the fibration, be-
cause of the well-known decomposition of the ample cone Amp(S)R into
connected open chambers with the property that stability (or non stabil-
ity) of F is constant for polarizations belonging to the same chamber. The
open chambers are the connected components of the complement of the
union of walls ξ⊥ ∩ Amp(S)R, where ξ ∈ H1,1

Z (S) are the classes such that
−r(F )2Δ(F ) ≤ 4ξ2 < 0. A torsion-free sheaf F on a HK variety is mod-
ular exactly if the variation of h slope-stability of F behaves as in the 2
dimensional case.

Another remarkable consequence of modularity is the following. Let X
be a HK with a Lagrangian fibration, and let F be a modular vector bundle
onX whose restriction to a generic Lagrangian fiber is slope-stable. Then the
restriction of F to a generic fiber is a semi homogeneous vector bundle, and
hence it has no infinitesimal deformations fixing the determinant. It follows
that the strategy outlined above in dimensions higher than 2 has a strict
resemblance to that which has been implemented in the case of K3 surfaces.
In fact a slope-stable vector bundle on an elliptic curve has by default no
infinitesimal deformations fixing the determinant, while this certainly does
not hold for general vector bundles on abelian surfaces or higher dimensional
abelian varieties – it holds exactly for semi homogeneous ones.

In the present paper we carry out the strategy outlined above both in
the familiar setting of moduli spaces of sheaves on K3 surfaces and in the
new setting of moduli spaces of modular vector bundles on HK’s of Type
K3[2].

1.2. Moduli spaces of sheaves on K3 surfaces. We start by recall-
ing basic definitions and results on moduli of sheaves on a smooth projec-
tive polarized surface (S, h) over an algebraically closed field K. Let F be
a torsion-free sheaf on S. A non zero proper subsheaf 0 �= E � F is GM
destabilizing (where GM stands for Gieseker-Maruyama) if for m � 0 one
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has

χ(S;E (mh))

r(E )
≥ χ(S;F (mh))

r(F )
,(1.2.1)

it is GM desemistabilizing if the above inequality is strict (for m � 0). The
sheaf F is stable if no destabilizing subsheaf exists, and it is semistable if
no desemistabilizing subsheaf exists.

Isomorphism classes of GM stable sheaves are well-behaved, and one gets
projective moduli schemes by adding points representing GM semistable
sheaves. More precisely, let ξ = r + ξ1 + ξ2, where r is a positive inte-
ger, ξ1 ∈ H1,1

Z (S) and ξ2 ∈ H4(S;Z). A classical Theorem of Gieseker and
Maruyama [Gie77] states that there exists a quasi-projective coarse moduli
scheme (over K) Mξ(S, h) for GM stable torsion-free sheaves F on S such
that

r(F ) = r, c1(F ) = ξ1, c2(F ) = ξ2.(1.2.2)

It is often the case that Mξ(S, h) is not projective, but it is always an open

subscheme of the projective moduli scheme M ξ(S, h) obtained by adding
S-equivalence classes of torsion-free GM semistable sheaves on S with the
same rank and Chern classes. (S-equivalence is a relation weaker than iso-
morphism.) We remark that Mξ(S, h) might not be dense in M ξ(S, h).

Now let us assume that the field K has characteristic 0. If [F ] ∈ Mξ(S, h)
is a point representing a GM stable sheaf F , then the expected dimension
of Mξ(S, h) at [F ] is given by

Δ(F )− (r2 − 1)χ(S,Os) + qS ,(1.2.3)

where

Δ(F ) := 2rc2(F )− (r − 1)c1(F )2 = −2r ch2(F ) + ch1(F )2,(1.2.4)

is the discriminant of F (identified with an integer) and qS = h1(S,OS)
is the irregularity of S. The reason for naming “expected dimension” the
quantity in (1.2.3) is that it equals the actual dimension of Mξ(S, h) at [F ]
if the trace map

Ext2(F ,F )
Tr−→ H2(S,OS)(1.2.5)

is an isomorphism – by Serre duality this is equivalent to the hypothesis
that every homomorphism F → F ⊗KS is scalar multiplication by a global
section of KS . In fact the Artamkin-Mukai Theorem [Art88, Muk84] gives
that if (1.2.5) is an isomorphism then the sheaf is F is unobstructed and
hence Mξ(S, h) is smooth at [F ] with Zariski tangent space identified with

Ext1(F ,F ) (because the germ of Mξ(S, h) at [F ] is identified with the
deformation space of F ).

If S is a surface of general type, and the expected dimension of Mξ(S, h)
is non zero, the moduli space Mξ(S, h) may very well be empty, or non
empty but reducible, or non empty of dimension greater than the expected
one.
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By contrast, if S is a K3 surface then Mξ(S, h) behaves extremely well.
One beautiful feature is that if [F ] ∈ Mξ(S, h) then the trace map in (1.2.5)
is surjective. In fact by stability every homomorphism F → F is scalar
multiplication by a constant, and since KS is trivial this implies that the
map in (1.2.5) is an isomorphism. Hence Mξ(S, h) is smooth of the expected
dimension (we are assuming that it is non empty). Moreover Serre duality

Ext1(F ,F )× Ext1(F ,F ) → H2(S,OS)

defines a skew-symmetric regular form on Mξ(S, h) which is closed. In par-
ticular Mξ(S, h) has even dimension (again we are assuming that it is non
empty), we let n(ξ) be half its dimension.

We will state a result which describes more precisely Mξ(S, h) when GM
semistability coincides with GM stability.

First we need to discuss GM semistability versus GM stability. Let S be
a projective K3 surface, and let ξ = r+ ξ1+ ξ2. Then there is a locally finite
union of rational of ξ-walls in Amp(X)R (a rational wall is the intersection

λ⊥ ∩Amp(X)R where λ ∈ H1,1
Z (S)), such that if h is a polarization outside

the union of the ξ-walls then the following holds. Let F be a torsion-free
sheaf such that (1.2.2) holds, which is h GM semistable but not not h GM
stable; then ch(F ) is not primitive (notice that ch(F ) is integral because
the intersection form on S is even), i.e. there exists an integer m ≥ 2 such

that ch(F )
m is integral. In particular, if ch(F ) is primitive then Mξ(S, h) =

M ξ(S, h). A polarization outside the union of the ξ-walls is called ξ-generic.
(See Subsection 2.2 for the definition of walls.)

Below is a well known fundamental result on moduli spaces of sheaves
on K3 surfaces.

Theorem 1.1 (Mukai [Muk87], Huybrechts-Göttsche [GH96], O’Grady
[O’G97], Yoshioka [Yos99b, Yos99a, Yos03]). Let S be a projective K3
surface. Let ξ be as above and suppose that r+ ξ1+

1
2ξ

2
1 − ξ2 is indivisible. If

h is a ξ-generic polarization of S then Mξ(S, h) is non empty, irreducible,
smooth and projective, of the expected dimension

2n(ξ) := 2rξ2 − (r − 1)ξ21 − 2(r2 − 1).

If Mξ(S, h) is not zero dimensional (i.e. n(ξ) > 0) then Mξ(S, h) is a HK

variety deformation equivalent to S[n(ξ)].

If r = 1 then Mξ(S, h) parametrizes sheaves IZ ⊗L where L is the line
bundle such that c1(L) = ξ1, and hence Mξ(S, h) is trivially isomorphic to

S[n(ξ)]. The real interest of Theorem 1.1 lies in the case r ≥ 2. If r ≥ 2 then
in general Mξ(S, h) is not birational to T [n(ξ)] for any K3 surface T .

We will go through the proof of Theorem 1.1 under the hypothesis that
r+ ξ1 is indivisible i.e. r and the maximum integer dividing ξ1 are coprime.
The reason is that the proof under these hypotheses will be extended to
modular sheaves on HK’s. The statement of Theorem 1.1 for r+ ξ1 divisible
can be obtained from the result for r + ξ1 indivisible via Mukai reflections,
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see [Yos99a, Yos03]. In this respect we make the following a comment. First
Mukai reflections for higher dimensional HK’s do not make sense. Secondly
a proof of Theorem 1.1 for r + ξ1 divisible might possibly be obtainable by
extending the method adopted for r+ξ1 indivisible. Such an extension might
indicate how to prove results for moduli of modular sheaves on HK varieties
(say of Type K3[2]) which go beyond those discussed in Theorem 1.8.

Remark 1.2. If n(ξ) > 0 there is a beautiful description of the Hodge
structure of H2(Mξ(S, h)) and its Beauville-Bogomolov-Fujiki quadratic
form (due to Mukai) in terms of the Mukai vector associated to ξ. This is a
key result, which has proved to be of great relevance for the development of
the theory of HK manifolds. We will not discuss its proof.

1.3. Modular sheaves. Let F be a rank r torsion-free sheaf on a
manifold X. The discriminant Δ(F ) ∈ H2,2

Z (X) is defined by (1.2.4). Below
is our key definition.

Definition 1.3. Let X be a HK manifold of dimension 2n, and let qX
be its Beauville-Bogomolov-Fujiki (BBF) bilinear symmetric form. A torsion
free sheaf F on X is modular if there exists d(F ) ∈ Q such that∫

X
Δ(F ) � α2n−2 = d(F ) · (2n− 3)!! · qX(α, α)n−1(1.3.1)

for all α ∈ H2(X).

Example 1.4. IfX is aK3 surface then the equality in (1.3.1) holds with
d(F ) = Δ(F ). Hence every torsion free sheaf on a K3 surface is modular.

By way of contrast tautological vector bundles on S[n] where S is a K3
surface, are not modular in general if n ≥ 2 – see Example 2.6 in [O’G19].

Remark 1.5. Let X be a HK variety of dimension 2n. Let D(X) ⊂
H(X) be the image of the map SymH2(X) → H(X) defined by cup-
product. Let Di(X) := D(X)∩H i(X). The pairing Di(X)×D4n−i(X) → C
defined by intersection product is non degenerate [Ver96a, Bog96, Bea07],
hence there is a splitting H(X) = D(X) ⊕ D(X)⊥, where orthogonality is
with respect to the intersection pairing. Now let F be a torsion free sheaf
on X. Then F is modular if and only if the orthogonal projection of Δ(F )
onto D4(X) is a multiple of the class q∨X dual to qX . In particular F is
modular if Δ(F ) is a multiple of c2(X).

Remark 1.6. Let X be a HK of Type K3[2]. Then H(X) = D(X)
(notation as in Remark 1.5). It follows that a vector bundle F on X is
modular if and only if Δ(F ) is a multiple of c2(X). It follows [Ver96b]
that if F is a modular vector bundle, slope-stable for a polarization h,
then End0(F ) is hyperholomorphic on (X,h), where End0(F ) is the vector
bundle of traceless endomorphisms of E . More generally, on an arbitrary HK
polarized variety (X,h) there should be a relation between the property of
being modular and that of being hyperholomorphic.
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Remark 1.7. Let X be a HK manifold of dimension 2n, and let F be
a torsion free modular sheaf on X. Then∫

X

Δ(F ) � α1 � . . . � α2n−2(1.3.2)

= d(F ) ·
∑̃

qX(αi1 , αi2) · . . . · qX(αi2n−3 , αi2n−2),

for all α1, . . . , α2n ∈ H2(X), where
∑̃

means that in the summation we
avoid repeating addends which are formally equal (i.e. are equal modulo
reordering of the factors qX(·, ·)’s and switching the entries in qX(·, ·)). In
fact both sides of the equation in (1.3.2) are multilinear symmetric maps
H2(X)2n−2 → C, and by (1.3.1) they give the same polynomial when com-
puted on (α, α, . . . , α). Hence they are both the polarization of the same
polynomial, and thus equal.

