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Robust regression model for ordinal response
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Ordinal outcome data with covariates occur frequently in
statistical practice including applications from biomedicine
to marketing research. Most existing methods for this type
of data have relied on subjectively specified models that
allow order restriction. There are also some semiparametric
ordinal models which are more flexible than parametric ones,
with fixed link function, they are still not flexible enough to
capture the true link or the relationship between the re-
sponse and covariates. We propose a broadly applicable ro-
bust semiparametric ordinal regression model, in which the
relationship between the response and covariates is mod-
elled with a nonparametric monotone increasing link func-
tion and parametric regression coefficients. This model is
more robust and flexible than existing semiparametric and
parametric models for this problem. The semiparametric
maximum likelihood estimate is used to estimate the model
parameters, and the asymptotic properties of the estimates
are derived. Simulation studies show clear advantages of the
proposed model over existing parametric models, and a real
data analysis illustrates the utility of the proposed method.

Keywords and phrases: Monotone function, Ordinal
data, Nonparametric component, Semiparametric maximum
likelihood estimate.

1. INTRODUCTION

Ordinal data model with/without covariates is commonly
encountered in practice, and has been an area of exten-
sive studies. Existing methods for this type of data have
relied on subjectively specified models, and it is known that
when the specified model deviates from the true one, the
resulting estimates are not reliable. The issue may not be
so serious for hypothesis testing and indeed those models
have served well applications in, e.g., epidemiological studies
where the goal is to explain if certain factors are associated
with the outcome. However, such models can be problem-
atic for prediction, as these two goals can be quite different
(Shumeli, 2010). For example, in our simulation studies, the
true regression coefficients vector is (0.390, 0.781,−0.488),
while its estimate under the commonly used logistic model is
(0.682, 1.362,−0.857), the estimated regression coefficients
are very different but the result of significance test is similar.
Thus the predicted values of the ordinal responses are very
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different. This problem has often escaped our attention. Al-
though there are nonparametric methods that improve the
accuracy of modeling by allowing nonlinear covariates, it is
difficult to explain the influence of each covariate, thus the
semiparametric model is more attractive in practice.

To introduce the problem, we start from the commonly
used parametric cumulative logit model (Goodman, 1979;
McCullagh, 1980; Anderson, 1984; Laara and Matthews,
1985; Agresti, 1999; Agresti, 2010), for y taking values
{1, ..., r}, P (y ≤ r|x) = 1,

P (y ≤ j|x) = exp{βᵀx+ αj}
1 + exp{βᵀx+ αj}

, (j = 1, ..., r − 1)

and so P (y = j|x) = P (y ≤ j|x)−P (y ≤ j−1|x), (1 ≤ j ≤
r). Alternatively, another common model is, P (y = r|x) =
1−

∑r−1
j=1 P (y = j|x), and

P (y = j|x) = exp{βᵀx+ αj}
1 +

∑r−1
k=1 exp{βᵀx+ αk}

, (j = 1, ..., r− 1).

The cumulative logit model specifies log
[
P (y ≤ j|x)/P (y >

j|x)
]
= βᵀx+αj . There are also various forms of odds ratio

models, such as in Fahrmeir and Pritscher (1996). Some au-
thors considered link functions other than exponential form,
such as P (y ≤ j) = g(βᵀx+ αj) with g(·) being some given
distribution function. Chen et al. (1999) considered a class of
skewed link models for dichotomous quantal response data.
Harville and Mee (1984) investigated a mixed model for
ordinal data. Hedeker and Gibbons (1994) and Crouchley
(1995) considered a random effects model for ordinal data.
Wiliamson et al. (1995) considered a bivariate ordinal data
model using odds ratio, Heagerty and Zeger (1996) studied a
clustered ordinal data model, Qu and Tan (1998) and Tan et
al. (1999) proposed hierarchical Bayesian models for multi-
level repeated ordinal data. To achieve more model flexibil-
ity and robustness, some authors proposed different forms
of semiparametric models for ordinal data. Kauermann and
Tutz (2003) and Tutz(2003) proposed model of the form

P (y ≤ j|x, x1, x2) = F
(
βj + βᵀx1 + γ(x) + xᵀ

2γz(x)
)

or

P (y = j|y ≥ j, x, x1, x2) = F
(
βj + βᵀx1 + γ(x) + xᵀ

2γz(x)
)

where F (·) is a known link function, and γ(·) and γz(·) are
unknown functions. They use kernel smoothing and pro-
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file likelihood methods to estimate the nonparametric com-
ponents. Das et al. (2016) considered the logit link for a
partial linear regression model. Adeyemi et al. (2016) used
this model in the analysis of child birth weight. The model
proposed by Kazembe (2009) has a similar form. Sutrad-
har (2017) proposed a semiparametric model for longitudi-
nal ordinal data. Xia and Gou (2016) studied a Bayesian
semiparametric model for mixed continuous and ordinal
outcomes. Kottas et al. (2005) considered a nonparamet-
ric Bayesian model for multivariate ordinal data. For a re-
view of methods in this field, see Kauermann and Tutz
(2003).

Almost all existing models assume that the link function
is known or known up to a class of distributions. To have
greater model robustness and flexibility, we propose a semi-
parametric model different from the existing ones. For an
ordinal response variable y taking values in {1, ..., r} and
covariates x, we specify P (y ≤ r|x, λ, F ) = 1, and

P (y ≤ j|x, λ, F ) = F (βᵀx+ λj), (j = 1, ..., r − 1),

where β is a vector of regression coefficients, λj is the effect
of the j-th cumulative ordinal response, and F (·) is an un-
known monotone increasing function, in particular a cumu-
lative distribution function (CDF), as opposed to any fixed
link functions. This model is more flexible than the ones
above mentioned. The model parameters are estimated by
the semiparametric maximum likelihood estimate.

The proposed approach utilizes nonparametric/semipa-
rametric models with shape constraint on the nonparamet-
ric component. The advantage of this class of models is
that the estimated nonparametric component is well be-
haved and its asymptotic distribution can be studied. It has
applications in many real problems. For earlier works on
this topic, see Grenander (1956), Prakasa Rao (1969, 1970),
Kiefer and Wolfowitz (1976), Lo (1986), Robertson et al.
(1988), Bickel and Fan (1996), Birgé (1997), among others.
For recent applications using this method, see Huang (2002),
Stout (2008), Qin et al. (2014), Turnball and Ghosh (2016),
Yuan, Yin and Tan (2019), Yuan et al. (2019), among oth-
ers. The semiparametric model for binary data is studied
in Cosslett (1983), Klein and Spady (1993). The purpose of
this article is to develop a shape constrained semiparametric
model for ordinal data, prove its asymptotic properties and
assess its finite sample performance.

