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Inference in a mixture additive hazards cure
model
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We propose a mixture additive hazards (AH) cure model
for survival data with a cure fraction. The proposed model
integrates a logistic regression model for the proportion of
patients cured of disease and an AH model for the uncured
patients. Generalized estimating equations are developed
for parameter estimation, and the asymptotic properties of
the resulting estimators are established. In addition, model-
checking methods are presented to assess the adequacy of
the model. The finite-sample performance of the proposed
method is evaluated through simulation studies. An applica-
tion to a human papillomavirus positive oropharyngeal can-
cer study is conducted to illustrate the proposed method.
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1. INTRODUCTION

The analysis of survival data with a fraction of long-
term survivors has attracted considerable attention in recent
years. A distinctive feature of such data is that a proportion
of study subjects may never experience the event of interest
regardless of how long they have been followed. These sub-
jects are commonly regarded as nonsusceptible or cured. An
empirical evidence of a cure fraction is the Kaplan–Meier
survival curve that tends to level off at a nonzero value as
time increases, with heavy censoring at the tail. An exam-
ple is in tonsil cancer study [40], in which patients treated
with radiation therapy are considered cured if the radiation
has killed all cancer cells. Other examples can be found in
biomedical science, economics, sociology, finance, marketing,
and demography studies. [33] provided a detailed discussion
of such applications.

The mixture cure models [2, 1] are commonly used to for-
mulate survival data with a cure fraction. The whole popu-
lation is regarded as a mixture of cured (nonsusceptible) and
uncured (susceptible) subjects, and the objective is to inves-
tigate the cure rate and the covariate effects on the survival
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distribution of uncured subjects. Various parametric meth-
ods have been proposed for the mixture cure models. For ex-
ample, [10, 11] used logistic regression for the cure rate and
Weibull regression for the survival distribution. [37] used a
generalized F-distribution for the uncured survival function.
Some other parametric studies include those of [32, 44, 13].

The more recent research interest has focused on semi-
parametric mixture cure models. [16] generalized the model
of [10] to a semiparametric proportional hazards cure model
by using the proportional hazards model [6] for the un-
cured group. They developed an estimation method based
on a marginal likelihood and the associated Monte Carlo ap-
proximation algorithm. [40, 36] developed an alternative full
nonparametric likelihood approach and derived some semi-
parametric EM algorithms. [9, 27] established large sample
properties of nonparametric maximum likelihood estimators
for the proportional hazards cure model. [18] proposed the
semiparametric accelerated failure time cure model, in which
uncured subjects are characterized by the accelerated fail-
ure time model [7]. The estimation methods and the asymp-
totic properties of the accelerated failure time cure model
were further studied by [48, 28]. [49, 50] studied the accel-
erated hazards cure model, in which the uncured group is
fitted into the accelerated hazards model [5]. [34, 14] inves-
tigated the proportional odds cure model. [29] proposed the
linear transformation cure model and developed an estimat-
ing equation method based on the work of [3].

Alternative non-mixture models for survival data with
cured subjects, also called promotion time cure models, have
also been proposed [43, 41, 4]. For the relevant research on
these types of models, see the studies of [42, 46, 47, 31],
among others.

However, to our best knowledge, all the aforementioned
mixture cure models do not consider the additive hazards
(AH) model [21, 17, 45, 35] for the uncured group. The AH
model is a useful alternative to the proportional hazards
model, the linear transformation model, and the accelerated
failure time model. Regression parameters in the AH model
pertain to hazard difference, which entail easy interpretation
and may be more relevant in some substantive areas, such
as epidemiology and public health. Thus, incorporating the
additive hazard structure into the cure model framework is
desirable. We aim to fill the research gap by proposing a
mixture AH cure model that incorporates an AH regression
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for the survival distribution and a logistic regression for the
cure rate, and by developing sound statistical methods for
model inference.

The rest of the paper is organized as follows. In Section 2,
we describe the proposed model and the development of the
estimation method. In Section 3, we present the asymptotic
properties of the proposed estimators. Section 4 provides
a numerical algorithm to implement the estimation proce-
dure. Section 5 discusses model-checking methods for the
proposed model. Section 6 reports on simulation studies to
illustrate the finite sample properties of the method. Sec-
tion 7 applies the proposed methodology to a data set from a
human papillomavirus positive oropharyngeal cancer study.
Some concluding remarks are given in Section 8.

2. MODEL AND INFERENCE

In many real applications, some subjects may be unsus-
ceptible or cured, and they are thus regarded immune from
certain disease. Let Di (i = 1, . . . , n) indicate whether sub-
ject i is susceptible or not by the value 1 or 0, and Ti be
the failure time of subject i. Under the mixture modelling
approach, we assume the following decomposition

(1) Ti = DiT
∗
i + (1−Di)∞,

where T ∗
i < ∞ denotes the failure time of subject i if it

is susceptible. Let Ci be the censoring time, Zi be a p × 1
vector of covariates related to T ∗

i and Xi be a q × 1 vector
of covariates related to Di. Xi includes 1 as a component,
and Zi and Xi may share common components. We define
the observed time T̃i = min{Ti, Ci}, the censoring indicator
Δi = I(Ti ≤ Ci), the observed counting process Ni(t) =
ΔiI(T̃i ≤ t), and the at risk process Yi(t) = I(T̃i ≥ t). The
observed data consists of {T̃i,Δi,Zi,Xi} (i = 1, . . . , n).

We propose the AH model as the latency model for the
failure time T ∗

i . Specifically, the hazard functions of uncured
subjects are specified by

(2) λ(t|Zi, Di = 1) = λ0(t) + βTZi,

where λ0(t) is an unknown baseline hazard function, and
β is a p × 1 vector of unknown regression parameters. Let
Λ0(t) =

∫ t

0
λ0(s)ds be the cumulative baseline hazard func-

tion. Define

Λd(t|Zi) =

∫ t

0

(λ0(s) + βTZi)ds = Λ0(t) + βTZit,

and

Sd(t|Zi) = P (T ∗
i > t|Zi) = exp[−Λd(t|Zi)].

The incidence model for susceptibility indicator Di is
specified by the logistic regression

(3) P (Di = 1|Xi) =
exp(γTXi)

1 + exp(γTXi)
,

where γ is a q × 1 vector of unknown parameters. Here,
Xi includes 1, such that γ contains the intercept term. Let
G(u) = exp(u)/[1 + exp(u)] be the logistic function, and
Ḡ(u) = 1 − G(u). Then, P (Di = 1|Xi) can be written as
G(γTXi).

In the mixture AH cure model defined by (2) and (3),
the unknown parameters are Λ0(t) (or equivalently, λ0(t)),
β, and γ. We denote α = (βT ,γT )T .

The survivor function of Ti given Zi and Xi is

S(t|Zi,Xi) = Ḡ(γTXi) +G(γTXi)Sd(t|Zi)

=
1 + exp[−Λ0(t)− βTZit+ γTXi]

1 + exp(γTXi)
,

and the cumulative hazard function of Ti given Zi and Xi

is

− logS(t|Zi,Xi)

= logG[Λ0(t) + βTZit− γTXi]− log Ḡ(γTXi).

We define

Mi(t; Λ0,α)

=Ni(t)−
∫ t

0

Yi(s)d logG[Λ0(s) + βTZis− γTXi].

Then, based on the counting process and martingale theory,
Mi(t; Λ0,α) is a mean zero martingale process under the
true model indexed by Λ0(t) and α.

On the basis of Mi(t; Λ0,α), we propose the es-
timating equations

∑n
i=1 dMi(t; Λ0,α) = 0 and∑n

i=1

∫∞
0

ZidMi(t; Λ0,α) = 0, which can also be nat-
urally viewed as certain type of moment estimation.
Specifically, we have

(4)

n∑
i=1

{dNi(t)−Yi(t)d logG[Λ0(t)+βTZit−γTXi]} = 0

and

n∑
i=1

∫ ∞

0

Zi{dNi(t)− Yi(t)d logG[Λ0(t) + βTZit− γTXi]}

= 0,

(5)

in which (4) is used to estimate Λ0(t) when β and γ are
held fixed, whereas (5) is used to estimate β.