1.4. Moduli spaces of modular sheaves on HK’s of Type K3[2].
We state our recent result [O’G19] on modular sheaves with certain discrete

invariants on projective HK’s of Type K3[2].
First we recall the discrete invariants indicizing moduli spaces of polar-

ized HK’s of Type K3[2]. Let (X,h) be one such polarized HK (we emphasize

that the ample class h ∈ H1,1
Z (X) is primitive). Then either

q(h,H2(X;Z)) = Z, q(h) = e > 0, e ≡ 0 (mod 2)(1.4.1)

or

q(h,H2(X;Z)) = 2Z, q(h) = e > 0, e ≡ 6 (mod 8).(1.4.2)

Conversely, if e is a positive integer which is even (respectively congruent to
6 modulo 8) there exists (X,h) such that (1.4.1) (respectively (1.4.2)) holds.

Let K 1
e be the moduli space of polarized HK’s (X,h) of Type K3[2] such

that (1.4.1) holds, and let K 2
e be the moduli space of polarized HK’s (X,h)

of Type K3[2] such that (1.4.2) holds. Both K 1
e and K 2

e are irreducible.

Theorem 1.8. Let i ∈ {1, 2} and let r0, e be positive integers such that
r0 ≡ i (mod 2) and

e ≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
4r0 − 10 (mod 8r0) if r0 ≡ 0 (mod 4),
1
2(r0 − 5) (mod 2r0) if r0 ≡ 1 (mod 4),

−10 (mod 8r0) if r0 ≡ 2 (mod 4),

−1
2(r0 + 5) (mod 2r0) if r0 ≡ 3 (mod 4).

(1.4.3)

Suppose that [(X,h)] ∈ K i
e is a generic point. Then up to isomorphism there

exists one and only one h slope-stable vector bundle E on X such that

r(E ) = r20, c1(E ) =
r0
i
h, Δ(E ) =

r(E )(r(E )− 1)

12
c2(X).(1.4.4)

Moreover Hp(X,End0E ) = 0 for all p.
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Remark 1.9. Let E be a modular torsion-free sheaf on a hyperkähler
manifoldX of TypeK3[2]. Then r(E ) divides the square of a generator of the
ideal {qX(c1(E ), α) | α ∈ H2(X;Z)}, see Proposition 6.9. In Theorem 1.8 we
consider the extremal case in which r(E ) equals the square of a generator
of the ideal defined above.

Remark 1.10. Let [(X,h)] ∈ K 2
6 be generic. Then (X,h) is isomorphic

to the variety of lines F (Y ) on a generic cubic hypersurface Y ⊂ P5 polarized
by the Plücker embedding, and the vector bundle E of Theorem 1.8 with
r0 = 2 is isomorphic to the restriction of the tautological quotient vector
bundle on Gr(2,C6). Similarly, let [(X,h)] ∈ K 2

22 be generic. Then (X,h) is

isomorphic to the Debarre-Voisin variety associated to a generic σ ∈
∧3 V ∨

10,
where V10 is a 10 dimensional complex vector space, and

Xσ := {[W ] ∈ Gr(6, V10) | σ|W = 0}.(1.4.5)

The vector bundle E of Theorem 1.8 with r0 = 2 is isomorphic to the
restriction to Xσ of the tautological quotient vector bundle on Gr(6, V10).

Remark 1.11. The proof of Theorem 1.8 that we will give provides a
blueprint for the proof of similar results for HK varieties of other deformation
types. We are working on such results for 4 dimensional HK varieties of
Kummer type.

1.5. Notation and a few well know results.

• Algebraic variety is synonymous of complex quasi projective variety
(not necessarily irreducible), unless we state the contrary.

• If π : X → Y is a fibered variety, then a generic fiber of π is π−1(y)
for y in a dense open subset of Y , while the generic fiber of π is the
scheme X×C(Y ) obtained from π : X → Y by base change.

• Let X be a smooth complex quasi projective variety and F a
coherent sheaf on X. We only consider topological Chern classes
ci(F ) ∈ H2i(X(C);Z).

• Abusing notation we say that a smooth projective variety X is
an abelian variety if it is isomorphic to the variety underlying an
abelian variety A. In other words X is a torsor of A.

• Let X be a HK manifold. We let qX , or simply q, be the BBF
symmetric bilinear form of X. We recall that qX is strictly positive
on Kähler classes.

• Let X be a HK manifold of dimension 2n. We let cX be the nor-
malized Fujiki constant of X, i.e. the rational positive number such
that for all α ∈ H2(X) we have∫

X

α2n = cX · (2n− 1)!! · qX(α)n.(1.5.1)

A hyperkähler (HK) variety is a projective compact HK manifold.
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• Let

μ : H2(S) → H2(S[n])(1.5.2)

be the composition of the natural symmetrization map H2(S) →
H2(S(n)) and the pull-back H2(S(n)) → H2(S[n]) defined by the

Hilbert-Chow map S[n] → S(n).
• Let (X,h) be an irreducible polarized projective variety. Let F be
a torsion-free sheaf on X. A subsheaf E ⊂ F is slope-destabilizing
if 0 < r(E ) < r(F ) and μh(E ) ≥ μh(F ), where r(E ), r(F ) are
the ranks of E ,F , and μh(E ), μh(F ) are the h-slopes of E ,F . If
μh(E ) > μh(F ) then E ⊂ F is slope-desemistabilizing. We use
similar terminology for exact sequences 0 → E → F → G → 0.
The sheaf F is slope-stable if it has no destabilizing subsheaf, and
it is slope-semistable if it has no desemistabilizing subsheaf. The
slope of a torsion-free sheaf F on an irreducible curve does not
depend on the polarization: we will denote it by μ(F ).

• A torsion-free sheaf on a polarized variety (X,h) is strictly h slope-
semistable if it is h slope-semistable but not h slope-stable.

• Let F be a torsion-free sheaf on (X,h). A subsheaf 0 �= E � F is
GM destabilizing (GM stands for Gieseker-Maruyama) if pE (k) ≥
pF (k) for k >> 0, where for a sheaf G of non zero rank pG (k) :=
χ(X,G⊗OX(k))

r(G ) is the normalized Hilbert polynomial. The subsheaf

E is GM desemistabilizing if pE (k) > pF (k) for k >> 0. The sheaf
F is GM stable if it has no destabilizing subsheaf, and it is GM
semistable if it has no desemistabilizing subsheaf. The moduli space
of S-equivalence classes of GM torsion-free sheaves with a fixed
Chern character is a projective scheme (a GM stable sheaf is S-
equivalent to a GM semistable sheaf only if they are isomorphic).
Slope-stability implies GM stability, and GM semistability implies
slope-semistability. In particular the moduli space of slope-stable
sheaves is an open subscheme of the moduli space of GM semistable
sheaves. If X is an irreducible curve (semi)stability is independent
of the polarization, and therefore we will make no mention of the
polarization.

2. Variation of stability for modular sheaves

2.1. Background and overview. Let X be an irreducible smooth
projective variety, let Amp(X) ⊂ H1,1

Z (X) be the ample cone, and let

Amp(X)R ⊂ H1,1
R (X) be the real convex hull of the ample cone. The moduli

space of h slope-stable torsion-free sheaves on X with fixed Chern character
ξ depends on the ray spanned by h, and hence the question: how does the
moduli space vary when h changes?

If X is a surface there is a decomposition of Amp(X)R in chambers and
walls which gives a first answer to the question above. More precisely, let r
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and Δ be the rank and discriminant of sheaves with Chern character ξ. A
ξ-wall is given by λ⊥ ∩Amp(X)R, where

−r2Δ

4
≤

∫
X
λ2 < 0, λ ∈ H1,1

Z (X).(2.1.1)

The set of ξ-walls is locally finite and hence the complement of their union is
an open subset of Amp(X)R. An open chamber is a connected component of
the complement (in Amp(X)R) of the union of the ξ-walls. The first answer
to the question asked above is that for h ∈ C the moduli space of h slope-
stable torsion-free sheaves on X with Chern character ξ is independent of
h. More precisely this means that if h1, h2 ∈ C and F is a torsion-free sheaf
on X such that ch(F ) = ξ, then F is h1 slope-stable if and only if it is h2
slope-stable.

If X is a general variety of dimension greater than 2 then the picture is
substantially more complex, see for example [GRT19].

A key observation of [O’G19] is that one gets a similar picture if X is
a HK variety and the sheaves that we consider are modular. More precisely,
we get an analogous result if we replace the intersection form on H2(X) by
the BBF quadratic form, and we make a suitable modification of the lower
bound in (2.1.1) (we replace Δ by d(F ) and we introduce Fujiki’s constant
cX in the denominator). We review this result in Subsection 2.2, and we
sketch the proof.

Next, suppose that X is a HK variety with a Lagrangian fibration
π : X → Pn. Then f := π∗c1(OPn(1)) is in the closure of the ample cone. The
wall and chamber decomposition of Amp(X)R allows to give a quantitative
version of the principle “If a polarization h is close to f , then h slope-stability
of a sheaf F on X is related to slope stability of the restriction of F to a
generic Lagrangian fiber”. This result, a key ingredient in the proof of the
main results of the present paper, is presented in Subsection 2.3.

2.2. Walls and chambers decomposition for a modular sheaf.

Definition 2.1. Let a be a positive real number. An a-wall of Amp(X)R
is the intersection λ⊥ ∩ Amp(X)R, where λ ∈ H1,1

Z (X), −a ≤ qX(λ) < 0,
and orthogonality is with respect to the BBF quadratic form qX .

As is well-known, the set of a-walls is locally finite, in particular the
union of all the a-walls is closed in Amp(X)R.

Definition 2.2. An open a-chamber is a connected component of the
complement (in Amp(X)R) of the union of all the a-walls.

Remark 2.3. An open a-chamber is convex.

Definition 2.4. Let X be a HK manifold, and let F be a modular
torsion free sheaf on X. Then

a(F ) :=
r(F )2 · d(F )

4cX
,(2.2.1)
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where d(F ) is as in Definition 1.3.

Example 2.5. Let X be a K3 surface. Then every torsion free sheaf F
on X is modular, see Example 1.4. Since cX = 1 and d(F ) = Δ(F ), we
have

a(F ) :=
r(F )2 ·Δ(F )

4
.

Below is the main result that we discuss in the present subsection.

Proposition 2.6. Let X be a HK variety of dimension 2n, and let F
be a torsion free modular sheaf on X. Then the following hold:

(1) Suppose that h is an ample divisor class on X which belongs to an
open a(F )-chamber. If F is strictly h slope-semistable there exists
an exact sequence of torsion free non zero sheaves

0 −→ E −→ F −→ G −→ 0(2.2.2)

such that r(F )c1(E )− r(E )c1(F ) = 0.
(2) Suppose that h0, h1 are ample divisor classes on X belonging to the

same open a(F )-chamber. Then F is h0 slope-stable if and only if
it is h1 slope-stable.

Item (1) of Proposition 2.6 gives that if F is strictly slope-semistable
for a polarization belonging to an open a(F )-chamber, then it is not h
slope-stable for any polarization h, because the exact sequence in (2.2.2) is
slope-destabilizing. Item (2) of Proposition 2.6 is the result that we presented
in Subsection 2.1.

We proceed to sketch the proof of Proposition 2.6. First we introduce a
piece of notation. Let E ,F be sheaves on an irreducible smooth variety X.
We let

λE ,F := (r(F )c1(E )− r(E )c1(F )) ∈ H2(X;Z).(2.2.3)

The lemma below, which follows from Fujiki’s relation, shows that as far as
slope-(semi)stability on a HK variety is concerned, the BBF form plays the
rôle of the intersection form on a surface. We emphasize that in the following
lemma we do not assume that the sheaves are modular.

Lemma 2.7. Let (X,h) be a polarized HK variety, and let E ,F be non
zero torsion free sheaves on X. Then

(a) μh(E ) > μh(F ) if and only if qX(λE ,F , h) > 0.
(b) μh(E ) = μh(F ) if and only if qX(λE ,F , h) = 0.