The rest of the paper is organized as follows. In Section
2, we describe the proposed model and its parameter esti-
mation. Section studies the asymptotic behavior of the pa-
rameter estimates; Section 4 conducts simulation studies to
evaluate performance of the proposed method, and compare
it with the commonly used parametric models; The proposed
method is used to analyze a real ordinal data set in Section
5, and we conclude with remarks in Section 6. All relevant
proofs are given in the Appendix.

2. THE PROPOSED METHOD

Let the observed ordinal data be Dn = {(yi, xi) : i =
1, ..., n} from n independent individuals, where yi is the or-
dinal response of the i-th subject, it can take values 1, ..., r
for some small integer r (often 3 ≤ r ≤ 10); and xi ∈ Rd is
the corresponding covariate vector.

2.1 The model specification

Let β = (β1, ..., βd)
ᵀ be the regression coefficients of

the covariate xi’s. We propose the following semiparametric
model:

P (y ≤ j|x, λ, F ) = F (βᵀx+ λj),

(j = 1, ..., r), θ ∈ Θ, F ∈ F
(1)

with the constraint ‖β‖ = 1 for model identifiability, where
0 = λ1 < ... < λr−1 < λr = +∞ are parameters correspond
to the ordinal responses, λ = (λ2, ..., λr−1)

ᵀ, θ = (βᵀ, λ)ᵀ,
Θ is a subset of Rd (d = dim(θ)), F is the collection of
all distribution functions on R. The specified model is also
parsimonious and constrains F (·) to be monotone. Our goal
is to derive semiparametric maximum likelihood estimates
of the model parameters (θ, F ).

The likelihood for the observed data is

n∏
i=1

F I(Yi=1)
(
βᵀxi + λ1

) r∏
j=2

(
F
(
βᵀxi + λj

)

−F
(
βᵀxi + λj−1

))I(Yi=j)

.

However, computation of the nonparametric maximum like-
lihood estimate (NPMLE) of F from the above likelihood is
difficult, so instead we use the following pseudo likelihood

n∏
i=1

r∏
j=1

F I(Yi≤j)
(
βᵀxi + λj

)(
1− F

(
βᵀxi + λj−1

))1−I(Yi≤j)

.

Letting tij = I(Yi ≤ j) (j = 1, ..., r), the corresponding
pseudo log-likelihood is

�p(θ, F |Dn) =

n∑
i=1

r∑
j=1

(
tij logF (βᵀxi + λj)

+(1− tij) log
(
1− F (βᵀxi + λj−1)

))
.

(2)

Then we can estimate the parameters by the semipara-
metric pseudo MLE (θ̂, F̂ ),

(3) (θ̂, F̂ ) = arg max
(θ,F )∈(Θ,F)

�p(θ, F |Dn).

The pseudo MLE (also known as quasi MLE) may not
be exactly the MLE under the ‘true’ likelihood, but it still
enjoys similar asymptotic properties of the latter, and is
broadly studied and used in statistical inferences, such as
in Wedderburn (1974), McCullagh and Nelder (1989), Cox
and Reid (2004), and Amini et al. (2013).
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2.2 Computation of parameter estimation

The maximization in formula 3 is not trivial. Here we
describe an iterative maximization procedure for its compu-
tation:

1. For a given starting value θ(0) of θ, find F (1)(·) ∈ F as
the maxima of �p(θ

(0), F |Dn);
2. Then fix F (1), find θ(1) ∈ Θ as the maxima of

�p(θ, F
(1)|Dn);

3. Repeat the two steps until the sequence {(θ(r), F (r))}
converges.

It is easy to see that the likelihood as function of the
sequence {(θ(r), F (r))} increases as the iteration r goes to
the next, and will converge to at least some local maxima
of �p(θ, F |Dn). In other words, for all integer r,

�p(θ
(r+1), F (r+1)|Dn) ≥ �p(θ

(r), F (r+1)|Dn)

≥ �p(θ
(r), F (r)|Dn).

Thus, the sequence {(θ(r), F (r))} will converge to some sta-
tionary point of �p, which may or may not be the global max-
ima. To locate the global maxima, multiple starting values
are needed, and if they resulted in several different station-
ary points, we choose the one which gives the largest pseudo
likelihood value. This issue is similar to that with the EM
algorithm, and is common in semiparametric estimation.

However, the maximization over F is non-standard. For
brevity, we just denote F (r) by F̂ , fix the value of θ, and
let zij = βᵀxi + λj . We use the technique of isotonic re-
gression for the above maximization. To do this, we need
to re-write the pseudo likelihood into a sum of squares. Re-
call the maximization problem for the current status model,
such as in Example 3.2.15 of van der Vaart and Wellner
(1996, p. 298), the maximization in formula 3 is written as
the following minimization

(4) F̂ = arg min
F∈F

n∑
i=1

r∑
j=1

(
F (zij)− tij

)2
.

The above minimization subject to the monotone con-
straint on F then becomes the standard isotonic regres-
sion problem, and can be computed by the pool adja-
cent violators algorithm (PAVA), see for example, Best and
Chakravarti (1990) using the R-package isoreg or ufit. Patric
et al. (2009) reviewed the history of this algorithm and com-
putation aspects.

However, like any NPMLE, F̂ is a dis-continuous step
function, with masses concentrating on some of the observa-
tion points. It may be desirable to have a continuous version
of F̂ as below. Given a kernel K(·) (a density function), let
K
(
s) =

∫ s
K(u)du be the CDF of K(·), then the following

modified distribution function estimator is continuous

F̃ (s) =

∫
K
(s− u

h

)
dF̂ (u),

typically with bandwidth h = O(n−1/5). Here F̃ (·) is con-
tinuous, monotone increasing, and enjoys nice asymptotic
properties as F̂ . Letting {s1, ..., sm} (m ≤ n) be the atoms
of F̂ , then F̃ is re-written as

F̃ (s) =

m∑
j=1

K
(s− sj

h

)(
F̂ (sj)− F̂ (sj − 0)

)
.

2.3 Hypothesis test

In practice, for example in clinical trials, we want to com-
pare responses between patients received a new treatment
and a control therapy, and the interest is to test the treat-
ment difference in response /outcome. Denote the regression
coefficients of treatment vs control as β. We want to test the
null hypothesis H0 : β = 0 vs the alternative H1 : β �= 0. Let
β̂ be the estimated values of β based on data. For ease of
exposition, we assume the two groups have the same sample
size n. We use the Wald type statistic for this problem as
Tn = β̂2V ar−1(β̂). The variance matrix V ar(β̂) is computed
by the bootstrap, and for a given significance level α (typi-
cally = 0.05), the critical value is computed via simulation
under H0.