To estimate γ, we note that

P (Di = 1|T̃i,Δi,Zi,Xi)(6)

= Δi + (1−Δi)Ḡ[Λ0(T̃i) + βTZiT̃i − γTXi].

From (6), the probability that subject i belongs to the un-
cured group given that this subject is censored at T̃i is
Ḡ[Λ0(T̃i) + βTZiT̃i − γTXi], and the subject experienc-
ing an event must belong to the uncured group. Meanwhile,
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P (Di = 1|Xi) = G(γTXi). If Di is observed for each sub-
ject, we can estimate γ using

∑n
i=1 Xi{Di − G(γTXi)} =

0, which is the score equation corresponding to the log-
likelihood of ordinary logistic regression model. However,
Di is only observed for those actually failed. By taking
conditional expectation on both sides of

∑n
i=1 Xi{Di −

G(γTXi)} = 0 with respect to the observed data, we pro-
pose an unbiased estimating equation for γ as

n∑
i=1

Xi

{
Δi + (1−Δi)Ḡ[Λ0(T̃i) + βTZiT̃i − γTXi](7)

−G(γTXi)
}
= 0.

In the Appendix, we show that the left-hand side of (7) can
be represented as a martingale integral, which is not obvious
from the definition.

For fixed β and γ, by solving (4), we have the esti-
mator of Λ0(t) denoted by Λ̂0(t;α). We define U(α) =
(U1(α)T ,U2(α)T )T with

U1(α) =
n∑

i=1

∫ ∞

0

Zi

{
dNi(t)(8)

− Yi(t)d logG[Λ̂0(t;α) + βTZit− γTXi]
}
,

U2(α) =

n∑
i=1

Xi

{
Δi + (1−Δi)(9)

× Ḡ[Λ̂0(T̃i;α) + βTZiT̃i − γTXi]} −G(γTXi)
}
.

Then, we solve the estimating equation U(α) = 0, and we

obtain the estimator α̂ = (β̂
T
, γ̂T )T for α. The final esti-

mator of Λ0(t) is naturally given by Λ̂0(t) ≡ Λ̂0(t; α̂).
Here, G′(u) = Ḡ(u)G(u), and we have an equivalent ex-

pression for (4) with

n∑
i=1

{
dNi(t)− Yi(t)Ḡ[Λ0(t) + βTZit− γTXi](10)

× [λ0(t) + βTZi]dt
}
= 0,

and an equivalent expression for (8) with

U1(α) =

n∑
i=1

∫ ∞

0

Zi

{
dNi(t)− Yi(t)

× Ḡ[Λ̂0(t;α) + βTZit− γTXi]

× d[Λ̂0(t;α) + βTZit]
}
.

(11)

3. ALGORITHM

To implement the estimation procedure, let t1 < t2 <
· · · < tK be the K distinct failure times. We assume that
Λ̂0 jumps only at the observed failure times t1, . . . , tK . The

initial value of β and γ are β̂
(0)

and γ̂(0), respectively. Sup-

pose that β̂
(m−1)

and γ̂(m−1) have been obtained. Then, for

k = 1, . . . ,K, we first determine Λ̂
(m)
0 (tk) from

1 =

n∑
i=1

I(T̃i≥ tk){logG[Λ̂
(m)
0 (tk)+ZT

i β̂
(m−1)

tk−XT
i γ̂

(m−1)]

− logG[Λ̂
(m)
0 (tk−1) + ZT

i β̂
(m−1)

tk−1−XT
i γ̂

(m−1)]}

+
n∑

i=1

I(tk−1 < T̃i < tk))

× {logG[Λ̂
(m)
0 (tk−1) + ZT

i β̂
(m−1)

T̃i −XT
i γ̂

(m−1)]

− logG[Λ̂
(m)
0 (tk−1) + ZT

i β̂
(m−1)

tk−1 −XT
i γ̂

(m−1)]}.

(12)

This step can be implemented by the Newton–Raphson al-

gorithm. The monotonicity of G(t) ensures that Λ̂
(m)
0 (·) is

uniquely determined.
Second, note that

∫∞
0

ZidNi(t) = ΔiZi, and∫∞
0

Yi(t)dh(t) = h(T̃i) − h(0) for any proper function

h(t), we update β̂
(m−1)

to β̂
(m)

by solving the rewritten
version of (8) as follows:

n∑
i=1

Zi

{
Δi − logG[Λ̂

(m)
0 (T̃i) + βTZiT̃i −XT

i γ̂
(m−1)]

+ logG(−XT
i γ̂

(m−1))
}
= 0.

(13)

The second step can also be implemented by the Newton–
Raphson algorithm.

Third, in view of (7), we update γ̂(m−1) to γ̂(m) by solv-
ing

n∑
i=1

Xi

{
Δi + (1−Δi)Ḡ[Λ̂

(m)
0 (T̃i) + ZT

i β̂
(m)

T̃i −XT
i γ̂

(m−1)]

−G(γTXi)
}
= 0.

(14)

We repeat the above three steps until predetermined con-
vergence criteria are achieved.

Similar to the findings of [29], numerical instability is
caused by the near nonidentifiability of the cure models with
a finite sample. We handle this aspect by imposing a con-
straint on the tail of the estimated cumulative baseline haz-
ard function Λ̂0(t), i.e., we let Λ̂0(t) be infinite for t > tK
when implementing (12).

4. ASYMPTOTIC PROPERTIES

To study the asymptotic properties, let α0 and Λ∗(t)
be the true value of α and Λ0(t), respectively, and let
λ∗(t) = dΛ∗(t)/dt be the corresponding true value of λ0(t).
To shorten the lengthy notations, we denote

Gi(t; Λ0,α) = G[Λ0(t) + βTZit− γTXi],
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Ḡi(t; Λ0,α) = Ḡ[Λ0(t) + βTZit− γTXi].

Then, we define

Wi(t; Λ0,α) =
(
ZT

i ,X
T
i Gi(t; Λ0,α)

)T
,

Hi(t; Λ0,α) =
(
ZT

i ,X
T
i (1−Δi)Gi(t; Λ0,α)

)T
,

Ri(t; Λ0,α) =
(
ZT

i {−tGi(t; Λ0,α) + [λ0(t) + βTZi]
−1},

XT
i Gi(t; Λ0,α)

)T
.

When taking expectations, we omit the subscripts for con-
venience and define

B(t, s) = exp
(
−

∫ t

s

E[G(u; Λ∗,α0)dN(u)]

E[Y (u)Ḡ(u; Λ∗,α0)]

)
,

h(t) =
E[H(T̃ ; Λ∗,α0)Ḡ(T̃ ; Λ∗,α0)Y (t)B(t, T̃ )]

E[Y (t)Ḡ(t; Λ∗,α0)]
,

and the (p + q)-vector h(t) can be decomposed as
(hZ(t)

T ,hX(t)T )T , where hZ(t) and hX(t) are p and q di-
mensional, respectively. For simplicity, we denote Mi(t) =
Mi(t; Λ∗,α0) and Ui =

∫∞
0

{Wi(t; Λ∗,α0)− h(t)}dMi(t).

Proposition 1. Under some regularity conditions, α̂ con-
verges to α0 in probability, and n1/2(α̂ − α0) converges in
distribution to N(0,A−1ΣA−1T ) as n → ∞, where

A = E[

∫ ∞

0

{W(t; Λ∗,α0)− h(t)}R(t; Λ∗,α0)
T dN(t)],

Σ = E[

∫ ∞

0

{W(t; Λ∗,α0)− h(t)}⊗2dN(t)].

