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Generalized Newton-Raphson algorithm for high
dimensional LASSO regression∗

Yueyong Shi, Jian Huang, Yuling Jiao, Yicheng Kang,

and Hu Zhang
†

The least absolute shrinkage and selection operator
(LASSO) penalized regression is a state-of-the-art statistical
method in high dimensional data analysis, when the num-
ber of predictors exceeds the number of observations. The
commonly used Newton-Raphson algorithm is not very suc-
cessful in solving the non-smooth optimization in LASSO. In
this paper, we propose a fast generalized Newton-Raphson
(GNR) algorithm for LASSO-type problems. The proposed
algorithm, derived from a suitable Karush-Kuhn-Tucker
(KKT) conditions based on generalized Newton derivatives,
is a non-smooth Newton-type method. We first establish the
local one-step convergence of GNR and then show that it is
very efficient and accurate when coupled with a constinua-
tion strategy. We also develop a novel parameter selection
method. Numerical studies of simulated and real data anal-
ysis suggest that the GNR algorithm, with better (or com-
parable) accuracy, is faster than the algorithm implemented
in the popular glmnet package.

AMS 2000 subject classifications: Primary 62F12; sec-
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1. INTRODUCTION

Methods for high-dimensional regression and variable se-
lection have been applied in many scientific fields, particu-
larly in high-throughput biomedical studies [3, 4, 5]. Among
these methods, LASSO regression [41] is favored because of
its sparsity and convexity properties [18, 6, 35].

In the setup of LASSO regression, one considers the linear
model

(1) y = Xβ∗ + ε,

where y is an n × 1 response vector, X = (X1, . . . ,Xp) is
an n × p design matrix, ε is an n × 1 error (noise) vector,
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and β∗ = (β∗
1 , . . . , β

∗
p)

� ∈ R
p is the underlying regression

coefficient vector. We assume that β∗ is sparse in the sense
that only a small portion of β∗ are nonzero. We focus on
the high dimensional case where p > n. Our goal is to re-
construct the unknown vector β∗. To use sparsity, LASSO
is formulated as the following optimization problem:

(2) β̂ � β̂(λ) := argmin
β∈Rp

{
Qλ(β) =

1

2
‖Xβ − y‖22 + λ‖β‖1

}
,

where ‖β‖1 =
∑p

j=1 |βj | denotes the �1 norm of the co-
efficient vector, and λ > 0 is a tuning (or regularization)
parameter. The problem (2) is called the LASSO penalized
least squares (PLS), and is also known as “basis pursuit
denoising” in the signal processing literature [8].

Theoretically, under certain regularity conditions on the
design matrix X (e.g., the restricted isometry property [7],
the strong irrepresentable condition [30, 53]) and the spar-
sity condition on the regression coefficients, LASSO enjoys
certain attractive statistical properties. Computationally,
since (2) is a convex optimization problem, the typical algo-
rithms such as Homotopy [31, 13, 12] and Gauss-Seidel type
coordinate descent (CD) [17, 43, 15, 50, 29, 44, 16, 42] can be
applied for computing the solution of (2). In the literature,
many existing methods (e.g., [15, 43, 37, 51]) only ensure the
convergence and sublinear convergence rate of the sequence
of the objective functions {Qλ(β

k), k = 1, 2, . . .}, but they
have not established the convergence rate of the sequence of
the solutions given by {βk, k = 1, 2, . . .}.