3. ASYMPTOTIC PROPERTIES OF
PARAMETER ESTIMATION

To study the asymptotic behavior of the estimators, we
use the following notations. Let B be the range of β, D be
the support of βᵀx + λj ’s, and (θ0, F0) be the Kullback-
Leibler projection of the true conditional distribution onto
the pseudo parameter space (Θ,F) in the sense

(θ0, F0) = arg min
(θ,F )∈(Θ,F)

E
{
log

P (y|x)
F (βᵀx+ λy)

}
,

where P (y ≤ j|x) is the true conditional mass function
of y given x, and E is expectation under the true joint
distribution of (y, x). Under some mild conditions such
that (θ0, F0) exists (see, Pfanzagl, 1990; Patilea, 2001), and
since the model F (βᵀx + λj) is identifiable, it is unique. If
P (y|x) ∈ {F (βᵀx + λy) : (θ, F ) ∈ (Θ,F)}, (θ0, F0) will be
the true parameters generating the observed data. This is
analogous to the true parameters of a semiparametric model
which is also the Kullback-Leibler projection of the true
model. We first list four relatively simple conditions below.

C1. θ0 ∈ Θ, which is compact.
C2. The support of X is compact.
C3. max1≤j≤r sup(θ,F )∈(Θ,F) E

[
F (βᵀX+λj)

(
1−F (βᵀX+

λj)
)]−2

< ∞.
C4. ∀F ∈ F , F (·) is differentiable and uniformly bounded,

and F0 ∈ F
Then we have the following theorem for the properties of

the semiparametric pseudo MLE (θ̂, F̂ ) (all relevant proofs
are given in the Appendix).
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Theorem 3.1. Assuming (C1)–(C4), then as n → ∞,

θ̂
a.s.→ θ0, sup

s∈D
|F̂ (s)− F0(s)| a.s.→ 0.

Proof. Provided in Appendix A.

The asymptotic distribution and the exact convergence
rate of θ̂ are open questions. As pointed out in Huang and
Wellner (1997, Section 3.2.2), Murphy, van der Vaart and
Wellner (1999; Sections 2–3) and Groeneboom and Hen-
drickx (2018), in their models, the

√
n-consistency of the

MLE θ̂ is still unknown. The reason is that θ̂ and F̂ are
bundled together, and that F̂ (·) is non-smooth. So below

we only give the convergence rate of ‖θ̂ − θ0‖ + ‖F̂ − F0‖,
with ‖θ̂ − θ0‖ being the Euclidean distance between θ̂ and
θ0, and ‖F̂ − F0‖ = sups∈D |F̂ (s)− F0(s)|.
Theorem 3.2. Under conditions (C1)–(C4),

‖θ̂ − θ0‖+ ‖F̂ − F0‖ = Op(n
−1/3).

Proof. Provided in Appendix A.

Next we give the asymptotic distribution of F̂ . Let Ḟ0(·)
be the derivative of F0(·), B(·) be the two-sided Brownian

motion originating from zero: a mean zero Gaussian process

on R with B(0) = 0, and E
(
B(s) − B(h)

)2
= |s − h| for all

s, h ∈ R. Although the
√
n convergence of θ̂ is still open,

numerical studies in ours and related papers suggest that
its convergence rate is faster than n1/3, so it is reasonable

to assume ‖θ̂− θ0‖ = op(n
−1/3). Let

D→ denote convergence
in distribution. With two additional conditions

C5. S := βᵀ
0X has a density g(·) with ḡ(s) := (r −

1)−1
∑r−1

j=1 g(s − λ0,j) > 0 for some s in the support
of S.

C6. ‖θ̂ − θ0‖ = op(n
−1/3).

we obtain

Theorem 3.3. Assuming (C1)–(C6) and denoting Ḟ0(s) =
dF0(s)/ds, we have

n1/3(F̂ (s)−F0(s))
D→

(4η2(s)Ḟ0(s)

ḡ2(s)

)1/3

argmin
h∈R

{B(h)+h2},

where η2(s) = (r − 1)−2
∑r−1

j=1 E
[(
I(Y ≤ j) − F0(s)

)2∣∣S =

s− λ0,j

]
g(s− λ0,j)

Proof. Provided in Appendix A.

Table 1. Parameter estimates under three models (simulated data)

Data θ β for covariates β for group λ

F0 = Normal(0,1) θ0 (0.390,0.781,-0.488) (0.000) (0.000,0.500)
m = 3 Robust model (0.387,0.771,-0.485) (0.009) (0.000,0.501)
r = 3 [sd] [0.038,0.033,0.030] [0.132] [ ,0.083]

Logistic model (0.686,1.372,-0.855) (0.014) (-0.006,0.867)
[sd] [0.079,0.118,0.077] [0.227] [0.166,0.173]

Probit Model (0.398,0.795,-0.496) (0.008) (0.002,0.503)
[sd] [0.044,0.065,0.043] [0.131] [0.096,0.099]

F0 = Beta(5,1) θ0 (0.379,0.758,-0.474) (0.237) (0.000,1.000,1.500,2.500)
m = 3 Robust model (0.378,0.756,-0.473) (0.239) (0.000,0.952,1.452,2.458)
r = 3 [sd] [0.021,0.019,0.018] [0.067] [ ,0.078,0.089,0.110]

Logistic model (0.820,1.642,-0.616) (0.516) (-1.841,0.010,1.018,3.182)
[sd] [0.069,0.111,0.059] [0.184] [0.199,0.161,0.148,0.197]

Probit Model (0.466,0.933,-0.350) (0.294) (-0.985,0.072,0.652,1.879)
[sd] [0.039,0.062,0.034] [0.106] [0.110,0.090,0.084,0.109]

F0 = Exp(1) θ0 (0.270,0.338,0.405,-0.608,-0.473) (0.236) (0.000,1.000,1.800,2.800)
m = 5 Robust model (0.268,0.336,0.405,-0.606,-0.471) (0.235) (0.000,1.009,1.799,2.724)
r = 5 [sd] [0.021,0.026,0.020,0.022,0.032] [0.069] [ ,0.073,0.090,0.120]

Logistic model (0.527,0.662,0.793,-1.189,-0.925) (0.456) (-1.748,0.346,1.898,3.642)
[sd] [0.064,0.075,0.067,0.087,0.107] [0.188] [0.159,0.164,0.214,0.295]