Proof. Let 2n be the dimension of X. Fujiki’s relation (1.5.1) is equiv-
alent to the validity, for all α1, . . . , α2n ∈ H2(X), of the equality∫

X

α1 � . . . � α2n = cX ·
∑̃

qX(αi1 , αi2) · . . . · qX(αi2n−1 , αi2n),(2.2.4)
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where
∑̃

means that in the summation we avoid repeating addends which
are formally equal i.e. are equal modulo reordering of the factors qX(·, ·) and
switching the entries in the factors qX(·, ·).

We have μh(E ) > μh(F ) if and only if
∫
X λE ,F � h2n−1 > 0, and

by (2.2.4) this holds if and only if

cX · (2n− 1)!! · qX(λE ,F , h) · qX(h)n−1 > 0.

Item (a) follows, because cX > 0 and qX(h) > 0.
We have μh(E ) = μh(F ) if and only if

∫
X λE ,F � h2n−1 = 0, and hence

Item (b) follows again by Fujiki’s formula. �

The next proposition is again valid for arbitrary torsion-free sheaves on a
HK variety, and the proof, thanks to Lemma 2.7, is a replica of the analogous
statement valid for sheaves on an arbitrary (smooth projective) surface, see
for example the proof of Lemma 4.C.5 in [HL10].

Proposition 2.8. Let X be a HK variety, and let h0, h1 be ample divisor
classes on X. Suppose that F is a torsion free sheaf on X which is h0 slope-
stable and not h1 slope-stable. Then there exists h ∈ (Q+h0 + Q+h1) such
that F is strictly h slope-semistable, i.e. F is h slope-semistable but not h
slope-stable.

The result below, motivated by Proposition 2.8, is valid for modular
torsion free sheaves. In fact this is the only instance in which the modularity
hypothesis is needed for the proof of Proposition 2.6.

Proposition 2.9. Let (X,h) be a polarized HK variety of dimension
2n. Let F be a torsion free modular strictly h slope-semistable sheaf on X,
and let

0 −→ E −→ F −→ G −→ 0(2.2.5)

be an exact sequence of non zero torsion free sheaves which is h slope desta-
bilizing, i.e. μh(E ) = μh(F ). Then

−a(F ) ≤ qX(λE ,F ) ≤ 0.(2.2.6)

Moreover qX(λE ,F ) = 0 only if λE ,F = 0.

Proof. Since the exact sequence in (2.2.5) is destabilizing, qX(λE ,F , h)
= 0 by Lemma 2.7. Since the BBF form on NS(X) has signature (1, ρ(X)−1),
it follows that qX(λE ,F ) ≤ 0 with equality only if λE ,F = 0. (Recall that
qX(h) > 0, because h is ample.)

We are left with proving the second inequality in (2.2.6). Hence we as-
sume that qX(λE ,F ) < 0. By additivity of the Chern character and by (1.2.4),
we have

r(F ) · r(G )Δ(E ) + r(F ) · r(E )Δ(G ) = r(E ) · r(G )Δ(F ) + λ2
E ,F .(2.2.7)
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Cupping both sides of the equality in (2.2.7) by h2n−2, and integrating, we
get (here we use the hypothesis that F is modular)

(2.2.8)

∫
X
r(F ) · r(G )Δ(E ) � h2n−2 +

∫
X
r(F ) · r(E )Δ(G )) � h2n−2 =

= r(E ) ·r(G ) ·d(F ) · (2n−3)!!qX(h)n−1+cX ·qX(λE ,F ) · (2n−3)!!qX(h)n−1.

By hypothesis μh(E ) = μh(F ) = μh(G ). Since F is h slope-semistable it
follows that E and G are h slope-semistable torsion free sheaves. Thus∫

X
Δ(E ) � h2n−2 ≥ 0,

∫
X
Δ(G ) � h2n−2 ≥ 0

by Bogomolov’s inequality, and hence (2.2.8) gives

−r(E ) · r(G ) · d(F ) ≤ cX · qX(λE ,F ).(2.2.9)

Dividing by cX (which is strictly positive), we see that the second inequality
in (2.2.6) follows from (2.2.9) and the inequality r(E ) · r(G ) ≤ r(F )2/4. �

We are ready to prove Proposition 2.6. Item (1) follows from Propo-
sition 2.9. In order to prove Item (2) it suffices to show that if F is h0
slope-stable, then it is h1 slope-stable. Suppose that F is not h1 slope-
stable. By Proposition 2.8, there exists h ∈ (Q+h0 +Q+h1) such that F is
strictly h slope-semistable. Hence there exists an h destabilizing

0 −→ E −→ F −→ G −→ 0

exact sequence of non zero torsion free sheaves. Since h0, h1 belong to the
same open a(F ) chamber, also h belongs to the same open a(F )-chamber,
see Remark 2.3. Thus, by Proposition 2.9, we get that λE ,F = 0. It follows
that F is not h0 slope-stable, and that is a contradiction. �

2.3. Stability of modular sheaves on a Lagrangian HK. Let X
be a HK manifold with a surjection π : X → Y with connected fibers, where
Y is a Kähler manifold such that 0 < dimY < dimX. Then by Mat-
sushita [Mat99, Mat01, Mat00] and Hwang [Hwa08] the following hold:
Y is isomorphic to a projective space, a generic fiber of π is an abelian
variety, and all fibers of π are Lagrangian subspaces of X (in particular
2 dimY = dimX and the dimension of each fiber of π is half the dimension
of X).

For our purposes a Lagrangian fibration on a HK manifold of dimension
2n is a surjection π : X → Pn with connected fibers. A Lagrangian fibration
on aK3 surface is nothing else but an elliptic fibration. Lagrangian fibrations
on HK’s of higher dimension behave very much like elliptic fibrations on K3
surfaces.

Example 2.10. Let S be a K3 surface with an elliptic fibration ρ : S →
P1. The composition S[n] → S(n) → (P1)(n) ∼= Pn is a Lagrangian fibration

π : S[n] → Pn. A generic fiber of π is isomorphic to C1 × · · · × Cn, where
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C1, . . . , Cn are generic distinct fibers of ρ. The generic deformation of the
couple (S[n], π) is not obtained by deforming (S, ρ). In fact by [Mat17] the

deformation space of (S[n], π) is smooth and it has dimension one greater
than the deformation space of (S, ρ).

Remark 2.11. Let π : X → Pn be a Lagrangian fibration on a HK
manifold. For t ∈ Pn we let Xt := π−1(t) be the schematic fiber over t. If
Xt is smooth the image of the restriction map H2(X;Z) → H2(Xt;Z) has

rank one, and is generated by an ample class θt ∈ H1,1
Z (Xt), see [Wie16].

If F is a sheaf on Xt slope-(semi)stability of F will always mean θt slope-
(semi)stability.

If π : X → Pn is a Lagrangian fibration we let

f := c1(π
∗OPn(1)) ∈ H1,1

Z (X).(2.3.1)

Since f is nef, it belongs to the closure of Amp(X)R. As is well-known
qX(f) = 0.

In order to establish a relation between slope-(semi)stability of a sheaf on
a Lagrangian fibration and slope-(semi)stability of its restriction to a generic
Lagrangian fiber we need a definition which extends a notion which is very
useful when analyzing vector bundle on fibered surfaces, see for example
Definition 2.1 in [Fri89].

Definition 2.12. Let X be a HK variety equipped with a Lagrangian
fibration π : X → Pn. Let a be positive integer. An ample divisor class h on
X is a-suitable if the following holds. Let λ ∈ H1,1

Z (X) be a class such that
−a ≤ qX(λ) < 0: then either qX(λ, h) and qX(λ, f) have the same sign, or
they are both zero.

Notice that the notion of a-suitable depends on the chosen Lagrangian
fibration.

Remark 2.13. Let X be a HK variety with a Lagrangian fibration
π : X → Pn, and suppose that X has Picard number 2, i.e. h1,1Z (X) = 2.
Given a > 0 there exists a finite set of a-walls because the restriction of qX
to the rank-2 lattice H1,1

Z (X) represents 0. Hence there exists one and only
one open a-chamber C such that its closure contains f (recall that f is nef).
A polarization is a-suitable if and only if it belongs to C .

Below is the result relating slope-(semi)stability of a sheaf on a La-
grangian fibration and slope-(semi)stability of its restriction to a generic
Lagrangian fiber.

Proposition 2.14. Let π : X → Pn be a Lagrangian fibration of a HK
variety of dimension 2n. Let F be a torsion free modular sheaf on X such
that singF does not dominate Pn. Let h be an ample divisor class on X
which is a(F )-suitable. Then the following hold:

(i) If the restriction of F to a generic fiber of π is slope-stable, then
F is h slope-stable.
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(ii) If F is h slope-stable then the restriction of F to the generic fiber
of π is slope-semistable.

The observation that allows us to prove Proposition 2.14 is the following.

Lemma 2.15. Let X be a HK variety of dimension 2n equipped with
a Lagrangian fibration π : X → Pn, and let f := c1(π

∗OPn(1)). Let F be a
torsion free sheaf on X, and let E ⊂ F be a subsheaf with 0 < r(E ) < r(F ).
Then the following hold:

(a) If, for generic t ∈ Pn, the restriction Ft := F|Xt
is slope-stable,

then

qX(λE ,F , f) < 0.(2.3.2)

(b) If, for generic t ∈ Pn, the subsheaf Et := E|Xt
⊂ Ft is slope de-

semistabilizing, then

qX(λE ,F , f) > 0.(2.3.3)

Proof. Let ht := h|Xt
. We have∫

Xt

λEt,Ft � hn−1
t =

∫
X
λE ,F � hn−1 � fn=n!cX ·qX(h, f)n−1·qX(λE ,F , f).

In fact the first equality holds because fn is the Poincarè dual of any fiber
of the Lagrangian fibration, and the second equality holds by (2.2.4) and
qX(f) = 0. Items (a) and (b) follow because cX and qX(h, f) are strictly
positive. �

For the proof of Proposition 2.14 see [O’G19]. The proof is similar to
the proof of the analogous result valid for fibered surfaces, see for exam-
ple [Fri89, O’G97, Yos99b].

3. The Mukai lattice and sheaves on K3 surfaces

3.1. The Mukai lattice. Let S be a K3 surface. The Mukai lattice of
S is the full integral cohomology group H(S;Z) equipped with the Mukai
pairing

〈(r, �, s) , (r′, �′, s′)〉 :=
∫
S
(� ∪ �′ − rs′ − r′s),

where r, r′ ∈ H0(S;Z), �, �′ ∈ H2(S;Z) and s, s′ ∈ H4(S;Z). Notice that
the Mukai pairing is an even bilinear symmetric form. Moreover it has the
following key property: if F ,E are sheaves on S then

〈v(F ), v(E )〉 = −χ(F ,E ) := −
2∑

i=0

(−1)i dimExti(F ,E ).(3.1.1)

One gives a weight 2 integral Hodge structure (HS) on H(S;C) as follows:
it is the direct sum of the standard HS on H2(S), and the pure HS of type
(1, 1) on each of H0(S) and H4(S).
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3.2. Dimension and smoothness of moduli spaces of sheaves on
K3’s. Let S be a K3 surface and F be a sheaf on S. The Mukai vector of
F is

v(F ) := ch(F ) Td(S)1/2 = (r(F ), c1(F ), ch2(F ) + r(F )).(3.2.1)

Our notation for moduli spaces of sheaves on S is the following. Let

v = (r, �, s) ∈ H(S;Z), r > 0, � ∈ NS(S).(3.2.2)

We let Mv(S, h) be the moduli space of GM semistable torsion-free sheaves
on S with Mukai vector v. If F is a GM semistable torsion-free sheaf on
S with v(F ) = v we let [F ] ∈ Mv(S, h) be the point representing the
S-equivalence class of F .

Suppose that [F ] ∈ Mv(S, h) represents a stable sheaf. Then the germ
of Mξ(S, h) at [F ] is identified with the deformation space of F . Since F
is simple we have dimExt0(F ,F ) = 1, and by Serre duality it follows that
dimExt2(F ,F ) = 1. By Artamkin-Mukai [Art88, Muk84] it follows that
Mv(S, h) is smooth at [F ] with tangent space isomorphic to Ext1(F ,F ).
The dimension of the latter space is equal (see (3.1.1)) to

dimExt1(F ,F ) = 2 + 〈v(F ), v(F )〉 = Δ(F )− 2(r2 − 1).(3.2.3)

Summarizing we have the following result.