To avoid such a limitation, we propose a local one step
convergent algorithm for (2). In particular, we first show
that the global minimizer of (2) is equivalent to roots of
some nonsmooth Karush-Kuhn-Tucker (KKT) equations.
Then, we solve the non-smooth KKT equations using a gen-
eralized Newton-Raphson (GNR) algorithm [28, 34, 23]. We
derive the local one step convergence property of the pro-
posed algorithm. We show that it enhances the local super-
linear convergence results given by the literature [28, 34, 23].
The computational cost of each iteration in the GNR al-
gorithm is at most O(np). It is the same as that given
by the coordinate descent algorithms. If it is warm-started
[24, 25, 39, 40], the GNR algorithm usually converges after
only a few iterations. Consequently, for a given λ, our GNR
algorithm for (2) has overall computational cost O(np), im-
plying that it is efficient in computing the whole solution
path of (2).
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The remainder of this paper is organized as follows. In
Section 2, we introduce the GNR algorithm and study its one
step convergence property and computational complexity.
We also propose our tuning parameter selection method. In
Section 3, we compare numerical properties of our algorithm
with that given by the glmnet package [16]. Some concluding
remarks are provided in Section 4 and technical details are
given in the appendix.

2. GENERALIZED NEWTON-RAPHSON
ALGORITHM

Classical Newton-Raphson algorithm is an important nu-
merical scheme for solving the maximum log-likelihood es-
timator (MLE) via finding the root of the gradient of MLE.
However, Newton-Raphson is not applicable to the LASSO
optimization in (2) since it is not differentiable. In the fol-
lowing, we turn to study (3), the equivalent dual problem
of (2), whose solution can be further characterized via a
nonsmooth equations (4). We propose a generalized Newton-
Raphson method to find the root of equations (4) based on
techniques in nonsmooth analysis [28, 34].

2.1 Methodology

We first transform (2) into its equivalent dual formula-
tion.

Lemma 1. The dual problem of the primal problem (2) is

(3) min
β∈Rp

〈β, Gβ〉 s.t. L ≤ Gβ ≤ U,

where G = X�X, L = ỹ − λ1, U = ỹ + λ1, ỹ = X�y and
1 = (1, . . . , 1)� ∈ R

p.

By Lemma 1, we immediately have (2)⇔ (3). Next, we
derive the KKT condition of (3). For convenience, we denote

c(β) = (Gβ − U,L−Gβ)� : Rp → R
2p and G̃ = (G,−G).

Theorem 1. Let β be a minimizer of (3), then there exists
μ ∈ R

2p such that

(4)

{
2Gβ + G̃μ = 0,

μ = P
R

2p
+
(μ+ c(β)),

where P
R

2p
+
(·) is the pointwise projection onto R+, and R+ =

[0,∞). Conversely, if there exist β ∈ R
p and μ ∈ R

2p such
that (4) holds, then β is a minimizer of (3) or (2).

Let

(5) F (β, μ) =

(
2Gβ + G̃μ

μ− P
R
2p
+
(μ+ c(β))

)
: Rp × R

2p → R
p × R

2p.

Theorem 1 implies that finding a (global) minimizer of (3) is
equivalent to finding a root of F (β, μ). However, the classical

Newton-Raphson method cannot be used here since the pro-
jection operator PR

2P
+
(·) is not Frechét differentiable. Fortu-

nately, we can resort to the generalized Newton-Raphson
method.

Recall the concept of generalized derivative and the gen-
eralized Newton-Raphson method. Let g : R

m → R
l be

a Lipschitz (locally Lipschitz) function. By Rademacher’s
theorem, g is differentiable almost everywhere with respect
to the Lebesgue measure. Let Dg be the set of differentiable
points of g.

Definition 1. Let x ∈ R
m. The generalized derivative [34]

of g at x is defined as ∂g(x) = co{ lim
xi→0,xi∈Dg

∇g(xi)}, where
co(A) is the convex hull of A, i.e, the smallest convex set that
contains set A. The generalized Newton-Raphson method
[28, 34] for solving g(x) = 0 can be defined by xk+1 =
xk −H−1

k g(xk), where Hk ∈ ∂g(xk).

Lemma 2. Let g(x) = P[a,b](x) : R
1 → R

1 with a < b.
Then

∂g(x) =

⎧⎪⎨⎪⎩
{0}, x < a or x > b,

{1}, a < x < b,

[0, 1], x = b or x = a.