A and Σ can be consistently estimated by

Â = n−1
n∑

i=1

∫ ∞

0

{Wi(t; Λ̂0, α̂)− ĥ(t)}

×Ri(t; Λ̂0, α̂)T dNi(t),

Σ̂ = n−1
n∑

i=1

∫ ∞

0

{Wi(t; Λ̂0, α̂)− ĥ(t)}⊗2dNi(t),

where

ĥ(t) =

∑n
j=1 Hj(T̃j ; Λ̂0, α̂)Ḡj(T̃j ; Λ̂0, α̂)Yj(t)B̂(t, T̃j)∑n

j=1 Yj(t)Ḡj(t; Λ̂0, α̂)
,

B̂(t, s) = exp
(
−
∫ t

s

∑n
k=1 Gk(u; Λ̂0, α̂)dNk(u)∑n
k=1 Yk(u)Ḡk(u; Λ̂0, α̂)

)
,

and

Ri(t; Λ̂0, α̂) =
(
ZT

i {−tGi(t; Λ̂0, α̂) + [λ̂0(t) + β̂
T
Zi]

−1},

XT
i Gi(t; Λ̂0, α̂)

)T
,

Λ̂0 represents Λ̂0(t) = Λ̂0(t; α̂), and λ̂0(t) is an appropriate
estimator of λ0(t).

We adopt a piecewise constant baseline hazard esti-
mator for λ0(t). Piecewise constant baseline hazard has
been used extensively in a variety of sophisticated models
[23, 25, 24, 22, 26] and their simulation studies showed that
this estimation method performs satisfactorily. Notably, the
estimator for λ0(t) is only used to estimate the variance
of the parameter estimator. Specifically, we first divide the
follow-up for events into 10 intervals by every 10th quan-
tile (denoted by td1, . . . , t

d
10, and td0 is the smallest observed

failure time) of the observed failure times. We set

λ̂0(t) = λk for tdk−1 ≤ t < tdk, where k = 1, . . . , 9,

and

λ̂0(t) = λ10 for td9 ≤ t ≤ td10,

where

λk =
Λ̂0(t

d
k−)− Λ̂0(t

d
k−1)

tdk − tdk−1

for k = 1, . . . , 9,

and

λ10 =
Λ̂0(t

d
10)− Λ̂0(t

d
9)

td10 − td9
.

Remark 1. The estimation of the baseline hazard function
λ0(t) is not required by [29] for the linear transformation
cure model. This leads to added difficulties in our method.

Proposition 2. Under some regularity conditions, Λ̂0(t)
converges in probability to Λ∗(t) uniformly in t, and
n1/2{Λ̂0(t)−Λ∗(t)} converges weakly to a mean zero Gaus-
sian process with covariance function E[Ωi(t)Ωi(s)] at (t, s),
where

Ωi(t) =

∫ t

0

B(s, t)dMi(s)

E[Y (s)Ḡ(s; Λ∗,α0)]

−
∫ t

0

B(s, t)E[R(s; Λ∗,α0)
T dN(s)]

E[Y (s)Ḡ(s; Λ∗,α0)]
A−1Ui.

E[Ωi(t)Ωi(s)] can be consistently estimated by
n−1

∑n
i=1 Ω̂i(t)Ω̂i(s) with

Ω̂i(t) =

∫ t

0

nB̂(s, t)dM̂i(s)∑n
j=1 Yj(s)Ḡj(s; Λ̂0, α̂)

−
∫ t

0

B̂(s, t)
∑n

j=1 Rj(s; Λ̂0, α̂)T dNj(s)∑n
i=1 Yj(s)Ḡj(s; Λ̂0, α̂)

Â
−1

Ûi,

where

Ûi =

∫ ∞

0

{Wi(t; Λ̂0, α̂)− ĥ(t)}dM̂i(t),

M̂i(t) = Ni(t)−
∫ t

0

Yi(s)d logG[Λ̂0(s) + β̂
T
Zis− γ̂TXi].
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5. MODEL CHECKING

5.1 Model checking of the mixture AH cure
model

Considering that Mi(t) (i = 1, . . . , n) are martingale pro-
cesses, then the martingale residuals for the mixture AH
cure model are

Mi = Mi(∞) =Δi − logG[Λ∗(T̃i) + βT
0 ZiT̃i − γT

0 Xi]

+ logG(−γT
0 Xi),

and the estimated martingale residuals are

M̂i = Δi− logG[Λ̂0(T̃i)+ β̂
T
ZiT̃i− γ̂TXi]+ logG(−γ̂TXi).

In contrast to conventional survival models, Mi ≥
logG(−γT

0 Xi) in this study. Thus, the lower bound
logG(−γT

0 Xi) may limit the use of Mi, such as in detect-
ing outliers [38]. Therefore, we do not propose test statistics
based on Mi.

We instead consider graphical inspection by using the
Cox–Snell residuals [8]

Γi = − logS(T̃i|Zi,Xi) = Δi −Mi,

and let

Γ̂i = − log Ŝ(T̃i|Zi,Xi)

be the estimated Cox–Snell residuals, where Ŝ(t|Zi,Xi) is
the estimated survivor function of Ti under the mixture AH
cure model. For t > 0, it can be verified that

P (− logS(Ti|Zi,Xi) > t)(15)

= P (S(Ti|Zi,Xi) < e−t)

= e−tI(t < − logG(−γT
0 Xi)),

which is a mixed type distribution with the continu-
ous component e−t on (0,− logG(−γT

0 Xi)) and the dis-
crete component as a probability mass G(−γT

0 Xi)) at
− logG(−γT

0 Xi). Thus, when the mixture AH cure model
is correctly specified, the Cox–Snell residuals {(Γi,Δi), i =
1, . . . , n} are not a sample from a unit exponential distri-
bution Exp(1). Nonetheless, because the residuals that are
equal to − logG(−γT

0 Xi) are always censored, the entire
residuals can still be regarded as a censored sample from
Exp(1).

If the incidence model or the latency model in the mix-
ture AH cure model is misspecified, then the distribution
of − logS(Ti|Zi,Xi) will deviate from the mixed type dis-
tribution specified by (15); see more details in [38]. Thus,
a departure of the estimated cumulative hazard function of
(Γi,Δi)’s from the cumulative hazard function of Exp(1)
(i.e., the 45-degree line) suggests lack of fit of the mixture
model.

5.2 Model checking of the latency model

Let T̃ d
i = min{T ∗

i , DiCi}, Nd
i (t) = I(T̃ d

i ≤ t,Δi = 1)

and Y d
i (t) = I(T̃ d

i ≥ t). M l
i (t) = Nd

i (t)−
∫ t

0
Y d
i (s)d{Λ∗(s)+

βT
0 Zis} is clearly a martingale. Moreover, because Ni(t) =

Nd
i (t) and DiYi(t) = Y d

i (t), then M l
i (t) = Ni(t) −∫ t

0
DiYi(s)d{Λ∗(s)+βT

0 Zis}. However, Di are unobservable
for censored subjects. To tackle this issue, we replace Di

with its expected value D†
i = Δi + (1 − Δi)Ḡ[Λ∗(T̃i) +

βT
0 ZiT̃i − γT

0 Xi]. We define residual processes for the la-
tency model as

Md
i (t) = Ni(t)−D†

i

∫ t

0

Yi(s)d{Λ∗(s) + βT
0 Zis}.

Md
i (t) (i = 1, . . . , n) are mean zero processes but no longer

martingales. Then, the estimated residual processes are ex-
pressed by

M̂d
i (t) = Ni(t)− D̂i

∫ t

0

Yi(s)d{Λ̂0(s) + β̂
T
Zis},

where D̂i = Δi + (1−Δi)Ḡ[Λ̂0(T̃i) + β̂
T
ZiT̃i − γ̂TXi].