Probit Model (0.286,0.359,0.429,-0.645,-0.501) (0.247) (-1.022,0.126,0.970,1.899)
[sd] [0.038,0.044,0.039,0.051,0.062] [0.112] [0.091,0.093,0.118,0.161]

F0 = Beta(0.6,0.6) θ0 (0.278,0.348,0.417,-0.626,-0.487) (0.000) (0.000,1.500)
m = 5 Robust model (0.267,0.333,0.400,-0.602,-0.461) (-0.003) (0.000,1.422)
r = 3 [sd] [0.065,0.085,0.065,0.070,0.107] [0.228] [ ,0.186]

Logistic model (0.184,0.233,0.277,-0.421,-0.326) (0.001) (-0.022,1.011)
[sd] [0.056,0.069,0.050,0.055,0.103] [0.188] [0.138,0.144]

Probit Model (0.115,0.146,0.173,-0.263,-0.203) (0.000) (0.004,0.622)
[sd] [0.033,0.041,0.029,0.033,0.060] [0.111] [0.082,0.085]

F0 =True distribution, m =No. of Co-variables, r =No. of Orders
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For the smoothed version F̃ (·) of F̂ (·) given at the end of
Section 2.2, using the theory of Groeneboom and Jongbloed
(2014, Theorem 11.4, p. 332–335) and under suitable condi-

tions, we can show that n2/5
(
F̃ (s)−F0(s)

) D→ N(μ, σ2), for
some finite (μ, σ2).

4. SIMULATION STUDY

To evaluate model performance, we simulated four data
sets with different combinations of number of orders (r),
numbers of covariates (m), different parameters (θ0) and dif-
ferent link functions (F ). In each set, we simulate n = 500
i.i.d. data (yi, xi) (i = 1, ..., n), with number of orders r = 3
or 5, and with covariates xi = (xi1, ..., xim), m = 3 or 5 and
with one group variable (treatment vs. control). We first
generate the covariates, sample the xi’s for the covariates
from the 3 (or 5)-dimensional normal distribution N(μ,Σ)
and that for the group variable from the binomial distri-
bution. Without loss of generality, we set the mean vector
μ = 0 and some given covariance matrix Γ.

Then we estimate the parameters θ from model 3, for
some different choices of θ0, compare the corresponding es-
timates with the classical models with the logistic link and
probit link for this problem. For the starting value of our
robust model, the estimation from several classical para-
metric models with best AIC is used. The results are given
in Table 1 below, with estimated standard deviation (sd)
in square bracket. We also computed the test statistic de-
scribed in Section 2.3, and compared the results from the
logistic and probit models, with type I errors and powers
given in Table 2 below. The estimated standard deviations,
type I errors and powers are all computed by 1000 repeti-
tions.

The estimated curve F̂ (·) vs the true ones are shown in
Figure 1. We see that the nonparametric estimate F̂ and its
smooth version F̃ (·) fit the true link function very well, but
those from the logistic and probit links deviate from true
one significantly, except the case the probit link is the true
one in the simulation (the first panel of Figure 1).

From Table 1, we see that estimates from the proposed
method have better overall performance than those from
the classical logistic or probit link model when the latter
departs significantly from the true link. In particular, esti-
mates under the proposed model are much more accurate
than those under the logistic or probit link model, and with
smaller standard deviations. For hypothesis testing, statisti-
cal tests from the three models have comparable type I error
(for the first data set in Table 2, the probit link is the true
one in the simulation). However, the proposed model has
significantly higher power than the other two. Generally, as
the sample size increases, the estimator behaves better with
smaller bias and estimated standard deviation. In fact, as
the sample size increased to 1000 in our simulation, smaller
biases and estimated standard deviations are observed, even
with more parameters to estimate (results not shown here
due to space limitation).

Figure 1. F̂ , F̃ vs F0. solid line – true link function F0;
dotted line – estimated logit link; dash line – estimated probit

link; step line – F̂ ; dash dot line – F̃ .

Table 2. Parameter estimates test under three models
(simulated data)

Data Model Type I error or Power

F0=Normal(0,1) Logistic model Type I error = 0.066
m = 3 Probit model Type I error = 0.057
r = 3 Robust model Type I error = 0.065

F0=Beta(5,1) Logistic model Power = 0.810
m = 3 Probit model Power = 0.804
r = 3 Robust model Power = 0.950

F0=Exp(1) Logistic model Power = 0.695
m = 5 Probit model Power = 0.633
r = 5 Robust model Power = 0.827

F0=Beta(0.6,0.6) Logistic model Type I error = 0.042
m = 5 Probit model Type I error = 0.036
r = 3 Robust model Type I error = 0.043

F0 =True distribution, m =No. of Co-variables, r =No. of Orders

5. APPLICATION TO REAL TRIAL

Now we use the proposed model to analyze the following
real data set from the HORIZON III study (https://www.
projectdatasphere.org/projectdatasphere/html/content/
78). It is a randomized, double-blind, multicenter adaptive
phase II/III study to compare the efficacy of Cediranib
plus FOLFOX6 versus Bevacizumab plus FOLFOX6 in
patients with previously untreated metastatic colorectal
cancer. In phrase II, patients were randomly assigned
one of the two treatments. An independent end-of-phase
II analysis concluded that mFOLFOX6/cediranib 20
mg met predefined criteria for continuation; subsequent
patients received mFOLFOX6/Cediranib 20 mg or mFOL-
FOX6/Bevacizumab (randomly assigned 1:1). In all, 1,422
patients received mFOLFOX6/Cediranib 20 mg (n = 709)

Robust regression model for ordinal response 247

https://www.projectdatasphere.org/projectdatasphere/html/content/78
https://www.projectdatasphere.org/projectdatasphere/html/content/78
https://www.projectdatasphere.org/projectdatasphere/html/content/78


Table 3. Parameter estimates from three models for the real data

HORIZON III clinical trial

Variables
β and λ (sd)

Robust model P values Logistic model P values Probit model P values

Age, 5 years -0.030 (0.038) 0.465 -0.026 (0.039) 0.505 -0.016 (0.023) 0.490
Sex, male vs. female -0.345 (0.164) 0.029 -0.382 (0.171) 0.025 -0.219 (0.101) 0.031
WHO performance status, normal activity vs. others 0.655 (0.128) 0.000 0.588 (0.168) 0.000 0.360 (0.100) 0.000
Adjuvant therapy, yes vs. no 0.057 (0.239) 0.781 -0.187 (0.257) 0.469 -0.077 (0.157) 0.624
Tumor grading, poorly differentiated vs. others -0.481 (0.217) 0.022 -0.271 (0.225) 0.229 -0.191 (0.131) 0.145
VEGF, ≥ 98 vs. <98 pg/mL -0.376 (0.164) 0.020 -0.325 (0.168) 0.053 -0.198 (0.100) 0.048
Albumin, 5 g/L 0.016 (0.075) 0.831 -0.044 (0.071) 0.530 -0.017 (0.041) 0.672
LDH, log transformed -0.137 (0.131) 0.295 -0.056 (0.122) 0.645 -0.047 (0.071) 0.502
ALP, log transformed -0.238 (0.136) 0.051 -0.313 (0.129) 0.015 -0.175 (0.077) 0.023