Moreover, H(β, μ) = P
R

2p
+
(μ + c(β)) : R

p × R
2p → R2p

is generalized derivatiable everywhere, with ∂H(β, μ) =

[−ΛG̃, I− Λ], where Λ = diag(∂PR
1
+
(μi + ci(β))).

We plot the projection function g(x) and the set value
mapping (the generalized derivative of g) ∂g(x) with x ∈
[−2, 8], a = 2 and b = 6 in Figure 1. Although g(x) is
not differentiable, we can compute its generalized derivative
∂g(x) by Definition 1. Based on this simple result and the
chain rule, we can compute the generalized Jacobian matrix
of F (β, μ) in (5).

Figure 1. Plot for g(x) and ∂g(x).

Let μ = (η�, γ�)�, η ∈ R
p, γ ∈ R

p, S = {1, · · · , p}, A1 =
{j|ηj + (Gβ − U)j ≤ 0}, I1 = S/A1, A2 = {j|γj + (Gβ −
U)j ≤ 0}, and I2 = S/A2. Recall G = X�X, U = X�y+λ1
and L = X�y−λ1, we get A1 = {j|−ηj+(X�(y−Xβ))j ≥
−λ} and A2 = {j|γj + (X�(y −Xβ))j ≤ λ}.
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Theorem 2. If we reformulate F (β, μ) in (5) according to
A1, I1,A2 and I2 as

F (β, ηA1 , ηI1 , γA2 , γI2) =

⎛⎜⎜⎝
ηA1

−GI1β + UI1

γA2

GI2β − LI2

⎞⎟⎟⎠ ,

then we have

∂F (β, μ) =

(
2G G̃
A B

)
,

with

A =

⎛⎜⎜⎝
0 0

−GI1A1 −GI1I1

0 0
GI2A2 −GI2I2

⎞⎟⎟⎠ and B =

⎛⎜⎜⎝
IA1

0
IA2

0

⎞⎟⎟⎠ .

Now, we state the proposed GNR in Algorithm 1 for solv-
ing F (β, μ) = 0, which is also an algorithm for minimiz-
ing (2) by Theorem 1.

Algorithm 1 GNR for solving F (β, μ) = 0

Input: X, y, λ and initial guesses β0 and μ0 = (η�
0 , γ�

0 )�. Set
k = 0.

1: for k = 0, 1, 2, · · · do
2: Choose Hk ∈ ∂F (βk, μk).
3: Obtain Δk = (Δβk,Δμk)� by solving

HkΔ
k = −F (βk, μk).

4: Update

βk+1 = βk +Δβk, μk+1 = μk +Δμk.

5: Check the stopping rule.
6: if stop then
7: Denote the last iteration by β̂, μ̂.
8: else
9: k = k + 1

10: end if
11: end for
Output: (β̂, μ̂), as an estimate of the roots of F (β, μ) = 0.

The key idea of the proposed generalized Newton-
Raphson algorithm is using generalized Newton iteration
(βk+1, μk+1) = (βk, μk) − H−1

k F ((βk, μk)), where Hk ∈
∂F ((βk, μk)), to find a root, say (β̂, μ̂) of F (β, μ) in (5).

According to Theorem 1, β̂ is the minimizer of the LASSO
problem (2).

The main step of the GNR lives in getting Δk by solving
HkΔ

k = −F (βk, μk) and updating

(6)

(
βk+1

μk+1

)
=

(
βk

μk

)
+Δk.