To test the goodness-of-fit of the latency model, we con-
sider the process

Φ(t; z) = n−1/2
n∑

i=1

I(Zi ≤ z)M̂d
i (t),

where I(Zi ≤ z) = 1 if each component of Zi is less than
or equal to the corresponding component of z; otherwise,
I(Zi ≤ z) = 0. In the Appendix, we show that Φ(t; z) is
asymptotically equivalent to Φ̃(t; z) = n−1/2

∑n
i=1 Φ̃i(t; z),

where

Φ̃i(t; z) = I(Zi ≤ z)M̂d
i (t)

+{Ψ̂1(t; z) + Ψ̂3(t; z)− Ψ̂4(t; z)}T Â
−1

Ûi

−
∫ ∞

0

n{Ψ̂2(t, s; z)− Ψ̂5(t, s; z)}∑n
j=1 Yj(s)Ḡj(s; Λ̂0, α̂)

dM̂i(s),

with

Ψ̂1(t; z) =
1

n

n∑
j=1

I(Zj ≤ z)D̂j

×
∫ T̃j∧t

0

B̂(s, T̃j ∧ t)
∑n

k=1 Rk(s; Λ̂0, α̂)dNk(s)∑n
k=1 Yk(s)Ḡk(s; Λ̂0, α̂)

,

Ψ̂2(t, s; z) =
1

n

n∑
j=1

I(Zj ≤ z)D̂jI(s < T̃j ∧ t)B̂(s, T̃j ∧ t),

and Ψ̂3(t; z) = (Ψ̂3Z(t; z)
T , Ψ̂3X(t; z)T )T ,
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Ψ̂3Z(t; z)

=
1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)Ḡj(T̃j ; Λ̂0, α̂)Gj(T̃j ; Λ̂0, α̂)

×{Λ̂0(T̃j ∧ t) + β̂
T
Zj(T̃j ∧ t)}T̃jZj

− 1

n

n∑
j=1

I(Zj ≤ z)D̂j(T̃j ∧ t)Zj ,

Ψ̂3X(t; z)

= − 1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)Ḡj(T̃j ; Λ̂0, α̂)Gj(T̃j ; Λ̂0, α̂)

×{Λ̂0(T̃j ∧ t) + β̂
T
Zj(T̃j ∧ t)}Xj ,

Ψ̂4(t; z)

=
1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)Ḡj(T̃j ; Λ̂0, α̂)Gj(T̃j ; Λ̂0, α̂)

×{Λ̂0(T̃j ∧ t) + β̂
T
Zj(T̃j ∧ t)}

×
∫ T̃j

0

B̂(s, T̃j)
∑n

k=1 Rk(s; Λ̂0, α̂)dNk(s)∑n
k=1 Yk(s)Ḡk(s; Λ̂0, α̂)

,

Ψ̂5(t, s; z)

=
1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)Ḡj(T̃j ; Λ̂0, α̂)Gj(T̃j ; Λ̂0, α̂)

×{Λ̂0(T̃j ∧ t) + β̂
T
Zj(T̃j ∧ t)}Yj(s)B̂(s, T̃j).

Analytically finding the distribution of Φ(t; z) is difficult.
For this reason, we use the resampling technique [20, 19],
i.e., we approximate Φ(t; z) with

Φ̂(t; z) = n−1/2
n∑

i=1

Φ̃i(t; z)ξi,

where (ξ1, . . . , ξn) are independent standard normal random
variables independent of {(T̃i,Δi, Zi,Xi), i = 1, . . . , n}. By
repeatedly drawing standard normal samples (ξ1, . . . , ξn)
with the fixed observed data, we obtain a large number of
realizations from Φ̂(t; z). The distribution of Φ(t; z) can then
be empirically approximated.

To assess the goodness-of-fit of the latency model, we ap-
ply the supremum test statistic supt;z|Φ(t; z)|. The p-value
of this test is obtained by sampling numbers of realizations
from supt;z|Φ̂(t; z)| and comparing them with the observed
supt;z|Φ(t; z)|.

We also define the Cox–Snell residuals for the latency
model based on the uncured subjects only as follows:

Γd
i = − logSd(T̃i|Zi).

However, we have only observed Di = 1 for an uncensored
subject. For a censored subject, Di is unknown. Thus, we
may not estimate the distribution of Γd

i for uncured subjects

based on all Γd
i values because some of them may come

from cured subjects. To use all the information, we propose
a weighting scheme as follows: if Di is observed, then the
weight is 1; if Di is not observed, then the weight is D†

i .
The distribution of Γd

i for uncured subjects can be obtained
by a weighted Nelson–Aalen estimator [30]. Let

Γ̂d
i = − log Ŝd(T̃i|Zi)

be the estimated Cox–Snell residuals, where Ŝd(t|Zi) =

exp[−Λ̂0(t)− β̂
T
Zit]. The weight D†

i is estimated by D̂i for
censored subjects. The usual approach of comparing the es-
timated cumulative hazard function with the 45-degree line
can be used to examine the goodness-of-fit of the latency
model.

6. SIMULATION

6.1 Simulation 1

In this subsection, simulation studies were conducted
to evaluate the finite sample performance of the proposed
method and to compare the proposed method with the
existing approach of [21] that did not consider the cure
fraction. The baseline hazard function was λ0(t) = 2t,
Z was a Bernoulli random variable with success proba-
bility 0.5, and X = (1, Z)T . The censoring distribution
was uniform on intervals [0, 3] and [0, 5], respectively. For
the regression parameters, two configurations were consid-
ered, (I): (β0, γ0, γ1) = (0.5, 1,−1) and (II): (β0, γ0, γ1) =
(0.5, 1,−0.5), resulting in different cure proportions. For the
first configuration, the cure rate was 26.9% for the control
group (i.e., Z = 0) and 50.0% for the treatment group (i.e.,
Z = 1). For the latter, the cure rate was 26.9% for the con-
trol group and 37.8% for the treatment group. The results
presented below are based on 1000 replications with sample
sizes of n = 200 and n = 400.

For the proposed and [21]’s methods, Table 1 shows the
sampling mean of the estimate minus the true value (Bias),
the empirical standard errors (SE), the average of the es-
timated standard errors (SEE), and the empirical coverage
probabilities of the 95% confidence intervals (CP) when cen-
soring distribution is uniform on interval [0, 3]. The results
for censoring distribution being uniform on interval [0, 5] are
presented in Table 2. Tables 1 and 2 show that the proposed
estimators are practically unbiased, a good agreement ex-
ists between estimated and empirical standard errors, and
the coverage probabilities of the 95% confidence intervals
are reasonable. The performance of the proposed estimator
tends to improve as sample size increases. As for compar-
ison, ignoring the cure fraction, i.e., directly applying the
method of [21] to the proposed mixture AH cure model,
leads to biased estimation of the regression parameter β0.
Thus, our proposed method that accounts for the cure frac-
tion is both theoretically and practically desirable. Simu-
lations with continuous covariates and covariate-dependent
censoring were also performed, and the findings were similar.
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Table 1. Results of Simulation 1, censoring distribution ∼ Uniform[0, 3]

n Method Setting Para True Bias SE SEE CP

200 Proposed (I) β0 0.500 −0.024 0.256 0.261 0.930
γ0 1.000 0.041 0.358 0.323 0.945
γ1 −1.000 −0.030 0.437 0.405 0.942

LY β0 0.500 −0.665 0.101 0.101 0.000

Proposed (II) β0 0.500 −0.013 0.230 0.237 0.942
γ0 1.000 0.041 0.343 0.320 0.954
γ1 −0.500 −0.029 0.439 0.411 0.950

LY β0 0.500 −0.509 0.111 0.110 0.004

400 Proposed (I) β0 0.500 −0.022 0.180 0.178 0.933
γ0 1.000 0.018 0.225 0.226 0.957
γ1 −1.000 −0.008 0.274 0.283 0.955

LY β0 0.500 −0.664 0.099 0.101 0.000

Proposed (II) β0 0.500 −0.010 0.166 0.165 0.935
γ0 1.000 0.017 0.232 0.225 0.953
γ1 −0.500 −0.017 0.296 0.287 0.957

LY β0 0.500 −0.509 0.111 0.110 0.011

n, sample size; Para, parameter; True, True value of the parameter; LY, the method of Lin and Ying (1994).