Theorem 3.1 (Artamkin-Mukai [Art88, Muk84]). Let F be a GM
stable torsion-free sheaf on S with v(F ) = v. Then Mv(S, h) is smooth of
dimension v2 + 2 at [F ]. In particular v2 ≥ −2, i.e. Δ(F ) ≥ 2(r2 − 1).

4. Moduli of stable sheaves on elliptic K3 surfaces

4.1. The main result. In the present section we go through the proof
of Theorem 1.1 for S an elliptic K3, under a suitable hypothesis on r and
ξ1 – this is Theorem 4.3 below.

Assumption 4.1. S is a projective K3 surface with an elliptic fibration

π : S → P1,(4.1.1)

and the Picard number of S is 2.

We emphasize that in general π does not have a section, i.e. the curve
over C(P1) obtained by base change has genus 1 but is not, strictly speaking,
an elliptic curve. An elliptic fiber is a fiber of π. We let f := π∗c1(OP1(1)).

Remark 4.2. If Assumption 4.1 holds the discriminant of the intersec-
tion form restricted on NS(S) is the negative of a square number. Conversely,
given 0 �= m ∈ Z there exist such surfaces with discriminant equal to (−m2).

Let v be a Mukai vector as in (3.2.2). We let

n(v) :=
v2

2
+ 1, a(v) :=

r2(v2 + 2r2)

4
.(4.1.2)
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Recall that the Mukai pairing is even, and hence n(v) is an integer. If F
is an h stable sheaf on S with v(F ) = v, then by Theorem 3.1 Mv(S, h)
has dimension 2n(v) at [F ]. If F is a sheaf such that v(F ) = v then
a(F ) = a(v), see Example 2.5 and the second equation in (3.2.3).

Theorem 4.3 (O’Grady [O’G97],Yoshioka [Yos99b]). Let S be an el-
liptic K3 surface as above. Let v ∈ H(S;Z) be as in (3.2.2). Suppose that
v2 ≥ −2 and that r is coprime to qS(f, �). If h is an a(v)-suitable polar-
ization of S then Mv(S, h) is non empty, irreducible, smooth of dimension

v2 + 2, and birational to S[n(v)]. If n(v) > 0 then Mv(S, h) is a HK variety

of Type K3[n(v)].

Remark 4.4. In [O’G97] the result is proved under the hypothesis that
qS(f, �) = 1. This is sufficient to obtain Theorem 5.1, see Remark 5.2.

4.2. GM semistability is the same as slope stability, and re-
striction to a generic elliptic fiber is stable. Since the Picard number
of S is 2 and h is a(v)-suitable, it belongs to an open a(v)-chamber – see
Remark 2.13. It follows that every sheaf parametrized by Mv(S, h) is h
slope-stable. In fact assume that [F ] ∈ Mv(S, h) and F is not h slope-
stable. Then F is strictly h slope-semistable because it is h GM semistable.
By Proposition 2.6 it follows that there exists a subsheaf E ⊂ F such that
0 < r(E ) < r and rc1(E ) = r(E )�. Intersecting with f we get that

r · qS(f, c1(E )) = r(E ) · qS(f, �),
and this contradicts the hypothesis that r is coprime to qS(f, �).

Let F be a torsion free sheaf with v(F ) = v. By Proposition 2.14 F is
h slope-stable if and only if it restricts to a stable vector bundle on a generic
elliptic fiber Ct, because since r is coprime to qS(f, �) there is no strictly
semistable vector bundle on Ct of rank r and degree qS(f, �).

4.3. Twisting the Mukai vector. By Subsection 4.2 every sheaf
parametrized by Mv(S, h) is h slope-stable, and hence it remains h slope-
stable after tensorization with any line bundle on S. It follows that we have
an isomorphism of moduli schemes

Mv(S, h)
∼−→ Mwm(S, h)

[F ] �→ [F ⊗ OS(mF )]
(4.3.1)

where F is an elliptic fiber and wm := v � emf .

Lemma 4.5. Let w = (r, � + xf, t), where x, t are integers. If w2 = v2

then there exists m ∈ Z such that w = v ∪ emf .

Proof. Let us show that r divides x. Since

�2 + 2x� � f − 2rt = w2 = v2 = �2 − 2rs,

we get that r divides x� � f , and hence r | x because r is coprime to
qS(f, �). Let m := x

r . Then

v ∪ emf = r + (�+ xf) + sη +m� � f.
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Multiplication by eα is an isometry of the Mukai lattice for any α ∈ H2(S;Z),
hence v ∪ emf has square equal to v2, which is equal to w2 by hypothesis.
Since the degree 0 and degree 2 components of v ∪ emf are equal to the
corresponding components of w, it follows that w = v ∪ emf . �

4.4. Existence of a stable vector bundle. We prove the following
result.

Proposition 4.6. There exists a vector bundle E on S such that c1(E ) =
�+ xf for some x ∈ Z and the restriction of E to a generic fiber is stable.

First we recall results on vector bundles on curves of genus 1. Let C be
a geometrically irreducible smooth curve of genus 1 over a field K. We do
not assume that K is algebraically closed.

Theorem 4.7 (Atiyah [Ati57]). Let r be a positive integer and L be a
line bundle on C . There exists a stable rank r vector bundle F on C such
that detF ∼= L if and only if r is coprime to degL . If that is the case,
then such a vector bundle is unique up to isomorphism.

Now let K := C(P1) and let C → K be the generic fiber of our elliptic

K3 surface. Then � ∈ H1,1
Z (S) corresponds to a unique divisor class on S, and

hence it determines a line bundle L on C . By the hypotheses of Theorem 4.3,
r is coprime to degL . Let F be the (unique up to isomorphism) stable
rank r vector bundle on C with determinant isomorphic to L . There exists
a (non unique) coherent sheaf E on S which gives F after base change.
The restriction of E to a generic elliptic fiber is locally free and slope-stable.
It follows that E is locally free away from a finite union of elliptic fibers.
Replacing E by its double dual the restriction to a generic fiber does not
change, and in addition E is now locally free. Since c1(E ) = �+xf for some
x ∈ Z, we have proved Proposition 4.6.

4.5. Elementary modifications along elliptic fibers. Let E be a
vector bundle on S satisfying the thesis of Proposition 4.6. Let C be an
elliptic fiber. Suppose that

0 −→ A −→ E|C −→ B −→ 0,(4.5.1)

is an exact sequence where B is torsion-free (recall ρ(S) = 2 and hence C is
irreducible). Let E1 be the associated elementary modification of E , i.e. the
sheaf on S fitting into the exact sequence

0 −→ E1 −→ E −→ i∗B −→ 0,(4.5.2)

where i : C ↪→ S is the inclusion map and E −→ i∗B is obtained by restrict-
ing to C and composing with the map in (4.5.1). Since B is torsion-free, the
sheaf i∗B has depth 1, and hence it has projective dimension 1. It follows
that E1 is locally-free. Restricting (4.5.2) to C one gets an exact sequence

0 −→ B −→ E1|C −→ A −→ 0.(4.5.3)
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One reconstructs E from the above exact sequence because we have

0 −→ E ⊗ OS(−C) −→ E1 −→ i∗A −→ 0.(4.5.4)

Notice that the restrictions of E1 and E to an elliptic fiber different from
C are isomorphic, and hence E1 is h slope-stable by Subsection 4.2. Thus
[E1] ∈ Mv1(S, h) where w1 := v(E1). Let w := v(E ). We have

w1 = v(E1) = v(E )− v(i∗B) = w − (0, r(B)f, degB).(4.5.5)

Hence

w2
1 = w2 − 2r · r(B) ·

(
μ(F|C)− μ(B)

)
.(4.5.6)

Proposition 4.8. Let E be a vector bundle on S satisfying the thesis
of Proposition 4.6. There exists a vector bundle F on S, isomorphic to E
away from a finite union of fibers, such that the restriction of F to every
elliptic fiber is stable.

Proof. Suppose that there exists an elliptic fiber C such that E|C is
not slope-stable. Then E|C is slope-unstable because r is coprime to qS(f, �).
Let (4.5.1) be a desemistabilizing quotient with B torsion-free, and let E1 be
the elementary modification of E defined by (4.5.2). Then v(E1)

2 < v(E )2

by (4.5.6). If E1 restricts to a non stable vector bundle on an elliptic fiber
we iterate this process. We get vector bundles E = E0, E1, . . . ,Em, and we
must stop after a finite number of steps because each Ei is h slope-stable
by Subsection 4.2, and v(E0)

2 > v(E1)
2 > · · · ≥ −2. The last vector bundle

F = Em restricts to a stable vector bundle on every elliptic fiber. �
4.6. Zero dimensional moduli spaces.

Proposition 4.9. There exists a vector bundle F on S such that

v(F ) = (r, �+ xf, t)

for some x, t ∈ Z, with the property that the restriction of F to every elliptic
fiber is stable. Moreover, letting w := v(F ), we have Mw(S, h) = {[F ]} and
w2 = −2.

Proof. Existence of F has been proved in Proposition 4.8. It remains
to prove that Mw(S, h) = {[F ]} and w2 = −2. We claim that it suffices
to prove that if [G ] ∈ Mw(S, h) with G locally-free, then G ∼= F . In fact
this statement implies that w2 = −2 by Theorem 3.1, and then it follows
also that every sheaf parametrized by Mw(S, h) is locally-free (if [H ] ∈
Mw(S, h) is not locally-free, then H is h slope-stable by Subsection 4.2,
hence so is the double dual H ∗∗, but v(H ∗∗)2 < v(H )2 = −2, contradicting
Theorem 3.1). Now suppose that [G ] ∈ Mw(S, h) with G locally-free. By
Subsection 4.2 the restriction of G to a generic elliptic fiber is stable. Assume
first that the restriction of G to all elliptic fibers is stable. By Atiyah’s
Theorem 4.7 the restrictions of F and G to each elliptic fiber are isomorphic
stable vector bundles. It follows that there exists a line-bundle L0 on P1

such that G ∼= F ⊗ π∗L0. Since v(G ) = v(F ) it follows that L0 is trivial,
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i.e. G ∼= F . It remains to show the that the restriction of G to all fibers is
stable. Suppose the contrary. By applying the procedure described above we
arrive at a vector bundle Gm such that v(Gm)2 < v(G )2 and the restriction
of Gm to all fibers is stable. Arguing as above we get that there exists a
line-bundle L0 on P1 such that Gm

∼= F ⊗ π∗L0. Hence

v(Gm)2 = v(F ⊗ π∗L0)
2 = v(F )2 = v(G )2.(4.6.1)

This is a contradiction. �

At this point we have proved the statement of Theorem 4.3 in the case
n(v) = 0. In fact it follows from Subsection 4.3 and Proposition 4.9.

4.7. Moduli spaces of positive dimension. We recall that
dimMv(S, h) = 2n(v). We assume that n(v) > 0. In order to simplify

notation we let n = n(v). The key step is to define a rational map from T [n]

to Mv(S, h), where T is a K3 surface. Since the result is trivially true for
r = 1, we may assume that r ≥ 2. Since qS(f, �) and r are coprime (and
r ≥ 2) there exist (unique) integers r0, d0 such that

qS(f, �) · r0 − r · d0 = 1, 0 < r0 < r.(4.7.1)

Let

w := (r, �+ n(r − r0)f, s+ n(qS(f, �)− d0)).(4.7.2)

Then w2 = −2, and hence by Subsection 4.6 there exists an h slope-stable
vector bundle F on S (unique up to isomorphism) with v(F ) = w. Moreover
the restriction of F to every elliptic fiber is stable by Proposition 4.9. Let

T := Pic
d0(S/P1) be the relative moduli scheme parametrizing degree d0

rank 1 torsion-free sheaves on fibers of π : S → P1. Then T is a K3 surface
(it is smooth by deformation theory, and by deforming the elliptic fibration
π : S → P1 to an elliptic K3 fibration π0 : S0 → P1 with a section, we see
that it deforms to S0).