Next we examine these steps in details.
By Theorem 2 and the above discussion, HkΔ

k =
−F (βk, μk) reads

(7)

(
2G G̃
Ak Bk

)
⎛⎜⎜⎜⎜⎜⎜⎝

Δβk

ΔηkAk
1

ΔηkIk
1

Δγk
Ak

2

Δγk
Ik
2

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝

−2Gβk

ηkAk
1

−GIk
1
βk

γk
Ak

2

−GIk
2
βk

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where Ak
1 = {j| − ηkj + (X�(y − Xβk))j ≥ −λ}, Ak

2 =

{j|γk
j + (X�(y −Xβk))j ≤ λ}, Ik

1 = S/Ak
1 , Ik

2 = S/Ak
2 ,

Ak =

⎛⎜⎜⎝
0 0

−GIk
1Ak

1
−GIk

1 Ik
1

0 0
GIk

2Ak
2

−GIk
2 Ik

2

⎞⎟⎟⎠ , and Bk =

⎛⎜⎜⎝
IAk

1

0
IAk

1

0

⎞⎟⎟⎠ .

It is noteworthy that (7) is equivalent to

(8)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2G(βk +Δβk) +G(ηk +Δηk)−G(γk +Δγk) = 0,

ηk
Ak

1
+Δηk

Ak
1
= 0,

GIk
1
(βk +Δβk) = UIk

1
,

γk
Ak

2
+Δγk

Ak
2
= 0,

GIk
2
(βk +Δβk) = LIk

2
,

and (6) is equivalent to

(9)

⎛⎜⎜⎜⎜⎜⎜⎜⎝

βk+1

ηkAk
1

ηk+1
Ik
1

γk+1
Ak

2

γk+1
Ik
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎝

βk

ηkAk
1

ηkIk
1

γk
Ak

2

γk
Ik
2

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Δβk

ΔηkAk
1

ΔηkIk
1

Δγk
Ak

2

Δγk
Ik
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Substituting (9) into (8), we get

(10)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

2Gβk+1 +Gηk+1 −Gγk+1 = 0,

ηk+1
Ak

1
= 0,

GIk
1
βk+1 = UIk

1
,

γk+1
Ak

2
= 0,

GIk
2
βk+1 = LIk

2
.

We obtain

(11)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ηk+1 = −βk+1, γk+1 = βk+1,

βk+1
Ak = 0, Ak = Ak

1 ∩ Ak
2 ,

GIkIkβk+1
Ik =

(
UIk

1

LIk
2

)
, Ik = Ik

1 ∪ Ik
2 = (Ak)c,

which satisfies (10) for each k.
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We show that (11) is well defined. Observing that

(12)

(13)

(14)

(15)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Ak
1 = {j|βk

j + (X�(y −Xβk))j ≥ −λ}, Ik
1 = S/Ak

1 ,

Ak
2 = {j|βk

j + (X�(y −Xβk))j ≤ λ}, Ik
2 = S/Ak

2 ,

Ak = Ak
1 ∩ Ak

2 ,

Ik = Ik
1 ∪ Ik

2 = (Ak)c,

if |Ik| is small such that X�
IkXIk is invertible, then (11)

is well defined. From the above details, we summarize the
GNR algorithm for (2) in Algorithm 2.

Algorithm 2 GNR for (2)

Input: X, y, λ, J ∈ N and initial guess β0. Set k = 0.
1: Pre-compute ỹ = X�y and store it.
2: for k = 0, 1, 2, · · · do
3: Compute Ak and Ik by (12)-(15).
4: Compute

βk+1

Ak = 0, βk+1

Ik = G−1

IkIk

(
ỹIk

1
+ λ1Ik

1

ỹIk
2
− λ1Ik

2

)
.

5: Check the stopping rule: either Ak = Ak+1 or k > J .
6: if stop then
7: Denote the last iteration by β̂(λ).
8: else
9: k = k + 1

10: end if
11: end for
Output: β̂(λ), the estimate of β in (2).

2.2 Convergence analysis

In this subsection, we will prove the local one step con-
vergence of GNR algorithm 2, which enhances the local su-
perlinear convergence rate of generalized Newton-Raphson
method [28, 34, 9, 23].