Table 2. Results of Simulation 1, censoring distribution ∼ Uniform[0, 5]

n Method Setting Para True Bias SE SEE CP

200 Proposed (I) β0 0.500 −0.003 0.236 0.246 0.947
γ0 1.000 0.011 0.279 0.268 0.942
γ1 −1.000 −0.019 0.351 0.349 0.957

LY β0 0.500 −0.654 0.080 0.078 0.000

Proposed (II) β0 0.500 −0.010 0.219 0.224 0.947
γ0 1.000 0.033 0.283 0.269 0.941
γ1 −0.500 −0.027 0.372 0.356 0.940

LY β0 0.500 −0.503 0.087 0.086 0.000

400 Proposed (I) β0 0.500 −0.003 0.167 0.169 0.940
γ0 1.000 0.012 0.194 0.190 0.953
γ1 −1.000 −0.010 0.251 0.247 0.946

LY β0 0.500 −0.655 0.075 0.079 0.000

Proposed (II) β0 0.500 −0.011 0.156 0.155 0.944
γ0 1.000 0.006 0.188 0.188 0.950
γ1 −0.500 −0.005 0.257 0.249 0.944

LY β0 0.500 −0.529 0.089 0.086 0.000

n, sample size; Para, parameter; True, True value of the parameter; LY, the method of Lin and Ying (1994).

6.2 Simulation 2

In this subsection, a sensitivity analysis was conducted
to investigate the robustness of the proposed method under
model mis-specifications. The incidence model for suscep-
tibility indicator Di was specified by the following probit
regression:

(16) Di = I(γTXi > εi),

where εi followed the standard normal distribution. The
data were generated from the mixture cure model defined
by (2) and (16), with the same setups of baseline hazard

function, parameters, censoring distribution, and covariates
as in Simulation 1. Then, the simulated data were analyzed
using the proposed methodology. The simulation results are
presented in Tables 3 and 4.

Although the underlying probit model for incidence was
mis-specified as a logistic model, the proposed method still
performs well in estimating the regression coefficient of the
AH model, β0, in terms of accuracy, standard errors, and
coverage probabilities of the 95% confidence intervals. The
poor performance of the proposed method in estimating the
parameters of the probit model is reasonable because the
proposed estimating equation for the logistic model is not
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Table 3. Results of Simulation 2, censoring distribution ∼ Uniform[0, 3]

n Setting Para True Bias SE SEE CP

200 (I) β0 0.500 −0.020 0.253 0.256 0.936
γ0 1.000 0.726 0.440 0.421 0.664
γ1 −1.000 −0.723 0.506 0.488 0.734

(II) β0 0.500 −0.010 0.216 0.225 0.959
γ0 1.000 0.721 0.431 0.420 0.657
γ1 −0.500 −0.376 0.518 0.506 0.922

400 (I) β0 0.500 −0.003 0.168 0.178 0.955
γ0 1.000 0.704 0.299 0.295 0.278
γ1 −1.000 −0.703 0.345 0.340 0.443

(II) β0 0.500 −0.003 0.155 0.155 0.949
γ0 1.000 0.719 0.320 0.298 0.278
γ1 −0.500 −0.400 0.379 0.353 0.817

n, sample size; Para, parameter; True, True value of the parameter.

Table 4. Results of Simulation 2, censoring distribution ∼ Uniform[0, 5]

n Setting Para True Bias SE SEE CP

200 (I) β0 0.500 −0.011 0.233 0.241 0.946
γ0 1.000 0.741 0.367 0.347 0.423
γ1 −1.000 −0.738 0.429 0.415 0.585

(II) β0 0.500 −0.004 0.209 0.211 0.945
γ0 1.000 0.712 0.360 0.340 0.444
γ1 −0.500 −0.394 0.429 0.421 0.870

400 (I) β0 0.500 −0.001 0.161 0.167 0.948
γ0 1.000 0.676 0.240 0.234 0.124
γ1 −1.000 −0.669 0.297 0.282 0.335

(II) β0 0.500 −0.006 0.144 0.146 0.946
γ0 1.000 0.686 0.240 0.235 0.113
γ1 −0.500 −0.376 0.291 0.292 0.778

n, sample size; Para, parameter; True, True value of the parameter.

suited for the probit regression. Considering that the pri-
mary interest of a mixture cure model is to reveal the im-
pacts of potential risk factors on the hazards of uncured
subjects, the proposed method is robust to the model mis-
specifications under consideration.

The performance of the proposed model checking method
using the Cox-Snell residuals with model mis-specification
was also investigated. For brevity, the following scenario was
considered: uniform censoring time on intervals [0, 3], pa-
rameter configuration (I), and sample size n = 200. The
results for other scenarios are similar. Based on 1000 repli-
cations, Figures 1 and 2 show that the estimated cumulative
hazard functions for Γis and those for Γd

i s are both close to
the 45-degree line. The proposed model checking method is
insensitive to the mis-specification of the incidence model.
This finding is in agreement with the robustness of the pro-
posed estimation method. The goodness-of-fit tests of the
latency model for 1000 replications were not conducted be-
cause of extremely heavy computational burden.

Figure 1. The estimated cumulative hazard functions for Γis
and the 45 degree line (with asterisk) for censoring

distribution ∼ Uniform[0, 3], parameter configuration (I), and
sample size n = 200. The dash curves are the estimated

cumulative hazard functions.
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Figure 2. The estimated cumulative hazard functions for Γd
i s

and the 45 degree line (with asterisk) for censoring
distribution ∼ Uniform[0, 3], parameter configuration (I), and

sample size n = 200. The dash curves are the estimated
cumulative hazard functions.

7. APPLICATION

We applied the proposed mixture AH cure model on a
human papillomavirus positive oropharyngeal cancer study
with 573 patients treated from 2000 to 2010 [15]. Each sub-
ject was assigned to either the radiation therapy (RT) group
or the chemo-radiation therapy (CRT) group. The endpoint
of interest is regional recurrence-free survival. By the end
of the study, 22 of the 288 RT patients and 11 of the 285
CRT patients experienced cancer recurrence. The clinical
covariates include age, gender (1 for male and 0 for female),
smoking pack-year, tumor stage (taking values 0 and 1, 0
for earlier stage and 1 for later stage), and treatment (1 for
the CRT group, 0 for the RT group). For the mixture model
construction, the covariates that have been included in the
logistic regression model are as follows: age, gender, smoking
pack-year, tumor stage, and treatment. The covariates that
have been included in the survival risk model with clinical
importance are as follows: age, smoking pack-year, tumor
stage, and treatment.

Figure 3 shows the Kaplan–Meier survival curves of pa-
tients from the two treatment groups. For each treatment
group, the curve levels off above 0.92, implying that a pro-
portion of patients have been potentially cured. Thus, the
proposed model can be applied.

Table 5 reports the estimates, the estimated standard
errors (SEE) and the p-values for the coefficients.