λ1 – 0.098 (0.187) 0.053 (0.112)
λ2 2.336 (0.399) 2.347 (0.219) 1.368 (0.123)

VEGF, vascular endothelial growth factor; LDH, lactate dehydrogenase; ALP, alkaline phosphatase.

or mFOLFOX6/Bevacizumab (n = 713). The primary
objective was to compare progression-free survival (PFS)
and the primary analysis revealed no significant difference
between the two arms in PFS (hazard ratio[HR], 1.10;
95% CI, 0.97 to 1.25; P = 0.119). In the present example,
only mFOLFOX6/Bevacizumab group data is available.
The outcome of best overall response (3 for progressive
disease (PD), 2 for stable disease [SD], 1 for complete
response (CR) + partial response (PR)) is analyzed
and the available variables (WHO performance status,
Albumin, Alkaline Phosphatase, Tumor Grade, Vascular
Endothelial Growth Factor, Lactate Dehydrogenase, Age,
Male, Adjuvant therapy) that considered by the authors
to do subgroup analysis are included in the model. After
excluding patients with missing data which are assumed to
be missing completely at random, 581 patients are included
in this analysis. The estimated F̂ by using our proposed
robust model is different from the logistic distribution and
normal distribution (Figure 2). The parameter estimates
are shown in following Table 3. The results of our robust
model, the logistic link model and the probit link model are
similar, but tumor grading and vascular endothelial growth
factor (VEGF) are significant by using the robust model
while not by using the logistic link model. Clinically, since
tumor grading is a well known risk factor and VEGF is
up-regulated in many tumors and its contribution to tumor
angiogenesis is well defined, so the results by using the
robust model are consistent with existing clinical evidence.
Statistically, since the estimated curve and the logistic and
normal curves do not match very well, the results of the
robust model are more reliable.

6. CONCLUDING REMARKS

We have proposed a robust semiparametric ordinal model
with a nonparametric link function for analyzing ordinal
data. The regression model retains the parametric compo-
nent for explicit assessment of certain covariates while the
nonparametric components provide model flexibility and ro-

Figure 2. F̂ (blue step line), F̃ (green dash dot line) vs
logistic (red solid line) and normal (orange dotted line)

distributions in real data.

bustness. We derived the semiparametric maximum likeli-
hood estimate for model parameter estimation, using the
isotonic regression method, and its asymptotic properties.
Simulation studies show that the proposed model outper-
forms the commonly used logistic model for this problem
when the latter deviates from the true link. The method
is then used to analyze a real ordinal dataset. As a semi-
parametric model with both parametric and nonparametric
parts, its implementation is more complicated than that of
the commonly used parametric logistic model. For exam-
ple, using the existing R-package isoreg, the computation
time of the proposed model for the real data set is about
0.21036 seconds in a typical laptop. In comparison the com-
putation time for the MLE under the classical logistic model
(R polr function) takes about 0.07547 seconds. So the added
complexity is trivial and not a hindrance for applying the
proposed method, and worthwhile given its apparent ad-
vantages. In conclusion, the proposed new class of models
provide a flexible, robust and useful method for analyzing
ordinal data. It is easy to use and added computational com-
plexity is well manageable.
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APPENDIX A. PROOFS AND
ASYMPTOTICS

A.1 Proof of Theorem 1

Let g(·) be the density of X,

F (j|x, β) = F (βᵀx+ λj), (λ0, λr) = (0,∞).

Denote

f(y|x, θ)=
r∏

j=1

F I(y≤j)(βᵀx+ λj)
(
1− F (βᵀx+ λj)

)1−I(y≤j)
,

p(y, x|θ, F ) = f(y|x, θ)g(x).

The true joint mass/density of (Y,X) is p(y, x) =
f(y|x)g(x). Let

q(y, x|θ, F ) = log
p(y, x)

p(y, x|θ, F )

be the pseudo log-likelihood ratio. Let P be the probability
measure of p(y, x),

Pq(Y,X|θ, F ) =

∫
q(y, x|θ, F )dP (y, x),

the true mean of q; and let

Pnq(Y,X|θ, F ) = (1/n)

n∑
i=1

q(yi, xi|θ, F ),

the empirical mean of q based on the data {(yi, xi) : i =
1, ..., n}.

Note that Pq(Y,X|θ, F ) is the negative Kullback-Leibler
divergence of p(y, x|θ, F ) from p(y, x), and as a function
of (θ, F ), it is always non-positive, attaining its maximum

value at (θ, F ) = (θ0, F0). Since (θ̂, F̂ ) is the pseudo MLE
of (θ0, F0),

(θ0, F0) = arg max
(θ,F )∈(Θ,F)

Pq(Y,X|θ, F ),

and

(θ̂, F̂ ) = arg max
(θ,F )∈(Θ,F)

Pnq(Y,X|θ, F ).

Denote

d(θ, F ; θ0, F0) = ‖θ − θ0‖+ sup
s∈D

|F (s)− F0(s)|.

By our model specification, Pq(Y,X|θ, F ) is continuous with
respect to (θ, F ); also, the model is identifiable, so (θ0, F0) is
the unique maximizer of Pq(Y,X|θ, F ). Thus for all η > 0,

sup
(θ,F )∈(Θ,F):d(θ,F ;θ0,F0)>η

Pq(Y,X|θ, F ) < Pq(Y,X|θ0, F0)

and

Pnq(Y,X|θ̂, F̂ ) ≥ Pnq(Y,X|θ0, F0),

so if we show that Q = {q(y, x|θ, F ) : (θ, F ) ∈ (Θ,F)} is a
P -Glivenko-Cantelli class, then by Theorem 5.8 in van der
Vaart (2002, p. 386),

d(θ̂, F̂ ; θ0, F0)
a.s.→ 0.

This gives the desired result.
Now we show that Q is P -Glivenko-Cantelli. For

any function g, let ‖g‖L1(P ) =
∫
|g(y, x)|dP (y, x), and

N[ ](ε,Q, L1(P )) be the minimum number of ε-brackets
needed to cover Q under norm ‖ · ‖L1(P ). We first show
that N[ ](ε,Q, L1(P )) is finite ∀ε > 0.