Theorem 3. Let β̂ be the global minimizer of (2) and d̂ =

X�(y − Xβ̂). Denote I = {j|d̂j | ≥ λ}. If XI is of full

column rank, and β0 is close enough to β̂ in the sense that
‖β̂−β0‖∞ + ‖d̂−d0‖∞ ≤ Cλ, where Cλ is defined in (28),

then β1 = β̂.

2.3 Complexity analysis

We consider the computational complexity of GNR in
Algorithm 2 by examining the number of floating point op-
erations per iteration. It takes O(np) flops in step 3 in Algo-
rithm 2. Here b = O(a) means b ≤ Ca for absolute constant
C that does not depend on parameters of interest. For step
4, inverting the positive definite matrix GIkIk by Cholesky
factorization needs O(|Ik|3) flops. The overall cost per it-
eration for Algorithm 2 is O(max(|Ak|3, pn)). Numerically,
|Ak| usually increases and converges to O(‖β∗‖0) if the al-
gorithm is warm started; see Section 2.4 for details. There-
fore, if the underling solution is sufficiently sparse such that

‖β∗‖30 ≤ O(np) then it takes O(np) flops per iteration for
Algorithm 2. The computational cost of the papular CD al-
gorithms [17, 15, 50, 29] for (2) is also O(np) per iteration.
Hence the overall cost of Algorithm 2 to compute the so-
lution path with warmstarting will be cheaper than that of
CD since Algorithm 2 enjoys superlinear convergence while
the convergence rate of CD is sublinear. This is supported
by the numerical results presented in Section 3.

2.4 Continuation and selection on tuning
parameter

To solve (2) successfully by Algorithm 2, we need to pro-
vide a good initial guess for β0 and specify the choice of
the tuning parameter λ. We solve the two issues separately
below.

The proposed GNR is a nonsmooth Newton type method
with fast local convergence rate [34, 23]. An important ad-
vantage of the GNR is that it converges after one-step it-
eration if the initial value is good enough. To fully ex-
ploit the fast local convergence, we adopt a continuation
(warmstarting) strategy [24, 26, 25, 39, 21, 40] to achieve
a good initial guess. Specifically, we define λs = λ0ρ

s with
ρ ∈ (0, 1) for s = 1, 2, . . . ,M , where λ0 is selected such

that β̂ = 0 whenever λ ≥ λ0 in (2), ρ is the decreasing
factor and M is a given positive integer denoting the num-
ber of grid points for λ. Then we apply Algorithm 2 on the
decreasing sequence {λs}s by solving the λs-problem ini-
tialized with the solution of λs−1 problem. In particular, we
can set λ0 = ‖X�y‖∞ for (2) after some simple algebra.
The GNR with continuation is denoted as GNRC, and it is
summarized in Algorithm 3. In practice, we let λmax = λ0

and λmin = λM = 1e − 8λmax, and then divide the inter-
val [λmin, λmax] into M equally distributed subintervals in
the logarithmic scale. Numerically, ρ is determined by M .
Clearly, a large M implies a large ρ.

Algorithm 3 GNRC

Input: λ0 = ‖X�y‖∞, β̂(λ0) = 0, ρ ∈ (0, 1) and M ∈ N.
1: for s = 1, 2, · · · ,M do
2: Set λs = λ0ρ

s and β0 = β̂(λs−1).

3: Get β̂(λs) by Algorithm 2 with β̂(λs) ← GNR(β0).
4: Check the stopping rule.
5: end for
Output: Solution path {β̂(λs)}s=1,2,....

The selection of λ in (2) is an important issue, since it
compromises the tradeoff between the data fidelity and the
sparsity level of the solution. We refer readers to [46, 45, 48]
and references therein for more details about tuning param-
eter selection. In this paper, we recommend using a novel
voting criterion (VC) [20, 21] to select a proper λ in the high
dimensional setting. Specifically, we run the GNRC on the
sequence {λs}Ms=1 to yield a solution path until, for instance,

‖β̂(λs)‖0 > �n/ log(p)� for some s = S, where S ≤ M . Let

Λ� = {λs : ‖β̂(λs)‖0 = �, s = 1, 2, . . . , S}
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be the set of tuning parameters at which the output of GNR
has � nonzero elements, where � = 1, . . . , �n/ log(p)�. Then
we determine λ̂ by VC, i.e.,

(16) λ̂ = max{Λ�}, where � = argmax
�

{|Λ�|}.