We define a rational map

T [n] ��� Mv(S, h)(4.7.3)

as follows. A generic point of T [n] corresponds to an unordered n-tuple

(C1, L1), . . . , (Cn, Ln),(4.7.4)

where C1, . . . , Cn are distinct elliptic fibers, and Li is a line-bundle (unique
up to isomorphism) of degree d0 on Ci. For k ∈ {1, . . . , n} let Bk be a stable
rank r0 vector bundle of degree d0 on Ck – such a vector bundle exists and
is unique up to isomorphism by (4.7.1) and Atiyah’s Theorem. Since F|Ck

and Bk are stable, Equation (4.7.1) gives that H0(Ck, (F|Ck
)∨ ⊗ Bk) = 0

and hence

h0(Ck,B
∨
k ⊗ (F|Ck

)) = χ(Ck,B
∨
k ⊗ (F|Ck

)) = 1.
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By stability of F|Ck
, a non zero map Bk → F|Ck

is an injection of vector
bundles. It follows that we have an exact sequence of vector bundles

0 −→ Bk −→ F|Ck
−→ Ak −→ 0,(4.7.5)

unique up to isomorphism. Let E be the elementary modification of F de-
fined by the exact sequence

0 −→ E −→ F −→
n⊕

k=1

ik,∗(Ak) −→ 0,(4.7.6)

where ik : Ck → S is the inclusion map. Then E is a vector bundle. Since the
restrictions of E and F to an elliptic fiber different from one of C1, . . . , Cn

are isomorphic, E is h slope-stable. We have

v(E ) = v(F )−
n∑

k=1

v(ik,∗(Ak)) = v(F )−
n∑

k=1

(0, (r − r0)f, qS(f, �)− d0)

= (r, �, s).

Hence [E ] ∈ Mv(S, h). We define the rational map in (4.7.3) by sending to

the point in T [n] corresponding to the unordered n-tuple in (4.7.4) to [E ].
We claim that the map has degree 1 onto its image. In fact suppose that E
fits into the exact sequence in (4.7.6). Let k ∈ {1, . . . , n}. Restricting (4.7.6)
to Ck we get an exact sequence

0 −→ Ak −→ E|Ck
−→ Bk −→ 0.(4.7.7)

By (4.7.1) we have μ(F|Ck
) > μ(Bk), and hence (4.7.7) is a desemistabi-

lizing sequence of F|Ck
. In fact (4.7.7) is the Harder-Narasimhan filtration

of F|Ck
, because Bk is stable by choice and Ak is stable by the exact se-

quence in (4.7.5), stability of F|Ck
, and Equation (4.7.1). The conclusion

is that C1, . . . , Cn are the elliptic fibers with the property that the restric-
tion of E is not stable, and for each k ∈ {1, . . . , n} the vector bundle Bk is
determined as the (unique) destabilizing locally-free quotient of E|Ck

(and
hence its determinant is uniquely determined). Hence a generic point of the

image of T [n] comes form a unique point in T [n]. Since T [n] is irreducible of
dimension 2n, the closure of the image of the map in (4.7.3) is an irreducible
component of Mv(S, h), and hence also a connected component Mv(S, h)0
because Mv(S, h) is smooth. Since Mv(S, h) carries the Mukai-Tyurini holo-
morphic symplectic form, it follows that Mv(S, h)0 is a HK variety birational

to T [n], and hence also a deformation of T [n] by Huybrechts’ fundamental
result [Huy03].

In order to finish the proof of Theorem 4.3 we must show that
Mv(S, h)0 = Mv(S, h). By the discussion above it suffices to prove that
if [E ] ∈ Mv(S, h) is generic then the following hold:

(1) E is locally-free,
(2) the number of elliptic fibers with the property that the restriction

of E is not stable is n,
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(3) and, letting C1, . . . , Cn be the elliptic fibers of Item (2), the Harder
Narasimhan filtration of E|Ck

(for k ∈ {1, . . . , n}) is as in (4.7.7),
where r0 := r(Bk) and d0 := deg(Bk) satisfy Equation (4.7.1).

The statements above follow from dimension counts. In order to prove that
Item (1) holds (of course this is where the hypothesis r ≥ 2 is necessary), as-
sume the contrary. Then there exists an open non empty subset of Mv(S, h)
parametrizing sheaves E such that E ∨∨/E has a fixed length d > 0. Count-
ing parameters and invoking the main result of [EL99], which gives d(r+1)
as the dimension of the parameter space for quotients of E ∨∨ of length d,
we get that

2n = dimMv(S, h) = v(E ∨∨)2 + 2 + d(r + 1) =

= 〈(r, �, s+ d), (r, �, s+ d)〉+ 2 + d(r + 1) = 2n− (r − 1)d.

This is a contradiction because r ≥ 2 (and d > 0). In order to prove that
Items (2) and (3) hold, one proceeds by induction on n. The case n = 0
holds by Subsection 4.6. Let n > 0 and let [E ] be generic in an irreducible
component of Mv(S, h). It suffices to show that if C is an elliptic fiber such
that E|C is not stable, then its Harder-Narasimhan filtration is as in Item (3)
because then also Item (2) will follow. We assume that this is not the case,
and we get a contradiction by counting parameters – see Step 4.

5. Moduli of sheaves on K3 surfaces

5.1. The result. Building on Theorem 4.3 we prove Theorem 1.1 under
the hypothesis that r+� is indivisible. We spell out the result in the language
of Mukai vectors.

Theorem 5.1 (O’Grady [O’G97]). Let S be a projective K3 surface. Let
v = (r, �, s) ∈ H(S;Z). Suppose that v2 ≥ −2 and that r+� is primitive. If h
is an a(v)-generic polarization of S then Mv(S, h) is non empty, irreducible,
smooth of dimension v2 + 2. If n(v) > 0 (see (4.1.2)) then Mv(S, h) is a

HK variety of Type K3[n(v)].

Remark 5.2. In [O’G97] the hypothesis is “� primitive”. A simple argu-
ment (similar to what is done in Subsection 5.2) shows that the special case
treated in [O’G97] implies the validity of the result under the hypothesis
that r + � is primitive.

If r = 1 then Theorem 5.1 is trivially true because Mv(S, h) is isomor-

phic to S[n(v)]. For this reason we assume throughout the present section
that r ≥ 2.

5.2. We may assume that � is a multiple of h. We prove that it
suffices to prove Theorem 5.1 under the hypothesis that

v = (r, xh, s), gcd{r, x} = 1.(5.2.1)

First we prove a key consequence of Proposition 2.6 (see also Subsection 4.2).
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Lemma 5.3. Let S be a projective K3 surface. Let v = (r, �, s) ∈ H(S;Z),
and suppose that r+ � is primitive. If h is an a(v)-generic polarization of S
then every sheaf parametrized by Mv(S, h) is slope stable.

Proof. Suppose that [F ] ∈ Mv(S, h) and F is not h slope-stable.
Then F is strictly h slope-semistable because it is h GM semistable. By
Proposition 2.6 it follows that there exists a subsheaf E ⊂ F such that
0 < r(E ) < r and

rc1(E ) = r(E )�.

This contradicts the hypothesis that r + � is primitive (i.e. r is coprime to
the divisibility of �). �

Next, given N ∈ N let

v(N) := v � expNh = (r, �+ rNh, ∗).
Tensorization by OS(NH) defines an isomorphism

Mv(S, h)
∼−→ Mv(N)(S, h).

Moreover if N is very large then � + rNh is ample and it belongs to the
same open a(v)-chamber as h does (notice that a(v) = a(v(N))). Arguing
as in Subsection 4.2 one shows that every sheaf in Mv(N)(S, h) is h slope
stable. By Proposition 2.6 it follows that Mv(N)(S, h) ∼= Mv(N)(S, �+ rNh)
or, more precisely, the two moduli spaces parametrize the same isomorphism
classes of sheaves. Let � + rN = xh where x > 0 and h is primitive (and
ample of course). Since r + � is primitive we have gcd{r, x} = 1. Renaming
h by h we get that it suffices to prove Theorem 5.1 for v as in (5.2.1).

5.3. Elliptic Noether-Lefschetz loci. We will be use the following
result (the proof is elementary, see Lemma 4.3 in [O’G19]).

Lemma 5.4. Let (Λ, q) be a non degenerate rank 2 lattice which repre-
sents 0, and hence disc(Λ) = −d2 where d is a strictly positive integer. Let
α ∈ Λ be primitive isotropic, and complete it to a basis {α, β} such that
q(β) ≥ 0. If γ ∈ Λ has negative square (i.e. q(γ) < 0) then

q(γ) ≤ − 2d

1 + q(β)
.(5.3.1)

Let Ke be the moduli space of polarized K3 surfaces of degree e.

Definition 5.5. For d > 0 let Ne(d) ⊂ Ke be the set of [(S, h)] such
that NS(S) contains a class f with the property that 〈h, f〉 is saturated in
NS(S) and

qS(h, f) = d, qS(f, f) = 0.(5.3.2)

The subset Ne(d) is a Noether-Lefschetz locus and hence it is closed of
pure codimension 1.
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Proposition 5.6. Suppose that

d > (e+ 1), e � d.(5.3.3)

If [(S, h)] ∈ Ne(d) is generic there is one and only one elliptic fibration

π : S → P1(5.3.4)

such that, letting f := π∗
t (c1(OP1(1))), the lattice 〈h, f〉 is saturated in NS(S)

and (5.3.2) holds.

Proof. Let S be a K3 surface such that

NS(S) = 〈h, f〉, qS(h, f) = d, qS(f, f) = 0.(5.3.5)

There are no ξ ∈ NS(S) such that qS(ξ) = −2 by the inequality in (5.3.3) and
Lemma 5.4 – hence there are no smooth rational curves on S. It follows that
the ample cone of S is equal to the intersection of NS(S) and the positive
cone. Hence, changing sign to h and f if necessary, we may assume that h
is ample.

A straightforward computation shows that there are exactly two prim-
itive nef isotropic classes, namely f and α := 1

gcd{d,e}(2dh − ef). By our

“non divisibility” hypothesis in (5.3.3), we get that qS(α, h) = de
gcd{d,e} is

not equal to d. Hence f is the unique primitive nef isotropic class such that
qS(h, f) = d. Let F be a divisor represented by f . The invertible sheaf OS(F )
is globally generated because there are no smooth rational curve on S, and
since qS(f, f) = 0, the map S −→ |F |∨ is an elliptic fibration.

A polarizedK3 surface (S, h) as above is represented by a point of Ne(d),
and the set of points of Ne(d) representing such surfaces is dense in Ne(d).
The proposition follows. �

The result below allows us to prove Theorem 5.1 by appealing to Theo-
rem 4.3.

Proposition 5.7. Suppose that

d >
(e+ 1)

8
r2(v2 + 2r2), e � d.(5.3.6)

Let [(S, h)] ∈ Ne(d) be very generic, and hence we may assume that the
thesis of Proposition 5.6 holds (recall that r ≥ 2 and v2 ≥ −2) and NS(S) =
〈h, f〉. Then h is a(v)-generic with respect to the elliptic fibration in (5.3.4)
(recall that v = (r, xh, s)).

Proof. Using Lemma 5.4 one checks that there is single a(v)-chamber.
�

5.4. Proof of Theorem 5.1. By Subsection 5.2 it suffices to prove
Theorem 5.1 for v given by (5.2.1). Let e := qS(h, h), and let X → Te

be a complete family of polarized K3 surfaces of degree e. Since Ke is
irreducible, we may assume that Te is irreducible. If t ∈ Te we let (S(t), h(t))
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be the polarized K3 surface corresponding to t, and v(t) := (r, xh(t), s). By
Maruyama there exists a relative moduli space over Te, i.e. a map of schemes

ρ : M −→ Te

such that for t ∈ Te the fiber ρ−1(t) is isomorphic to Mv(t)(S(t), h(t)).
Moreover the map ρ is projective, in particular it is proper.