Age has a significant negative effect on latency, but it is
not significant on incidence. Older patients have relatively
low risks of regional recurrence. Smoking pack-year has a
significant positive effect on latency, but it is not significant
on incidence. Patients who are heavy smoker have higher
risks of regional recurrence. Both tumor stage and treat-
ment are significant on incidence, but they are not signifi-
cant on latency. Patients with earlier tumor stage are more

Figure 3. Regional recurrence-free survival curves of
papillomavirus positive oropharyngeal cancer patients in two

treatment groups (RT and CRT).

likely to be cured, and patients treated by CRT have higher
cure probabilities than those treated by RT. Gender is not
significant on incidence, indicating equal cure probabilities
for males and females. A priori, we may expect tumor stage
and treatment to be more important for incidence, which
can be biologically determined by whether or not all cancer
cells have been killed. We may also expect patient-specific
factors, such as age and smoking pack-year, to be important
for latency because the time to recurrence is determined by
the growth rate of surviving tumor cells. The obtained re-
sults are compatible with such expectations. Moreover, as
emphasized by [40], a covariate that is important for in-
cidence in mixture cure models may not be important for
latency, and vice versa. Our findings provide an interesting
example for this situation.

We considered the application of the model-checking pro-
cedures (see Section 5) to the data. With regard to the mix-
ture AH cure model defined by (2) and (3), Figure 4 shows
an agreement between the 45-degree line and the estimated
cumulative hazard function for Γis. This finding suggests
adequate fitting of the mixture AH cure model. As for the
latency component, i.e., model (2), Figure 5 shows that the
45-degree line and the estimated cumulative hazard func-
tion for Γd

i s are close to one another, and the proposed test
statistic supt;z|Φ(t; z)| yields a p-value of 0.927. These re-
sults provide no evidence against the latency AH model.

8. DISCUSSION

In this article, we proposed a mixture AH cure model
as a useful alternative to existing mixture cure models.
A generalized estimating equation approach was developed
to obtain consistent and asymptotically normal estimators.
Model-checking methods were presented for assessing the
proposed model. The simulation results showed that the pro-
posed methods work well for the situations considered. An
application to the human papillomavirus positive oropha-
ryngeal cancer study was provided to illustrate our method.
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Table 5. Estimates, SEE and p-values

Model Covariate Estimate SEE p-value

Latency age −0.367 0.056 0.000
smoking pack-year 0.001 0.000 0.008

tumor stage −0.003 0.231 0.991
treatment 0.520 0.649 0.421

Incidence intercept 4.840 5.910 0.410
age −1.768 1.524 0.244

gender 0.169 0.589 0.772
smoking pack-year −0.001 0.002 0.494

tumor stage 1.541 0.654 0.019
treatment −1.470 0.539 0.007

Figure 4. The estimated cumulative hazard function for Γis
and the 45 degree line. The dash curve is the estimated

cumulative hazard function.

Figure 5. The estimated cumulative hazard function for Γd
i s

and the 45 degree line. The dash curve is the estimated
cumulative hazard function.

However, the proposed estimating equations were given
in a somewhat ad hoc manner and were generally not ef-
ficient. Thus, investigating possible improvements that can
result from other approaches, such as the weighted estimat-
ing equation approach or the nonparametric maximum like-
lihood approach, are worthwhile endeavors.

Moreover, random effects have been introduced in vari-
ous cure models in the literature [26]. However, the proposed
model and method cannot be extended in a straightforward
manner to accommodate random effects. This extension re-
quires further research.

APPENDIX: PROOFS

The regularity conditions to ensure martingale central
limit theorems [12] are assumed. Let τ = inf{t : P (T̃i >
t) = 0}. Assume that P (Ti > τ) > 0 and P (Ci = τ) > 0 [3].

Proof of Propostion 1. We first show the consistency of
Λ̂0(t;α0).

Let S be the collection of all functions Λ(·) on [0,∞)
with locally bounded variation and Λ(0) = 0. A map on S
is defined by

L(Λ)(t) =n−1
n∑

i=1

∫ t

0

dNi(s)

− n−1
n∑

i=1

∫ t

0

Yi(s)d logG[Λ(s) + βT
0 Zis−γT

0 Xi].

For an arbitrary fixed ε > 0, if Λ1,Λ2 ∈ S such that

sup{|Λ1(t)− Λ2(t)| : t ∈ [0, τ ]} ≥ ε,

mimicking the arguments of [3], there exists δ > 0 such that

sup{|L(Λ1)(t)− L(Λ2)(t)| : t ∈ [0, τ ]} ≥ δ

for all large n. Define Λ† ∈ S such that Λ†(tk) = Λ∗(tk), k =
1, 2, · · · ,K. The law of large numbers and the continuity of
Λ∗ imply that sup{|L(Λ†)(t)| : t ∈ [0, τ ]} → 0 almost surely.
By the definition of Λ̂0(t;α0), L{Λ̂0(·;α0)}(t) = 0 for all
t ∈ [0, τ ]. Therefore,

sup{|L{Λ̂0(·;α0)}(t)− L(Λ†)(t)| : t ∈ [0, τ ]} → 0

almost surely. Then with probability 1, Λ̂0(·;α0) is in the
neighborhood of Λ† of arbitrary small radius ε > 0. By the
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arbitrariness of ε, and the consistency of Λ†(t) to Λ∗(t), we
have

sup{|Λ̂0(t;α0)− Λ∗(t)| : t ∈ [0, τ ]} → 0

almost surely.
By the uniform law of large numbers [39], for α in a

neighborhood of α0, n−1U(α) and n−1∂U(α)/∂αT con-
verges uniformly to u(α) and ∂u(α)/∂αT in probability.
Assume that ∂u(α)/∂αT is nonsingular, then there exist
rL and rU such that

rL||α1 −α2|| ≤ n−1||U(α1)−U(α2)|| ≤ rU ||α1 −α2||,

where α1 and α2 are in a neighborhood of α0. Since
n−1U(α̂) = 0 and n−1U(α0) converges to u(α0) = 0 in
probability, it follows that α̂ converges to α0 in probability.

The asymptotic normality of α̂

Define v[Λ∗(t)] = B(t, a), V (x) =
∫ x

b
v(s)ds, where a > 0

and b are fixed constants, and

dB1(t) = E[Y (t)Ḡ(t; Λ∗,α0)G(t; Λ∗,α0)d{Λ∗(t) + βT
0 Zt}]

= E[G(t; Λ∗,α0)dN(t)].

It can be verified that

dv[Λ∗(t)] = − v[Λ∗(t)]

E[Y (t)Ḡ(t; Λ∗,α0)]
dB1(t).

Some manipulation yields

−n−1
n∑

i=1

Mi(t)

= −n−1
n∑

i=1

∫ t

0

Yi(s)d{logGi(s; Λ̂(·;α0),α0)

− logGi(s; Λ∗,α0)}

= −n−1
n∑

i=1

∫ t

0

Yi(s)d
{ Ḡi(s; Λ∗,α0)

v[Λ∗(s)]

× (V [Λ̂0(s;α0)]− V [Λ∗(s)])
}

+op(n
−1/2)

= −n−1
n∑

i=1

∫ t

0

Yi(s){V [Λ̂0(s;α0)]− V [Λ∗(s)]}

× d
Ḡi(s; Λ∗,α0)

v[Λ∗(s)]

−n−1
n∑

i=1

∫ t

0

Yi(s)Ḡi(s; Λ∗,α0)

v[Λ∗(s)]

× d{V [Λ̂0(s;α0)]− V [Λ∗(s)]}
+op(n

−1/2)

=

∫ t

0

{V [Λ̂0(s;α0)]− V [Λ∗(s)]}

×v[Λ∗(s)]dB1(s) + E[Y (s)Ḡ(s; Λ∗,α0)]dv[Λ∗(s)]

v[Λ∗(s)]2

−
∫ t

0

E[Y (s)Ḡ(s; Λ∗,α0)]

v[Λ∗(s)]

× d{V [Λ̂0(s;α0)]− V [Λ∗(s)]}
+op(n

−1/2)

= −
∫ t

0

E[Y (s)Ḡ(s; Λ∗,α0)]

v[Λ∗(s)]

× d{V [Λ̂0(s;α0)]− V [Λ∗(s)]}
+op(n

−1/2).