3. NUMERICAL EXAMPLES

In this section, we numerically evaluate the performance
of the proposed GNRC algorithm (3) and the VC tuning
parameter selector (16). All experiments are performed in
MATLAB R2010b on a quad-core laptop with an Intel Core
i5 CPU (2.60 GHz) and 8 GB RAM running Windows 8.1
(64 bit).

3.1 Comparison with glmnet

There are generally three ways of solving LASSO in (2):
the least angle regression (LARS) [13], the CD algorithms,
and the proximal methods [1]; see [35] for more details.
Among the LASSO solvers, the glmnet by [16] is a well-
known, widely used and highly efficient implementation
of the standard CD algorithm [15], which is particularly
popular in statistical community. Thus, we compare our
GNRC with the glmnet. Since the GNRC solver is writ-
ten in MATLAB, we use a MATLAB version of glmnet,
which is a MATLAB wrapper for Fortran code (available
online at https://github.com/distrep/DMLT/tree/master/
external/glmnet). Besides using the default stopping param-
eters in the glmnet solver, we run glmnet on the same path
as the one used in GNRC with the VC tuning parameter
selector (16) for a fair comparison.

3.2 Simulation

3.2.1 Implementation setting

We generate synthetic data from (1). The rows of the
n × p matrix X are sampled as i.i.d. copies from N(0,Σ)
with Σ = (r|j−k|), 1 ≤ j, k ≤ p, where r is the correlation co-
efficient of X. The noise vector ε is generated independently
from N(0, σ2In), where σ is the noise level. The underlying
regression coefficient vector β∗ is a random sparse vector
chosen as T -sparse with a dynamic range (DR) defined by

(17) DR :=
max{|β∗

j | : β∗
j �= 0}

min{|β∗
j | : β∗

j �= 0} = 10α,

where α is a parameter quantifies the dynamic range. Let
A = {j : |β∗

j | �= 0} be the true model and Â = {j : β̂j(λ) �=
0} be the estimated model. Then |A| = ‖β∗‖0 = T . Follow-
ing [2], each nonzero entry of β∗ is generated as follows:

(18) β∗
j = η1j10

αη2j ,

where j ∈ A, η1j = ±1 with probability 1
2 and η2j is uni-

formly distributed in [0, 1]. Unless otherwise stated, α is
fixed at 1. Then the outcome vector y is generated via
y = Xβ∗ + ε. For convenience, we denote the data gen-
erated above by (n, p, r, σ, T ).

3.2.2 The accuracy of the VC tuning parameter selector

We give an example to show the accuracy of the proposed
VC tuning parameter selector (16) for two solvers with data
(n = 200, p = 1000, r = 0.5, σ = 0.1, T = 10). The results
for GNRC and glmnet are summarized in Figure 2.

As shown in the left column in Figure 2, the majority
vote selection rule (16) will determine the support size that
occurs most frequently, i.e., argmax{|Λi|} = 10, which coin-
cides with the support size of the true regression coefficient.
The tuning parameter and the final solution to be selected
are λ̂ = max{Λ10} and β̂

̂λ, respectively. The right column

in Figure 2 shows the selected estimators β̂
̂λ and the true

target β∗. We can see that the selected estimator and the
true value are very close. Therefore, the data driven VC
selector (16) performs well for both GNRC and glmnet.