By our specification of p(y, x|θ, F ) and with (C1) and
(C3), it can be checked that q(y, x|θ, F ) is boundedly differ-
entiable with respect to θ, and boundedly Gáteaux differen-
tiable with respect to F . In fact, let

�̇p,θ(θ, F |y, x) = ∂�p(θ, F |y, x)/∂θ

be the score for θ, and

�̇p,F (θ, F |y, x)[h] = ∂�p(θ, F + λh|y, x)/∂λ
∣∣
λ=0

be the Hadamard derivative of �p(θ, F |y, x) with respect to
F in the direction h. Then for some (θ, F ) lies between
(θ1, F1) and (θ2, F2),

q(y, x|θ2, F2)− q(y, x|θ1, F1)

= �p(y, x|θ2, F2)− �p(y, x|θ1, F1)

= �̇p,θ(θ, F |y, x)(θ2 − θ1) + �̇p,F (θ, F |y, x)[F2 − F1].

Here, with Ḟ (t) = dF (t)/dt, �̇p,θ = (�̇p,β , �̇p,λ)
ᵀ, ej be the

d-vector with the j-th component being 1 and others being
zeros,

�̇p,β(θ, F |y, x) =
r∑

j=1

Ḟ (βᵀx+ λj)
(
γj − Ḟ (βᵀx+ λj)

)
F (βᵀx+ λj)

(
1− F (βᵀx+ λj)

) x,

�̇p,λ(θ, F |y, x) =
r∑

j=1

Ḟ (βᵀx+ λj)
(
γj − Ḟ (βᵀx+ λj)

)
F (βᵀx+ λj)

(
1− F (βᵀx+ λj)

) ej ,

�̇p,F (θ, F |y, x)[h] =
r∑

j=1

(γj − 1)h(βᵀx+ λj)

F (βᵀx+ λj)
(
1− F (βᵀx+ λj)

) .

By our model specification and (C1)–(C4), both
�̇p,θ(θ, F |y, x) and �̇p,F (θ, F |y, x)[h] have finite second
moment. Consequently, by Taylor expansion and Hölder’s
inequality, there are constants 0 < Cj < ∞ (j = 1, 2), such
that

‖q(Y,X|θ1, F1)− q(Y,X|θ2, F2)‖L1(P )

≤ C1‖θ1 − θ2‖+ C2‖F1 − F2‖L2(P ),

∀ (θ1, F1), (θ2, F2) ∈ (Θ,F).
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So,

N[ ](ε,Q, || · ||L1(P ))

≤ N[ ](
ε

2C1
,Θ, ‖ · ‖)×N[ ](

ε

2C2
,F , || · ||L2(P )),

∀ ε > 0.

By (C1), N[ ](ε/(2C1),Θ, ‖ · ‖) = O(1/εd), with d =
dim(Θ). Since F is a collection of bounded monotone func-
tions, by Theorem 2.7.5 in van der Vaart and Wellner
(1996, p. 159), for some constant 0 < C < ∞, and for all
r ≥ 1,

N[ ](ε,F , || · ||Lr(P )) ≤ exp{C
ε
}, ∀ ε > 0.

Thus, for some generic constant 0 < C < ∞,

N[ ](ε,Q, || · ||L1(P ))

≤ N[ ](
ε

2C1
,Θ, ‖ · ‖)×N[ ](

ε

2C2
,F , L2(P ))

≤ C

εd
exp{C

ε
} < ∞, ∀ ε > 0,

and so by Theorem 2.4.1 in van der Vaart and Wellner (1996,
p. 122), Q is a Glivenko-Cantelli class with respect to P .

A.2 Proof of Theorem 2

The proof is similar to that of Lemma 1 in Yuan, Yin and
Tan (2020) and is omitted.

A.3 Proof of Theorem 3

By Theorem 2, ‖θ̂ − θ0‖ = Op(n
−1/3), so we only need

to consider the maximization of F ∈ Fn = {F : F ∈
F , ‖F − F0‖ ≤ Cn−1/3}, for some constant 0 < C < ∞.
Let �̇p,θ(θ, F |Dn) = ∂�p(θ, F |Dn)/∂θ and �̇p,F (θ, F |Dn)[h]
be the Hadamard derivative of �p(θ, F |Dn) with respect to

F in the direction h. Since (θ̂, F̂ ) is the MLE, by Theorem
2 and (C6) we have

F̂ = arg max
F∈Fn

1

n
�p(θ̂, F |Dn)

= arg max
F∈Fn

( 1

n
�p(θ0, F0|Dn)

+
1

n
�̇p,F (θ0, F0|Dn)[F − F0] +

1

n
�̇p,θ(θ0, F0|Dn)(θ̂ − θ0)

+Op

(
‖F − F0‖2

)
+Op

(
‖F − F0‖‖θ̂ − θ0‖

)
+Op

(
‖θ̂ − θ0‖2

))

= arg max
F∈Fn

( 1

n
�p(θ0, F0|Dn)

+
1

n
�̇p,F (θ0, F0|Dn)[F − F0]

+Op

(
‖F − F0‖2

)
+Op

(
‖F − F0‖‖θ̂ − θ0‖

))

= arg max
F∈Fn

( 1

n
�p(θ0, F0|Dn)

+
1

n
�̇p,F (θ0, F0|Dn)[F − F0] +Op

(
‖F − F0‖2

)

+ op
(
n−2/3

))

= arg max
F∈Fn

( 1

n
�p(θ0, F |Dn) + op

(
n−2/3

))
.

So we have

F̂ = arg max
F∈Fn

1

n
�(pθ0, F |Dn) + op(n

−2/3).

Denote F̃ be the minima of the first term above, then
F̂ −F0 = F̃ −F0 + op(n

−2/3). Since ||F̂ −F0|| = Op(n
−1/3)

and ||F̃ − F0|| = Op(n
−1/3), thus n1/3(F̂ (s) − F0(s)) =

n1/3(F̃ (s)− F0(s)) + op(n
−1/3). Consequently, n1/3(F̂ (s)−

F0(s)) and n1/3(F̃ (s) − F0(s)) have the same weak limit,
and so in this sense we write F̂ ∼ F̃ . Let sij = βᵀ

0xi + λ0,j ,
and by the Proposition and the above argument to identify
F̂ as

F̂ = argmax
F∈F

1

n
�p(θ̂, F |Dn) ∼ argmax

F∈F

1

n
�p(θ0, F |Dn)

= arg min
F∈F

n∑
i=1

r∑
j=1

(
F (sij)− tij

)2

= arg min
F∈F

n∑
i=1

r−1∑
j=1

(
F (sij)− tij

)2
.