Thus, we have the representation

V [Λ̂0(t;α0)]− V [Λ∗(t)]

=n−1
n∑

i=1

∫ t

0

v[Λ∗(s)]

E[Y (s)Ḡ(s; Λ∗,α0)]
dMi(s)

+ op(n
−1/2).

(17)

We next find the martingale representation of U(α0). It can
be checked that

U1(α0)

=

n∑
i=1

∫ ∞

0

Zi{dNi(t)− Yi(t)d logGi(t; Λ̂0(·;α0),α0)}

=

n∑
i=1

∫ ∞

0

ZidMi(t)

−
n∑

i=1

Zi

{
logGi(T̃i; Λ̂0(·;α0),α0)−logGi(T̃i; Λ∗,α0)

}

=

n∑
i=1

∫ ∞

0

ZidMi(t)

−
n∑

i=1

Zi
Ḡi(T̃i; Λ∗,α0)

v[Λ∗(T̃i)]

{
V [Λ̂0(T̃i;α0)]− V [Λ∗(T̃i)]

}
+op(n

1/2).

=

n∑
i=1

∫ ∞

0

ZidMi(t)

−
n∑

i=1

ZiḠi(T̃i; Λ∗,α0)

v[Λ∗(T̃i)]

× 1

n

n∑
j=1

∫ T̃i

0

v[Λ∗(t)]

E[Y (t)Ḡ(t; Λ∗,α0)]
dMj(t)

+op(n
1/2)

=

n∑
i=1

∫ ∞

0

ZidMi(t)

−
n∑

j=1

∫ ∞

0

E

[
ZḠ(T̃ ; Λ∗,α0)Y (t)

v[Λ∗(T̃ )]

]
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× v[Λ∗(t)]

E[Y (t)Ḡ(t; Λ∗,α0)]
dMj(t)

+op(n
1/2).

We have used the representation (17) in the above calcula-
tion. Note that v[Λ∗(t)]/v[Λ∗(s)] = B(t, s). Then we obtain

U1(α0) =

n∑
i=1

∫ ∞

0

{Zi − hZ(t)}dMi(t) + op(n
1/2),

where

hZ(t) =
E[ZḠ(T̃ ; Λ∗,α0)Y (t)B(t, T̃ )]

E[Y (t)Ḡ(t; Λ∗,α0)]

is the first p components of h(t).
Likewise,

U2(α0)

=

n∑
i=1

Xi{Δi + (1−Δi)Ḡi(T̃i; Λ̂0(·;α0),α0)−G(γT
0 Xi)}

=

n∑
i=1

Xi{Δi + (1−Δi)Ḡi(T̃i; Λ∗,α0)−G(γT
0 Xi)}

+
n∑

i=1

Xi(1−Δi){Ḡi(T̃i; Λ̂0(·;α0),α0)− Ḡi(T̃i; Λ∗,α0)}

Δ
= I + II.

It can be verified that I of U2(α0) can be represented as a
martingale integral, which is not obvious from its definition.
The arguments are as follows:

I =

n∑
i=1

Xi{Δi + (1−Δi)Ḡi(T̃i; Λ∗,α0)−G(γT
0 Xi)}

=

n∑
i=1

XiΔi −
n∑

i=1

XiΔiḠi(T̃i; Λ∗,α0)

+

n∑
i=1

Xi{Ḡi(T̃i; Λ∗,α0)− Ḡ(−γT
0 Xi)}

=
n∑

i=1

∫ ∞

0

XidNi(t)−
n∑

i=1

∫ ∞

0

XiḠi(t; Λ∗,α0)dNi(t)

+

n∑
i=1

∫ ∞

0

XiYi(t)dḠi(t; Λ∗,α0)

=

n∑
i=1

∫ ∞

0

Xi{1− Ḡi(t; Λ∗,α0)}dNi(t)

−
n∑

i=1

∫ ∞

0

XiYi(t)Gi(t; Λ∗,α0)

× Ḡi(t; Λ∗,α0)d{Λ∗(t) + βT
0 Zit}

=

n∑
i=1

∫ ∞

0

XiGi(t; Λ∗,α0)dMi(t).

Meanwhile, we have

II = −
n∑

i=1

Xi(1−Δi)
Gi(T̃i; Λ∗,α0)Ḡi(T̃i; Λ∗,α0)

v[Λ∗(T̃i)]

×
{
V [Λ̂0(T̃i;α0)]− V [Λ∗(T̃i)]

}
+ op(n

1/2)

= −
n∑

i=1

Xi(1−Δi)Gi(T̃i; Λ∗,α0)Ḡi(T̃i; Λ∗,α0)

v[Λ∗(T̃i)]

× 1

n

n∑
j=1

∫ T̃i

0

v[Λ∗(t)]

E[Y (t)Ḡ(t; Λ∗,α0)]
dMj(t) + op(n

1/2)

= −
n∑

j=1

∫ ∞

0

hX(t)dMj(t) + op(n
1/2),

where

hX(t) =
E[X(1−Δ)G(T̃ ; Λ∗,α0)Ḡ(T̃ ; Λ∗,α0)Y (t)B(t, T̃ )]

E[Y (t)Ḡ(t; Λ∗,α0)]

is the last q components of h(t). Thus,

U2(α0)=

n∑
i=1

∫ ∞

0

{XiGi(t; Λ∗,α0)−hX(t)}dMi(t)+op(n
1/2).

It follows that

U(α0) =

n∑
i=1

∫ ∞

0

{Wi(t; Λ∗,α0)− h(t)}dMi(t) + op(n
1/2)

=

n∑
i=1

Ui + op(n
1/2).

(18)

By the central limit theorem, n−1/2U(α0) converges in dis-
tribution to N(0,Σ).

Mimicking the arguments in [3] and [29], we have

∂

∂α
Λ̂0(t;α)

∣∣∣
α=α0

=−
∫ t

0

B(s, t)

E[Y (s)Ḡ(s; Λ∗,α0)]
E[R(s; Λ∗,α0)dN(s)] + op(1),

1

n

∂U1(α)

∂αT

∣∣∣
α=α0

=−
∫ ∞

0

E[{Z− hZ(t)}R(t; Λ∗,α0)
T dN(t)] + op(1).

(19)

We can write

1

n
U2(α)

=
1

n

n∑
i=1

∫ ∞

0

XiGi(t; Λ∗,α)dMi(t; Λ∗,α)

+
1

n

n∑
i=1

Xi(1−Δi){Ḡi(T̃i; Λ̂0(·;α),α)−Ḡi(T̃i; Λ∗,α)}.
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Some calculation shows

1

n

∂U2(α)

∂αT

∣∣∣
α=α0

= − 1

n

n∑
i=1

∫ ∞

0

XiGi(t; Λ∗,α0)

×
[

∂

∂αT

{
Ḡi(t; Λ∗,α)(λ∗(s) + βTZi)

}]
α=α0

Yi(t)dt

+
1

n

n∑
i=1

Xi(1−Δi)

×
[

∂

∂αT

{
Ḡi(T̃i; Λ̂0(·;α),α)− Ḡi(T̃i; Λ∗,α)

}]
α=α0

+op(1)

= −
∫ ∞

0

E[{XG(t; Λ∗,α0)−hX(t)}R(t; Λ∗,α0)
T dN(t)]

+op(1).

Therefore, we have

(20)
1

n

∂U(α)

∂αT

∣∣∣
α=α0

= −A+ op(1).

It follows from (18) and (20) that

(21) n1/2(α̂−α0) = A−1n−1/2
n∑

i=1

Ui + op(1).

Thus, n1/2(α̂ − α0) converges in distribution to
N(0,A−1ΣA−1T ).