Let T 0
e ⊂ Te be the subset of points t such that h(t) is a(v(t))-generic.

Then T 0
e is open dense, and by hypothesis there exists t0 ∈ T 0

e such that
(S(t0), h(t0)) ∼= (S, h). Let M 0 := ρ−1(T 0

e ). The restriction of ρ defines a
projective map M 0 → T 0

e .

Claim 5.8. The map M 0 → T 0
e is smooth.

Proof. A point of M 0 represents an h(t) semistable sheaf F on S(t),
where t ∈ T 0

e . The polarization is a(v(t))-generic by definition of T 0
e , and

hence F is slope stable. By Serre duality

Ext2(F ,F )0 ∼= (Hom(F ,F )0)∨,

where 0 means “traceless”. Since F is (slope) stable it has no nonzero
traceless endomorphisms. By [IM19] it follows that the map M 0 → T 0

e

is smooth. �

Let d be as in Proposition 5.7. Let t ∈ Te be such that [(S(t), h(t)] is
very generic point of Ne(d). By Proposition 5.7 every sheaf parametrized
by Mv(t)(S(t), h(t)) is slope stable (see Subsection 4.2) and hence t ∈ T 0

e .
By Theorem 4.3 the moduli space Mv(t)(S(t), h(t)) satisfies the thesis of
Theorem 5.1, and hence so does Mv(S, h) by Claim 5.8. �

6. Proof of Theorem 1.8

6.1. Outline. The first subsection recalls the definition and some prop-
erties of semi homogeneous vector bundle on an abelian variety. Simple semi
homogeneous vector bundles on abelian varieties of dimension greater than 2
are similar to simple (i.e. stable) vector bundles on elliptic curves in the fol-
lowing sense: they have no non trivial deformations which keep the determi-
nant fixed. Notice that there exist simple vector bundles on abelian varieties
of dimension greater than 2 which have deformation spaces of arbitrarily
large dimension (even if we fix the isomorphism class of the determinant).

In the second subsection we establish the connection between semi ho-
mogeneous vector bundles and modular sheaves on Lagrangian HK’s. The
main point is that if a modular sheaf restricts to a stable vector bundle on a
generic Lagrangian fiber then the restriction is a semi homogeneous vector
bundle. In particular under this hypothesis one gets strong constraints for
the rank of a modular sheaf.

Subsection 6.4 introduces Lagrangian Noether Lefschetz divisors in mod-
uli spaces of polarized HK’s of Type K3[2].

Subsection 6.5 gives a (weak) analogue of the results in Subsection 4.2.
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Our next task is to produce stable modular vector bundles with the pre-
scribed rank, c1 and c2. Subsection 6.6 explains why one encounters problems
in trying to extend the construction of Subsection 4.4. In Subsection 6.7 we
give a construction of modular vector bundles with the correct rank, c1 and
c2 on a Hilbert square of a K3 surface S. In Subsection 6.8 we specialize S
to be elliptic so that the Hilbert square is Lagrangian.

In Subsection 6.9 we show that there are irreducible components of
Lagrangian Noether-Lefschetz whose generic point parametrizes polarized
HK’s (X,h) carrying a slope stable vector bundle (with the correct rank, c1
and c2) whose restriction to Lagrangian fibers is slope stable with the possi-
ble exception of a finite set of fibers – this reproduces the behaviour of vector
bundle on elliptic K3 surfaces which have no infinitesimal deformations.

The last subsection wraps it all up.

6.2. Semi homogeneous vector bundles on abelian varieties.
Let A be an abelian variety, and let Ta : A → A be the translation by
a ∈ A.

Definition 6.1. A vector bundle F on A is semi homogeneous if, for
every a ∈ A, there exists an invertible sheaf ξ on A such that T ∗

aF ∼= F ⊗ξ.

Remark 6.2. If F is a semi homogeneous vector bundle on an abelian
variety then Δ(F ) = 0. In fact End(F ) is a homogeneous vector bundle
(Theorem 5.8 in [Muk78]) and hence is topologically trivial (Theorem 4.17
in [Muk78]). Thus Δ(F ) = c2(EndF ) = 0.

The following result follows from Theorem 5.8 in [Muk78] and the
Kobayashi-Hitchin correspondence proved by Uhlenbeck-Yau [UY86], see
[O’G19].

Proposition 6.3. Let (A, θ) be a polarized abelian variety of dimension
n, and let F be a θ slope-stable vector bundle on A. If∫

A
Δ(F ) � θn−2 = 0(6.2.1)

(the condition is to be understood to be empty if n = 1) then F is simple
semi homogeneous.

As shown by Mukai there are strong restrictions on the rank and c1 of a
simple semi homogeneous vector bundle. Below is an extension of results of
Mukai (see Theorem 7.11 and Remark 7.13 in [Muk78]) proved in [O’G19].

Proposition 6.4 (Mukai [Muk78]). Let (A, θ) be a polarized abelian va-
riety of dimension n. Suppose that the elementary divisors of θ are
(1, . . . , 1, d1, d2) where d1 divides d2. Let F be a simple semi homogeneous
vector bundle on A such that c1(F ) = aθ. Then there exists a positive integer
r0 such that, letting gi := gcd{r0, di} we have

gcd{r(F ), a} =
rn−1
0

g1 · g2
, r(F ) =

rn0
g1 · g2

.(6.2.2)
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Proposition 6.5 (Mukai, Proposition 7.1 in [Muk78]). Let F be a
simple semi homogeneous vector bundle on an abelian variety. Then the set
of line bundle ξ such that F ∼= F ⊗ ξ has cardinality r(F )2.

The above result points out a difference between simple semi homoge-
neous vector bundle on elliptic curves (i.e. stable vector bundles) and on
higher dimensional abelian varieties. If A is an elliptic curve then a stable
vector bundle is isomorphic to any other stable vector bundle with the same
rank and determinant. On the other hand let (A, θ) be a polarized abelian
variety such that dimA ≥ 2, and consider a moduli space M of slope stable
vector bundles on A with fixed rank r, determinant and c2, under the hy-
pothesis that 2rc2−(r−1)c21 = 0, i.e. the bundles are semi homogeneous (see
Proposition 6.3). Then M , if not empty, is zero dimensional (see Proposition
5.9 in [Muk78]) but is not a singleton. In fact suppose that [F ] ∈ M . If ξ
is an r-torsion line bundle then F ⊗ ξ has the same rank, determinant and
c2 as F , but for most ξ it is not isomorphic to F by Proposition 6.5.

Because of this fact the analogue of Proposition 4.9 for X of Type K3[2]

requires an additional argument.

6.3. Modular sheaves on Lagrangian fibrations and semi homo-
geneous vector bundles. Let π : X → Pn be a Lagrangian fibration on a
HK X. We keep the notation introduced in Subsection 2.3. In particular if
Xt is a smooth fiber then θt ∈ H1,1

Z (Xt) is the ample class of Remark 2.11,
and f := c1(π

∗OPn(1)). As is well-known qX(f, f) = 0.

Lemma 6.6. Let π : X → Pn be a Lagrangian fibration of a HK manifold
of dimension 2n. Suppose that F is a modular torsion free sheaf on X. Let
t ∈ Pn be a general point, and let Ft := F|Xt

be the restriction of F to Xt.
Then ∫

Xt

Δ(Ft) � θn−2
t = 0.(6.3.1)

Proof. There exists ρ > 0 such that ω|Xt
= ρ · θt. Since t ∈ Pn is a

generic point, we have Δ(Ft) = Δ(F )|Xt
. Moreover fn is the Poincaré dual

of Xt. Hence

ρn−2

∫
Xt

Δ(Ft) � θn−2
t =

∫
X
Δ(F ) � ωn−2 � fn.(6.3.2)

The integral on the right vanishes by Remark 1.7 and the equality qX(f) =
0. �

The result below, which follows at once from Lemma 6.6 and Proposi-
tion 6.3, gives the connection between modular sheaves on Lagrangian HK
varieties and semi homogeneous vector bundles.

Proposition 6.7. Let π : X → Pn be a Lagrangian fibration of a HK
manifold of dimension 2n. Let F be a modular torsion free sheaf on X.
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Suppose that t ∈ Pn is a regular value of π, that F is locally-free in a neigh-
borhood of Xt, and that Ft is slope-stable. Then Ft is a semi homogeneous
vector bundle.

The following result gives a strong restriction on the rank of a modular
sheaf on Lagrangian HK varieties of Type K3[n] or Kumn for n ≥ 2, or of
Type OG6 under the hypothesis that the restriction to a generic fiber is a
slope stable vector bundle.

Corollary 6.8. Let X be a HK of Type K3[n], Kumn or OG6. Let
F be a modular torsion free sheaf on X. Suppose that t ∈ Pn is a regular
value of π, that F is locally-free in a neighborhood of Xt, and that Ft is
slope-stable. Then there exist positive integers r0, d, with d dividing cX , such

that r(F ) =
rn0
d .

Proof. If X is of Type K3[n] then cX = 1 and θt is a principal polar-
ization, see [Wie16]. If X is of Type Kumn or OG6 then cX = n + 1 and
θt is a polarization with elementary divisors (1, . . . , 1, d1, d2) where d1 · d2
divides n+1 see [Wie18] for Kumn and [MR21] for OG6. Hence the result
follows from Proposition 6.7 and Proposition 6.4. �

We end the subsection with a result which is related to Corollary 6.8
although there is no lagrangian fibration in the hypothesis. For the proof
see Proposition 2.3 in [O’G19].

Proposition 6.9. Let X be a HK fourfold of Type K3[2] or Kum2. Let
F be a modular torsion-free sheaf on X. Let m be a generator of the ideal

{qX(c1(F ), α) | α ∈ H2(X;Z)}.

Then r(F ) divides m2 if X is of Type K3[2], and it divides 3m2 if X is of
Type Kum2.

6.4. Lagrangian Noether-Lefschetz divisors in K i
e . Recall that

K i
e is the moduli space of polarized HK’s of Type K3[2] with polarization

of BBF square e and divisibility given by i (which is either 1 or 2) – see
Subsection 1.4.

Definition 6.10. For d a strictly positive integer let N i
e (d) ⊂ K i

e be the

closure of the set of points [(X,h)] such that H1,1
Z (X) contains a saturated

rank 2 sublattice generated by h, f , where

qX(h, f) = d, qX(f, f) = 0.(6.4.1)

Notice that N i
e (d) ⊂ K i

e is a Noether-Lefschetz divisor analogous to
Ne(d) ⊂ Te, see Definition 5.5.

The next result is the analogue of Proposition 5.6, for the proof see
Proposition B.2 in [O’G19].
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Proposition 6.11. Keeping notation as above, suppose in addition that
d is even if i = 2, and that

d > 10(e+ 1), e � 2d.(6.4.2)

Then N i
e (d) is closed of pure codimension 1 (in particular non empty), and

if [(X,h)] ∈ N i
e (d) is generic there is one and only one Lagrangian fibration

π : X → P2 such that, letting f := c1(π
∗OP2(1)), the equalities in (6.4.1) hold

and moreover the sublattice 〈h, f〉 ⊂ H1,1
Z (X) is saturated.

Let hypotheses be as in Proposition 6.11 and let [(X,h)] ∈ N i
e (d) be

a generic point. Let π : X → P2 be the unique Lagrangian fibration as in
Proposition 6.11. Let U ⊂ P2 be the open dense set of regular values of π
and let X(U) := π−1(U). Let Pic0(X(U)/U) be the relative Picard scheme,
and for t ∈ U let At be the fiber of Pic0(XU/U) → U over t. Then At is an
abelian surface and the fundamental group π1(U, t) acts by monodromy on
the subgroup At,tors of torsion points. The result below will be used later
on (for the full proof see Corollary B.5 in [O’G19]). It is motivated by
Proposition 6.5 – recall that in Theorem 1.8 the bundles have rank r20.