The last step above holds as tir = 1 = F (∞) = F (sir).
Below for simple of notation, we just write F̂ = F̃ . Re-

call the definition of P and Pn in the proof of Theorem 1.
For the case r = 2, as in Example 3.2.15 in van der Vaart
and Wellner (1996, p. 298), the minima in the above can
re-written as a form corresponding to the following. Here
the only difference is that we have n(r − 1) summands in-
stead of n, and the zij ’s are independent across i but not
so across j. Note that tij iid I(Y ≤ j). Let S = βᵀ

0X,
then Sij iid S + λ0,j . Let Pn be the empirical distribution
of {(Yi, β

ᵀ
0Xi) : i = 1, ..., n}, and P be the distribution of

(Y, S). Define

Vn,r(s) =
1

n(r − 1)

n∑
i=1

r−1∑
j=1

tijI(sij < s)

= Pn

( 1

r − 1

r−1∑
j=1

I(Y ≤ j)I(S + λ0,j < s)
)

Gn,r(s) =
1

n(r − 1)

n∑
i=1

r−1∑
j=1

I(sij < s)

= Pn

( 1

r − 1

r−1∑
j=1

I(S + λ0,j < s)
)
.
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Then, for a ∈ R,

F̂ (s) ≤ a if and only if argmin
t
{Vn,r(t)− aGn,r(t)} ≥ s.

Thus for any fixed x ∈ R, with a = F0(s) + xn−1/3,

{
n1/3

(
F̂ (s)− F0(s)

)
≤ x

}
iff{

argmin
t

(
Vn,r(t)− aGn,r(t)

)
− s ≥ 0

}
.

To evaluate the distribution of n1/3
(
F̂ (s) − F0(s)

)
, we

need to compute the probability of the event
{
n1/3

(
F̂ (s)−

F0(s)
)
≤ x

}
for each x ∈ R. Take a = F0(s) + xn−1/3,

then

{
n1/3

(
F̂ (s)− F0(s)

)
≤ x

}
= {F̂ (s) ≤ a}

= {n1/3
(
argmin

t

{
Vn,r(t)− aGn,r(t)

}
− s

)
≥ 0},

and by the change of variable t �→ s+ n−1/3h,

n1/3
(
argmin

t

{
Vn,r(t)− aGn,r(t)

}
− s

)

= argmin
h

{
Vn,r(s+ n−1/3h)−

(
F0(s) + xn−1/3

)

×Gn,r(s+ n−1/3h)
}

= argmin
h

{
Pn

[ 1

r − 1

r−1∑
j=1

I(Y ≤ j)I(S+λ0,j ≤ s+n−1/3h)
]

−
(
F0(s) + xn−1/3

)

× Pn

[ 1

r − 1

r−1∑
j=1

I(S + λ0,j ≤ s+ n−1/3h)
]}

= argmin
h

{

Pn

[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)

× I(S + λ0,j ≤ s+ n−1/3h
)]

− xn−1/3Pn

[ 1

r − 1

r−1∑
j=1

I(S + λ0,j ≤ s+ n−1/3h)
]

}
= argmin

h

{

Pn

[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

+ Pn

[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)
I(S + λ0,j ≤ s)

]

− xn−1/3Pn

[ 1

r − 1

r−1∑
j=1

I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

− xn−1/3Pn

[ 1

r − 1

r−1∑
j=1

I(S + λ0,j ≤ s)
]

}
= argmin

h

{

Pn

[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

− xn−1/3Pn

[ 1

r − 1

r−1∑
j=1

I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

}
= argmin

h

{

n2/3Pn

[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

− xn1/3Pn

[ 1

r − 1

r−1∑
j=1

I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

}
= argmin

h

{

n2/3(Pn − P )
[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

+ n2/3P
[ 1

r − 1

r−1∑
j=1

(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

− xn1/3Pn

[ 1

r − 1

r−1∑
j=1

I(s ≤ S + λ0,j ≤ s+ n−1/3h)
]

}
:= argmin

h

{
B1,n(h) +B2,n(h) +B3,n(h)}.

(A.1)

In the above it is understood that if h < 0, (s, s+hn−1/3]
means (s+ hn−1/3, s].

Let g(·) be the density function of S, then

B3,n(h) ∼ −xn1/3P
[ 1

r − 1

r−1∑
j=1

I(s≤S+λ0,j ≤ s+n−1/3h)
]

∼ −xn1/3 1

r − 1

r−1∑
j=1

g(s− λ0,j)n
−1/3h
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= −x
1

r − 1

r−1∑
j=1

g(s− λ0,j)h

:= −xḡ(s)h.

Note that E[I(Y ≤ j)|S = t] = F0(t+ λ0,j), so

B2,n(h) = n2/3

∫
1

r − 1

r−1∑
j=1

E
[(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ n−1/3h)
∣∣S = t

]
g(t)dt

= n2/3 1

r − 1

r−1∑
j=1

∫ s−λ0,j+n−1/3

s−λ0,j

[F0(t+ λ0,j)− F0(s)]g(t)dt

∼ n2/3 1

r − 1

r−1∑
j=1

Ḟ0(s)g(s− λ0,j)

∫ s−λ0,j+n−1/3h

s−λ0,j

(y − s)dy

= n2/3Ḟ0(s)
1

r − 1

r−1∑
j=1

g(s− λ0,j)n
−2/3 1

2
h2 =

1

2
Ḟ0(s)ḡ(s)h

2.

Now we evaluate B1,n(h). For h < 0, the notation I(s ≤
S ≤ s + hn−1/3) means I(s + hn−1/3 ≤ S ≤ s). Let Si =
βᵀXi,

fn,h(Yi, Si) = n1/6 1

r − 1

r−1∑
j=1

(
I(Yi ≤ j)− F0(s)

)

× I(s ≤ Si + λ0,j ≤ s+ hn−1/3).

Then

B1,n(h) = n−1/2
n∑

i=1

[
fn,h(Yi, Si)− Pfn,h(Yi, Si)

]
.

Let Fn = {fn,h(·, ·) : |h| ≤ K}, for some K > 0. Fn has

an envelope function Fn(y, S) = n1/6(r − 1)−1
∑r−1

j=1 I(s −
Kn−1/3 ≤ S + λ0,j ≤ s+Kn−1/3

)
, with some 0 < C < ∞.