Proof of Propostion 2. With the consistency of α̂, we can
show the consistency of Λ̂0(t) to Λ∗(t) using a similar argu-
ment in proving the consistency of Λ̂0(t;α0). Note that

n1/2{Λ̂0(t)− Λ∗(t)}
= n1/2{Λ̂0(t)− Λ̂0(t;α0)}+ n1/2{Λ̂0(t;α0)− Λ∗(t)}

=
∂Λ̂0(t;α)

∂αT

∣∣∣
α=α0

n1/2(α̂−α0)

+
1

v[Λ∗(t)]
n1/2{V [Λ̂0(t;α0)]− V [Λ∗(t)]}+ op(1).

Using (17), (19) and (21), we have

n1/2{Λ̂0(t)− Λ∗(t)}(22)

= −
∫ t

0

B(s, t)E[R(s; Λ∗,α0)
T dN(s)]

E[Y (s)Ḡ(s; Λ∗,α0)]
A−1n−1/2

n∑
i=1

Ui

+
1

v[Λ∗(t)]
n−1/2

n∑
i=1

∫ t

0

v[Λ∗(s)]

E[Y (s)Ḡ(s; Λ∗,α0)]
dMi(s)

+op(1)

= n−1/2
n∑

i=1

Ωi(t) + op(1).

The multivariate central limit theorem ensures the finite di-
mensional convergence of n1/2{Λ̂0(t)−Λ∗(t)}, in conjunction
with its tightness [39], n1/2{Λ̂0(t)−Λ∗(t)} converges weakly
to a zero mean Gaussian process with covariance function
E[Ωi(t)Ωi(s)] at (t, s).

Asymptotic behavior of Φ(t; z)

Note that M̂d
i (t) = Ni(t)−D̂i{Λ̂0(T̃i∧ t)+ β̂

T
Zi(T̃i∧ t)}.

Some simple algebraic manipulation yields

Φ(t; z)

= n−1/2
n∑

i=1

I(Zi ≤ z)Md
i (t)

−n−1/2
n∑

i=1

I(Zi ≤ z)D̂i{Λ̂0(T̃i ∧ t)− Λ∗(T̃i ∧ t)}

−n−1/2
n∑

i=1

I(Zi ≤ z)D̂i(T̃i ∧ t)ZT
i (β̂ − β0)

−n−1/2
n∑

i=1

I(Zi ≤ z)(D̂i −D†
i )

×{Λ∗(T̃i ∧ t) + βT
0 Zi(T̃i ∧ t)}

�
= III1 + III2 + III3 + III4.

Using (22), we have

III2 =Ψ̂
∗
1(t; z)

Tn−1/2
n∑

i=1

A−1Ui

− n−1/2
n∑

i=1

∫ ∞

0

Ψ̂∗
2(t, s; z)

E[Y (s)Ḡ(s; Λ∗,α0)]
dMi(s)

+ op(1),

where

Ψ̂
∗
1(t; z) =

1

n

n∑
j=1

I(Zj ≤ z)D̂j

×
∫ T̃j∧t

0

B(s, T̃j ∧ t)E[R(s; Λ∗,α0)dN(s)]

E[Y (s)Ḡ(s; Λ∗,α0)]
,

Ψ̂∗
2(t, s; z) =

1

n

n∑
j=1

I(Zj ≤ z)D̂jI(s < T̃j ∧ t)B(s, T̃j ∧ t).

Since (Ḡ(u))′ = −Ḡ(u)G(u), using the Taylor expansion, we
have

III4 = n−1/2
n∑

i=1

I(Zi ≤ z)(1−Δi)Ḡi(T̃i; Λ∗,α0)

×Gi(T̃i; Λ∗,α0){Λ∗(T̃i ∧ t) + βT
0 Zi(T̃i ∧ t)}

×
[
{Λ̂0(T̃i)− Λ∗(T̃i)}+ (β̂ − β0)

TZiT̃i

− (γ̂ − γ0)
TXi

]
+ op(1).
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Combine III3 and the terms in III4 that involve β̂ − β0

and γ̂−γ0, the resulting quantity is n1/2Ψ̂
∗
3(t; z)

T (α̂−α0)

with Ψ̂
∗
3(t; z) = (Ψ̂

∗
3Z(t; z)

T , Ψ̂
∗
3X(t; z)T )T , where

Ψ̂
∗
3Z(t; z) =

1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)

×Ḡj(T̃j ; Λ∗,α0)Gj(T̃j ; Λ∗,α0)

×{Λ∗(T̃j ∧ t) + βT
0 Zj(T̃j ∧ t)}T̃jZj

− 1

n

n∑
j=1

I(Zj ≤ z)D̂j(T̃j ∧ t)Zj ,

Ψ̂
∗
3X(t; z) = − 1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)

×Ḡj(T̃j ; Λ∗,α0)Gj(T̃j ; Λ∗,α0)

×{Λ∗(T̃j ∧ t) + βT
0 Zj(T̃j ∧ t)}Xj .

Using (22), the term in III4 that involves Λ̂0(·)− Λ∗(·) is

n−1/2
n∑

i=1

I(Zi ≤ z)(1−Δi)

×Ḡi(T̃i; Λ∗,α0)Gi(T̃i; Λ∗,α0)

×{Λ∗(T̃i ∧ t) + βT
0 Zi(T̃i ∧ t)}{Λ̂0(T̃i)− Λ∗(T̃i)}

= −Ψ̂
∗
4(t; z)

Tn−1/2
n∑

i=1

A−1Ui

+n−1/2
n∑

i=1

∫ ∞

0

Ψ̂∗
5(t, s; z)dMi(s)

E[Y (s)Ḡ(s; Λ∗,α0)]
+ op(1),

where

Ψ̂
∗
4(t; z) =

1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)

×Ḡj(T̃j ; Λ∗,α0)Gj(T̃j ; Λ∗,α0)

×{Λ∗(T̃j ∧ t) + βT
0 Zj(T̃j ∧ t)}

×
∫ T̃j

0

B(s, T̃j)E[R(s; Λ∗,α0)dN(s)]

E[Y (s)Ḡ(s; Λ∗,α0)]
,

Ψ̂∗
5(t, s; z) =

1

n

n∑
j=1

I(Zj ≤ z)(1−Δj)

×Ḡj(T̃j ; Λ∗,α0)Gj(T̃j ; Λ∗,α0)

×{Λ∗(T̃j ∧ t)+βT
0 Zj(T̃j∧t)}Yj(s)B(s, T̃j).

Thus, we have

Φ(t; z)

= n−1/2
n∑

i=1

I(Zi ≤ z)Md
i (t)

+{Ψ̂∗
1(t; z) + Ψ̂

∗
3(t; z)− Ψ̂

∗
4(t; z)}Tn−1/2

n∑
i=1

A−1Ui

−n−1/2
n∑

i=1

∫ ∞

0

Ψ̂∗
2(t, s; z)− Ψ̂∗

5(t, s; z)

E[Y (s)Ḡ(s; Λ∗,α0)]
dMi(s)+op(1).

Let Ψ1(t; z), Ψ2(t, s; z), Ψ3(t; z), Ψ4(t; z) and Ψ5(t, s; z)

be the limits of Ψ̂
∗
1(t; z), Ψ̂

∗
2(t, s; z), Ψ̂

∗
3(t; z), Ψ̂

∗
4(t; z) and

Ψ̂∗
5(t, s; z), respectively, then

Φ(t; z)

= n−1/2
n∑

i=1

I(Zi ≤ z)Md
i (t)

+n−1/2
n∑

i=1

{Ψ1(t; z) +Ψ3(t; z)−Ψ4(t; z)}TA−1Ui

−n−1/2
n∑

i=1

∫ ∞

0

Ψ2(t, s; z)−Ψ5(t, s; z)

E[Y (s)Ḡ(s; Λ∗,α0)]
dMi(s)+op(1),

which is an i.i.d. summation of random processes plus a
negligible term. By the functional central limit theorem
[39], Φ(t; z) converges weakly to a zero mean Gaussian
process. The asymptotic equivalence of Φ(t; z) and Φ̃(t; z)
follows.
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