Proposition 6.12. Keep hypotheses as above, and suppose that V ⊂
At[r

2
0] is a coset (of a subgroup) of cardinality r40 invariant under the action

of monodromy. Then V = At[r0].

Idea of proof. The fibers of π : X → P2 are integral, hence
Pic0(X/P2) → P2 is defined (independently of the choice of a polariza-
tion). One describes Pic0(X/P2) → P2 as follows. Following Markman (Sub-
section 4.1 in [Mar14]) there is a generic polarized K3 surface S of de-
gree 2 associated to X. Let f : S → P2 be the corresponding double cover.
We let B ⊂ P2 be the branch divisor, a smooth generic sextic curve. Let
J (S) → (P2)∨ be the relative Jacobian with fiber Pic0(f−1(L)) over a line

L – this is a HK of Type K3[2], a moduli space of pure torsion sheaves on S.
Let J0(S) ⊂ J (S) be the open dense subset of smooth points of the map
J (S) → (P2)∨ (i.e. smooth points of J (S) with surjective differential).
Using results of Markman, one shows that Pic0(X/P2) → P2 is isomorphic

to J (S)0 → (P2)∨, for a certain identification P2 ∼−→ (P2)∨. Under this
identification t ∈ P2 corresponds to a line R ∈ (P2)∨ transverse to B, and
the corresponding Lagrangian fiber At is the Jacobian of the double cover
of R ramified over R ∩ B. Hence the monodromy action on H1(At;Z) is
the full symplectic group, where the symplectic form is the one given by
the principal polarization on the Jacobian of the curve f−1(R). The result
follows from this and a simple argument. �

6.5. Stable vector bundles on Lagrangian HK’s and their re-
strictions to a generic fiber. The main result of the present subsection,
given below, is a partial analogue of the results in Subsection 4.2. In par-
ticular it gets around the difficulty that was pointed out at the end of Sub-
section 6.2, namely that moduli spaces of slope stable semi homogeneous
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vector bundles with fixed rank, determinant and c2 on abelian varieties of
dimension at least 2 are not singletons.

Proposition 6.13. Let a0, d be positive integers and i ∈ {1, 2}. Suppose
that e � 2d, that d is even if i = 2, and that

d > max

{
1

2
a0(e+ 1), 10(e+ 1)

}
.(6.5.1)

If [(X,h)] ∈ N i
e (d)

0 is generic the following hold:

(1) Let E be an h slope-stable vector bundle on X such that
(a) a(E ) ≤ a0, where a(E ) is as in Definition 2.4,
(b) there exists an integer m such that r(E ) = (mi)2, c1(E ) = mh,

and gcd{mi, di } = 1.
Then the restriction of E to a generic fiber of the associated La-
grangian fibration π : X → P2 is slope-stable.

(2) If E ,E ′ are h slope-stable vector bundles on X such that Items (a)
and (b) hold for E and E ′, then for a generic t ∈ P2 the restrictions
of E and E ′ to Xt are isomorphic.

The proof of Item (1) is a straightforward computation, see Proposi-
tion 4.1 in [O’G19]. Here we give the proof of Item (2), which involves
Proposition 6.5 and Proposition 6.12.

Proof of Item (2) of Proposition 6.13. For t ∈ P2 let Ft := F|Xt
,

Gt := G|Xt
. By Item (1) of Proposition 6.13 there exists an open dense U ⊂ P2

such that for t ∈ U the vector bundles Ft and Gt are both slope-stable. We
may assume that Xt is smooth for every t ∈ U . By Proposition 6.7 it follows
that Ft and Gt are simple semi-homogeneous vector bundles. Let t ∈ U . By
Theorem 7.11 in [Muk78] the set

Vt := {[ξ] ∈ X∨
t | Ft

∼= Gt ⊗ ξ}
is not empty, and hence it has cardinality r(G )2 by Proposition 6.5. Clearly
Vt is invariant under the monodromy action of π1(U, t). Now notice that Vt ⊂
At[(mi)2] because Ft and Gt have rank (mi)2 and isomorphic determinants.
Hence by Proposition 6.12 we have Vt = A[mi]. Thus 0 ∈ Vt, and therefore
Ft

∼= Gt. �
6.6. Search for an analogue of Subsection 4.4. We describe a

failed attempt to produce an analogue of Subsection 4.4. In fact this is
the stage in which we find the greatest differences between dimension 2 and
higher dimension. Let π : X → Pn be a Lagrangian fibration of a HK variety
X of dimension 2n ≥ 4. Say we wish to construct a modular vector bundle
E on X such that

(1) H2(X,End0(E )) = 0, so that E extends to a vector bundle on every
small deformation of X keeping c1(E ) of type (1, 1).

(2) For a generic t ∈ Pn the restriction Et := E|Xt
is stable, so that E

itself is h slope stable for an a(E )-suitable polarization h.
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One might try to imitate what was done in Subsection 4.4, i.e. consider
the generic fiber X → C(Pn). This is an abelian variety over C(Pn), more
precisely a torsor over an abelian variety over C(Pn). Hence the definition
of semi homogeneous vector bundle on X makes sense (we formulated the
notion for abelian varieties in the “strict” sense, but it clearly makes sense
for a torsor over an abelian variety). Suppose that F is such a vector bundle
on X . There are many choices of a torsion free sheaf E which restricts to
F on the generic fiber of π : X → Pn. In choosing such an E we ask that
Items(1) and (2) above hold and moreover that E is modular. Regarding
Item (1) we notice that we are better off if E restricts to a simple sheaf
on Xt for t outside a set of codimension at least 2 in Pn. In fact suppose
that this is not the case, and let D ⊂ Pn be a prime divisor with the
property that H0(Xt,End0(Et)) �= 0 for all t ∈ D (this is almost a strength-
ening of Item (2) above). We claim that then also H1(Xt,End0(Et)) �= 0
for all t ∈ D. In fact if H1(Xt,End0(Et)) = 0 for a generic t ∈ D then
H1(Xt,End0(Et)) = 0 for t ∈ U where U ⊂ Pn is an open subset intersect-
ing D, and then it follows that H0(Xt,End0(Et)) = 0 for a generic t ∈ D
by the properties of cohomology and base change, see Corollary 2, pp. 50–
51 in [Mum70]. Thus H1(Xt,End0(Et)) �= 0 for all t ∈ D. It follows that
R1π∗ End0(E ) is non zero (and supported on D). Since n ≥ 2 we have
dimD > 0 and hence the cohomology group H1(Pn;R1π∗ End0(E )) might
very well be non zero; if that is the case then H2(X,End0(E )) �= 0 by the
spectral sequence Hp(Pn;Rqπ∗ End0(E )) ⇒ Hp+q(X,End0(E )). Notice that
if n = 1 then a non vanishing R1π∗ End0(E ) contributes to H1(X,End0(E )),
not H2(X,End0(E )).

To sum up: Item (1) suggests that we choose E so that it restricts to a
simple sheaf on Xt for t outside a set of codimension at least 2 in Pn. Thus
if we start with a random E we should perform semistable reduction, as in
Subsection 4.4. After a finite number of modifications we will get a sheaf E
restricting to a stable (hence simple) vector bundle on Xt for t ∈ Pn outside
a codimension 2 set. However we do not have control of the end product, in
particular it is not clear whether it is modular.

6.7. Basic modular sheaves on the Hilbert square of a K3 sur-
face. We describe the first step towards an analogue of Subsection 4.4. Let
S be a smooth projective surface. Let

τ : Xn(S) → Sn

be the blow up of the big diagonal. The complement of the big diagonal
in Sn is identified with a dense open subset Un(S) ⊂ Xn(S). By Proposi-

tion 3.4.2 in [Hai01] the natural map Un(S) → S[n] extends to a regular

map p : Xn(S) → S[n]. We let qi : Xn(S) → S be the composition of τ and
the i-th projection Sn → S. Given a locally free sheaf F on S, let

Xn(F ) := q∗1(F )⊗ · · · ⊗ q∗n(F ).
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The action of the symmetric group Sn on Sn by permutation of the factors
lifts to an action ρn : Sn → Aut(Xn(S)). The latter action lifts to a natural
action ρ+n on Xn(F ). There is also a twisted action ρ−n = ρ+n · χ where
χ : Sn → {±1} is the sign character. Moreover ρ±n descends to an action
ρ±
n : Sn → Aut(p∗Xn(F )) because it maps to itself any fiber of p : Xn(S) →

S[n].

Definition 6.14. Let F±[n] ⊂ p∗Xn(F ) be the sheaf of Sn-invariants
for ρ±

n .

The sheaf F±[n] is reflexive for any n, and is locally free for n ≤ 2. Of
course F±[1] = F and F±[−1] = 0, hence the construction is interesting if
n ≥ 2.

Proposition 6.15. Let S be a projective K3 surface, and let F be a
locally free sheaf on S such that χ(S,EndF ) = 2. Then F [2]± is a locally
free modular sheaf of rank r(F )2, with

Δ(F [2]±) =
r(F [2]±)(r(F [2]±)− 1)

12
c2(S

[2]),(6.7.1)

d(F [2]±) = 5 ·
(
r(F [2]±)

2

)
,(6.7.2)

a(F [2]±) =
5

8
r(F )6(r(F )2 − 1).(6.7.3)

Proposition 6.15 is proved via an explicit computation, for details see
Proposition 5.2 in [O’G19].

Remark 6.16. In a recent preprint [Mar21] E. Markman proved that
F [n]± is modular for all n. The same paper contains other very interesting
constructions of modular sheaves on HK varieties.

We recall that a locally free sheaf F on S is spherical if hp(S,End0(F ))=
0 for all p. Notice that if F is spherical then χ(S,EndF ) = 2 because
EndF = End0(F )⊕ OS .

Proposition 6.17. Let S be a projective K3 surface. Let F be a locally
free sheaf on S which is spherical, i.e. such that hp(S,End0(F )) = 0 for all
p, where End0(F ) ⊂ End(F ) is the subsheaf of traceless endomorphisms.
Then for all p we have

hp(S[2], End0(F [2]±)) = 0.(6.7.4)

Proposition 6.17 follows from the McKay correspondence proved by
Haiman and Bridgeland-King-Reid: in fact the McKay correspondence gives
that

Ext∗(F±,F±) ∼= Ext∗(F�2,F�2)Z/(2) ∼= Sym2 (Ext∗(F ,F )) .(6.7.5)

For the details see Proposition 5.4 in [O’G19]. Below is a remarkable con-
sequence of Proposition 6.17 (one applies the main result of [IM19]).
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Corollary 6.18. Keep hypotheses as in Proposition 6.22. Then the nat-
ural map between deformation spaces Def(S[2],F [2]±) −→ Def(S[2],
detF [2]±) is smooth.

6.8. Existence of stable modular vector bundles on Lagrangian
HK’s. We describe the second step towards an analogue of Subsection 4.4.
The starting point is an elliptic K3 surface S → P1.

Definition 6.19. If S → P1 is an elliptic K3 surface, the associated
Lagrangian fibration is the composition

S[2] → S(2) → (P1)(2) ∼= P2.(6.8.1)

We consider vector bundles F±[2] on S[2] associated to a vector bundle
F on S which restricts to a stable vector bundle on every elliptic fiber. To
be precise we choose the elliptic K3 as in the following claim (which follows
from surjectivity of the period map for K3 surfaces).

Claim 6.20. Let m0, d0 be positive natural numbers. There exist K3
surfaces S with an elliptic fibration S → P1 such that

H1,1
Z (S) = Z[D]⊕ Z[C], D ·D = 2m0, D · C = d0.(6.8.2)

Notice that every elliptic fiber on aK3 surface as above is irreducible and
therefore slope-stability of a sheaf on a fiber is well defined, i.e. independent
of the choice of a polarization.