It is apparent that

PF 2
n(Y, S) = O(1), P

[
F 2
nI(Fn > η

√
n)
]
→ 0, ∀ η > 0.

Also, for fixed (b, h) and large n, I(s + (b ∧ h)n−1/3 ≤ S +
λ0,j , S + λ0,k ≤ s + (b ∨ h)n−1/3) = 0 for j �= k, so some
0 < C < ∞,

P
(
fn,b − fn,h

)2
= n1/3 1

(r − 1)2

r−1∑
j=1

E
[(
I(Y ≤ j)− F0(s)

)2

× I
(
s+ (b ∧ h)n−1/3 ≤ S + λ0,j ≤ s+ (b ∨ h)n−1/3

)]

∼ Cn1/3 1

(r − 1)2

r−1∑
j=1

∫ s−λ0,j+(b∨h)n−1/3h

s−λ0.j+(b∧h)n−1/3

g(y)dy

∼ O(1)|b− h|,

and so for any totally bounded semi-metric ρ(·, ·) on
[−K,K],

sup
(b,h):ρ(r,h)≤δn

P
(
fn,b− fn,h

)2 ∼ O(1)|b−h| → 0, ∀ δn → 0.

Thus the three conditions in (2.11.21) of Theorem 2.11.22
of van der Vaart and Wellner (1996, p. 220) are satisfied.

Let Fn,δ = {fn,b−fn,h : ρ(b, h) ≤ δ}. Then Fn,δ and F2
n,δ

are P -measurable in the sense of definition 2.33 in van der
Vaart and Wellner (1996, p. 110). Also, for fixed h,

Pfn,h = n1/6 1

r − 1

r−1∑
j=1

E
[(
I(Y ≤ j)− F0(s)

)

× I(s ≤ S + λ0,j ≤ s+ hn−1/3)
]

= n1/6 1

r − 1

r−1∑
j=1

∫ s−λ0,j+hn−1/3

s−λ0,j

(
F0(t+ λ0,j)

− F0(s)
)
g(t)dt

∼ n1/6Ḟ0(s)
1

r − 1

r−1∑
j=1

g(s− λ0,j)n
−2/3h

2

2
→ 0,

and for b > 0 and h > 0,

Pfn,bfn,h = n1/3 1

(r − 1)2

r−1∑
j=1

E
[(
I(Y ≤ j)− F0(s)

)2

× I
(
s ≤ S + λ0,j ≤ s+ (b ∧ h)n−1/3

)]

= n1/3 1

(r − 1)2

r−1∑
j=1

∫ s−λ0,j+(b∧h)n−1/3

s−λ0,j

E
[(
I(Y ≤ j)− F0(s)

)2∣∣∣S = t
]
g(t)dt

∼ n1/3 1

(r − 1)2

×
r−1∑
j=1

E
[(
I(Y ≤ j)− F0(s)

)2∣∣∣S = s− λ0,j

]

× g(s− λ0,j)(b ∧ h)n−1/3

=
1

(r − 1)2

r−1∑
j=1

× E
[(
I(Y ≤ j)− F0(s)

)2∣∣∣S = s− λ0,j

]

× g(s− λ0,j)(b ∧ h)

:= η2(s)(b ∧ h).

It can be checked that the above also holds for any b and
h. So that as n → ∞,

(
Pfn,rfn,h−Pfn,rPfn,h

)
→ η2(s)(b∧

h). Note that E[B(s)−B(h)]2 = |s−h|, where B(·) is the two-
sided Brownian motion process, originating from zero. This
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gives that Cov(fn,r, fn,h) = P
(
fn,rfn,h

)
− P (fn,r)P (fn,h)

converges to the covariance function of the process η(s)B(·).
For a probability measure Q, let N(ε,Fn, L2(Q)) be the

number of ε-balls needed to cover Fn under the metric of
L2(Q). It is easy to see that supQ N(ε||Fn||Q,2,Fn, L2(Q)) =
O(1/ε), where the supreme is over all probability measures.
Thus, ∀ ηn → 0,

sup
Q

∫ ηn

0

√
N(ε||Fn||Q,2,Fn, L2(Q))dε

∼
∫ ηn

0

√
− log εdε = 2

∫ ∞

√
− log ηn

xe−x2

dx → 0,

and so by Theorem 2.11.22 in van der Vaart and Wellner
(1996, p. 220),

B1,n(·) D→ η(·)B(·), in l∞([−K,K]),

where l∞([−K,K]) is the space of all bounded real functions
on [−K,K] equipped with the supreme metric.

Now collecting results from (A.1), we have that the event{
n1/3

(
F̂ (s)− F0(s)

)
≤ x

}
is asymptotically equivalent to

{
argmin

h

{
η(s)B(h) +

1

2
Ḟ0(s)ḡ(s)h

2 − xḡ(s)h
}
≥ 0

}

=
{
argmax

h

{
− η(s)

ḡ(s)
B(h)− 1

2
Ḟ0(s)h

2 + xh
}
≥ 0

}

=
{
argmax

h

{η(s)
ḡ(s)

B(h)− 1

2
Ḟ0(s)h

2 + xh
}
≥ 0

}
.

In the above we used the fact that −B(h)
D
= B(h). Using

problem 3.2.5 in van der Vaart and Wellner (1996, p. 308),
the above is re-written as

{(4η2(s)Ḟ0(s)

ḡ2(s)

)1/3

argmax
h

{
B(h)− h2

}
+ x ≥ 0

}

=
{(4η2(s)Ḟ0(s)

ḡ2(s)

)1/3

argmin
h

{
− B(h) + h2

}
≥ −x

}

=
{(4η2(s)Ḟ0(s)

ḡ2(s)

)1/3

argmin
h

{
B(h) + h2

}
≥ −x

}

=
{(4η2(s)Ḟ0(s)

ḡ2(s)

)1/3

argmin
h

{
B(h) + h2

}
≤ x

}
, ∀ s, x.

In the above we used the fact that −B(·) and B(·) have
the same distribution, and that W = argminh

{
B(h) + h2

}
is symmetrically distributed about 0, thus P

(
CW ≥ −b

)
=

P
(
CW ≤ b

)
. This gives the desired result for h ∈ [−K,K].

Below we prove that the result is actually true on R. Let
ĥn = argminh{Vn(h)− aUn(h)} − t. We need to show that

ĥn is bounded in probability. Thus for large n, ĥn will be
in [−K,K] for some 0 < K < ∞ in probability, and so the
desired result is true on R. For this, we only need to show
n1/3d(ĥn, ĥ) = Op(1) for some distance d(·, ·). The method
is similar to that in the proof of the Lemma and is omitted.
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