The vector bundle F on S is chosen to be as in the proposition below.

Proposition 6.21. Let m0, r0, s0 be positive integers such that m0+1 =
r0s0. Suppose that d0 is an integer coprime to r0, and that

d0 >
(2m0 + 1)r20(r

2
0 − 1)

4
.(6.8.3)

Let S be an elliptic K3 surface as in Claim 6.20. Then there exists a vector
bundle F on S such that the following hold:

(1) v(F ) = (r0, D, s0),
(2) χ(EndF ) = 2,
(3) F is h slope-stable for any polarization h of S,
(4) and the restriction of F to every elliptic fiber is slope-stable.

Proof. Let v be the Mukai vector v = (r0, D, s0). Then v2 = −2
because m0 + 1 = r0s0. By Lemma 5.4 and (6.8.3) there is no a(v)-wall,
and hence all polarizations of S are a(v)-suitable. Since d0 is coprime to r0
the moduli space Mv(S, h) is a singleton {[F ]} for every polarization h of
S. Items (1)–(3) follow at once. Moreover by Subsections 4.3 and 4.6 the
restriction of F to every elliptic fiber is slope-stable, i.e. Item (4) holds. �

Let S and F be as above, and let π : S[2] → P2 be the associated La-
grangian fibration. Recall that P2 parametrizes elements of the symmetric
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square (P1)(2). Let x1 + x2 be such an element, where x1 �= x2 ∈ P1. Then
π−1(x1 + x2) is isomorphic to Cx1 × Cx2 , and

F [2]±|π−1(x1+x2)
∼= Fx1 � Fx2 .(6.8.4)

Since Fx1 ,Fx2 are slope stable, it follows that the above vector bundle is
slope stable. Hence the modular vector bundle F [2]± restricts to a slope

stable vector bundle on a generic fiber of the Lagrangian fibration π : S[2] →
P2. Since a(F )-suitable polarizations exist, this gives a large set of examples

of slope stable modular vector bundles on S[2]. The following is a key result.

Proposition 6.22. Let S be a K3 surface with an elliptic fibration
S → P1 as in Claim 6.20, and let F be a vector bundle on S as in Propo-
sition 6.21. Then the restriction of F [2]± to every fiber of the associated

Lagrangian fibration π : S[2] → P2 is simple.

For the proof see Proposition 6.7 in [O’G19].

6.9. Good stable vector bundles on a generic [(X,h)] ∈ N i
e (d).

Below is an analogue of the main result of Subsection 4.4.

Proposition 6.23. Let i ∈ {1, 2} and let r0 > 0 be such that i ≡ r0
(mod 2). Suppose that (1.4.3) holds, that e � 2d and that

d >
5

16
r60(r

2
0 − 1)(e+ 1).(6.9.1)

Then there exists an irreducible component N i
e (d)

good of N i
e (d) such that

the following holds. Let [(X,H)] ∈ N i
e (d)

good be generic, and hence Propo-
sition 6.11 gives a well defined associated Lagrangian fibration π : X → P2.
Then there exists an h slope-stable vector bundle E on X such that (1.4.4)
holds, i.e.

r(E ) = r20, c1(E ) =
r0
i
h, Δ(E ) =

r(E )(r(E )− 1)

12
c2(X),(6.9.2)

and the pull-back of Et to the normalization of Xt is slope-stable (for the
pull back of h|Xt

) except possibly for a finite set of t ∈ P2.

We sketch how one gets Proposition 6.23 from the results in the previous
subsections and we refer to Proposition 7.2 in [O’G19] for a complete proof.

Since Proposition 6.23 is trivially true if r0 = 1 we may suppose that
r0 ≥ 2. Our first observation is that one can choose a vector bundle F as
in Proposition 6.21 so that (6.9.2) holds for E := F±[2]. The proof of the
result below is elementary.

Lemma 6.24. Let i ∈ {1, 2}. Let e, r0 be positive natural numbers such
that r0 ≡ i (mod 2) and (1.4.3) holds. Let

m0 :=

{
e
2 + (r0−1)2

4 if r0 is odd,
e
8 + (r0−1)2

4 if r0 is even.
(6.9.3)
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(m0 is an integer by (1.4.3).) There exists an integer s0 such that m0 +1 =
r0s0.

Let i, e, r0,m0 be as in Lemma 6.24. Suppose that d0 is an integer co-
prime to r0 such that (6.8.3) holds. Let S be an elliptic K3 surface as in
Claim 6.20, and let F be a vector bundle on S as in Proposition 6.21. Let

h± := μ(c1(F ))− r0 ∓ 1

2
δ(6.9.4)

where μ : H2(S) → H2(S[2]) is the map in (1.5.2). Lastly let

h := ih+.(6.9.5)

Straightforward computations give the result below.

Proposition 6.25. Let E := F [2]+. Then the following hold:

(1) h is a primitive cohomology class, q(h) = e and q(h,H2(X;Z)) =
(i),

(2) r(E ), c1(E ) and Δ(E ) are given by (6.9.2).

Remark 6.26. One gets an analogue of Proposition 6.25 with F [2]−

replacing F [2]+ provided (r0−1)2

4 is replaced by (r0+1)2

4 in (6.9.3) and h =
ih−.

Let S be an elliptic K3 surface as in Claim 6.20 and let F be a vector
bundle on S as in Proposition 6.21. One gets vector bundles satisfying the
thesis of Proposition 6.23 by deforming S[2] and F [2]+.

More precisely let X(0) = S[2] let h(0) := h, where h is given by (6.9.5),
and let E (0) := F [2]+. Let C ⊂ S be a fiber of the elliptic fibration and let
f(0) := μ(cl(C)). Lastly let d0 be as in (6.8.2) and set

d := id0.(6.9.6)

Then the sublattice 〈f(0), h(0)〉 ⊂ H1,1
Z (X(0)) is saturated and

q(f(0), f(0)) = 0, q(h(0), f(0)) = d, q(h(0), h(0)) = e.(6.9.7)

Let π(0) : X(0) → P2 be the Lagrangian fibration associated to the elliptic
fibration of S.

Let ϕ : X → B be an analytic representative of the deformations space
of (X(0), 〈h(0), f(0)〉) i.e. deformations of X(0) that keep h(0) and f(0) of
Hodge type. We assume that B is contractible. Let 0 ∈ B the base point, in
particular X(0) is isomorphic to ϕ−1(0). For b ∈ B we let X(b) := ϕ−1(b). If
B is small enough, then by Proposition 6.22 and Corollary 6.18 the vector
bundle E (0) on X(0) deforms to a vector bundle E (b) on X(b) (unique up
to isomorphism because H1(X(0), End0E (0)) = 0). Notice that 〈h(0), f(0)〉
deforms by Gauss-Manin parallel transport to a saturated sublattice

〈h(b), f(b)〉 ⊂ H1,1
Z (X(b)).(6.9.8)

Possibly after shrinking B around 0 there exists a map π : X → P2 which
restricts to a Lagrangian fibration X(b) → P2 for every b ∈ B, and is
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equal to π(0) on X(0). If π(b) is the restriction of π to X(b) then f(b) =
c1(π(b)

∗OP2(1)).

Proposition 6.27. With hypotheses and notation as above, the follow-
ing holds. For b ∈ B outside a proper analytic subset h(b) is ample and

[(X(b), h(b))] ∈ N i
e (d), i ≡ r0 (mod 2).(6.9.9)

Moreover E (b) is h(b) slope-stable, (6.9.2) holds and the pull-back of E (b)t
to the normalization of X(b)t is slope-stable (for the pull back of h(b)|X(b)t)

except possibly for a finite set of t ∈ P2.

Idea of Proof. For a very general b ∈ B we have

〈h(b), f(b)〉 = H1,1
Z (X(b)).(6.9.10)

Since the set of b ∈ B for which the thesis of the proposition holds is Zariski
open, it suffices to prove that if (6.9.10) holds then h(b) is ample, Equa-
tion (6.9.9) holds, E (b) is h(b) slope-stable etc. Using Lemma 5.4 one shows
that h(b) is ample for such b (a numerical characterization of ample divisors

on HK’s of Type K3[n] is known). Equation (6.9.9) holds by Item (1) of
Proposition 6.25. Using again Lemma 5.4 one shows that there is a single
open a(E (b))-chamber i.e. the ample cone. In particular h(b) is a(E (b))-
suitable and thus E (b) is slope stable because it restricts to a slope stable
vector bundle on a generic Lagrangian fiber, see (6.8.4). Equation (6.9.2)
holds by Item (2) of Proposition 6.25. More than one argument enters into
the proof of the last statement, one of them is Item (2) Proposition 6.22. �

Sketch of proof of Proposition 6.23. Let ϕ : X →B be as above.
Let Bgood ⊂ B be a non empty Zariski open such that the thesis of Proposi-
tion 6.27 holds for all b ∈ Bgood. Then Bgood parametrizes polarized varieties
(X(b), h(b)) for which the moduli point belongs to N i

e (d). Since the mod-
uli map m : Bgood → N i

e (d) has finite fibers and dimB = dimN i
e (d), the

Zariski closure of m(Bgood) is an irreducible component of N i
e (d) that we

name N i
e (d)

good. Then Proposition 6.23 holds by Proposition 6.27. �
6.10. Proof of Theorem 1.8.

Proposition 6.28. Let i ∈ {1, 2}. Suppose that r0 ≡ i (mod 2), that
(1.4.3) holds, that e � 2d and that

d >
5

16
r60(r

2
0 − 1)(e+ 1).(6.10.1)

Let [(X,H)] ∈ N i
e (d)

good be a generic point, where N i
e (d)

good is as in
Proposition 6.23. Then, up to isomorphism, there exists one and only one h
slope-stable vector bundle E on X such that (1.4.4) holds.

Of course there exists at least one h slope-stable vector bundle E on X
such that (1.4.4) holds by Proposition 6.23, the new result is that it is unique
up to isomorphism. The proof of Proposition 6.28 is obtained by adapting
the unicity statement in the proof of Proposition 4.9. A key rôle is played
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by Proposition 6.13 and the last sentence of Proposition 6.23. For details
see Proposition 7.5 in [O’G19].

Let us prove Theorem 1.8. If r0 = 1 the result is trivially true, hence we
may assume that r0 ≥ 2. Let X → T 1

e and X → T 2
e be complete families

of polarized HK’s of Type K3[2] such that (1.4.1), respectively (1.4.2), holds
– e.g. the families parametrized by the relevant open subsets of suitable
Hilbert schemes. Since K i

e is irreducible we may, and will, assume that T i
e

is irreducible. By passing to normalization if necessary we may assume that
T i
e is normal. For t ∈ T i

e we let (X(t), h(t)) be the corresponding polarized

HK of Type K3[2]. We let m : T i
e → K i

e be the moduli map, sending t to
[(X(t), h(t))].

By fundamental results of Gieseker and Maruyama there exists a map
of schemes

f : Me(r0) → T i
e(6.10.2)

such that for every t ∈ T i
e the (scheme theoretic) fiber f−1(t) is isomor-

phic to the (coarse) moduli space of h(t) slope-stable vector bundles E on
X(t) such that (1.4.4) holds. Moreover f : Me(r0) → T i

e is of finite type by
Maruyama [Mar81], and hence f(Me(r0)) is a constructible subset of T i

e .
By Proposition 6.28 for t in a dense subset of⋃

d�0

m−1(N i
e (d)

good)(6.10.3)

the preimage f−1(t) is a singleton. The set in (6.10.3) is a union of pairwise
distinct divisors and hence is Zariski dense in T i

e . Since f(Me(r0)) is a con-
structible subset of T i

e , it follows that for generic t ∈ T i
e the fiber f−1(t) is

a singleton.
Let [E ] be the unique point of f−1(t) for t a generic point of

m−1(N i
e (d)

good), where d � 0. Then Hp(X(t), End0E ) = 0 by Proposi-
tion 6.22. Hence the last sentence of Theorem 1.8 follows from upper semi-
continuity of cohomology.
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