Figure 2. Plots for GNRC (first row) and glmnet (second
row) using the VC tuning parameter selector on data

(n = 200, p = 1000, r = 0.5, σ = 0.1, T = 10): ‖β̂(λs)‖0 on

the path (left panel), the solution path {β̂(λs)}s and the
solution selected by the VS selector (middle panel), and the
comparison between the underlying true parameter β∗ and

the selected solution β̂(λ̂) (right panel).

It is noteworthy that the VC selector is seamlessly in-
tegrated with the continuation strategy without any extra
computational overhead, since the sequence {β̂(λs)} is al-
ready generated along the continuation solution path.

3.2.3 The behavior of the GNRC algorithm

Next, we study the influence of the free parameters M
and J in the GNRC algorithm on the exact support recovery
probability, i.e., the percentage that the estimated model
Â in agreement with the true model A. To this end, we
independently generate 100 datasets from (n = 200, p =
1000, r = 0.1, σ = 0.1, T = 5 : 5 : 30) for each combination
of (M,J). Here 5 : 5 : 30 means the sparsity level starts
from 5 to 30 with an increment of 5. The numerical results

Generalized Newton-Raphson algorithm for high dimensional LASSO regression 343

https://github.com/distrep/DMLT/tree/master/external/glmnet
https://github.com/distrep/DMLT/tree/master/external/glmnet


are summarized in Figure 3, which contain the following two
settings: (a) J = 1 and M ∈ {40, 60, 80, 100}; (b) M = 100
and J ∈ {1, 2, 3}.

Figure 3. The influence of the GNRC parameters M (left
panel) and J (right panel) on the exact support recovery

probability.

It can be seen from Figure 3 that the influence of the pa-
rameter J is very mild on the exact support recovery prob-
ability. Specifically, as J increases, the reconstruction ac-
curacy is hardly improved, even though the algorithm gets
computationally more expensive. We can also find in Fig-
ure 3 that Larger M improves the exact support recovery
probability, but the incremental improvement diminishes as
M increases. Unsurprisingly, a relatively small value of M
(e.g., M = 40) can degrade the accuracy of support recovery
when the sparsity level T is relatively large, due to insuffi-
cient resolution of the solution path. Thus, it is reasonable
to choose (M,J) = (100, 1) for the GNRC algorithm in most
cases. Unless otherwise specified, we set (M,J) = (100, 1)
throughout this paper.

3.2.4 Efficiency and accuracy

To evaluate the efficiency and accuracy of the proposed
GNRC algorithm on variable selection, we independently
generate N = 100 datasets from (n, p, r, σ, T ) ∈ {200} ×
{1000, 2000} × {0.3, 0.5, 0.7} × {0.4, 0.8} × {10}. Based on
N replications, we compare GNRC with glmnet in terms
of the average CPU time (Time, in seconds), the esti-

mated average model size (MS) N−1
∑N

m=1|Â(m)|, the pro-

portion of correct models (CM) N−1
∑N

m=1 I{Â(m) = A}
(in percentage terms), the average �∞ absolute error (AE)

N−1
∑N

m=1‖β̂(m) − β‖∞, and the average �2 relative error

(RE) N−1
∑N

m=1(‖β̂(m) − β‖2/‖β‖2). The cpu time mea-
sures the efficiency of the solvers. MS, CM, AE and RE
measures the accuracy (quality) of the solutions. Obviously,
Time, AE and RE are the smaller the better. Ideally, MS
= T and CM = 100%. Simulation results for variable se-
lection with different parameter tuples are summarized in
Table 1.

For each (p, r, σ) combination, we observe from Table 1
that GNRC has better speed performance than glmnet by
Time. Further, considering that the GNRC is written in

pure Matlab while the glmnet is a Matlab wrapped For-
tran solver, it is fair to say that the proposed GNRC is a
highly efficient method for solving the LASSO problem (2).
Compared with glmnet, GNRC can produce solutions with
smaller AE and RE. In terms of MS and CM, GNRC selects
the correct model more frequently than glmnet. The CPU
time of GNRC generally decreases as σ increases, increases
linearly with p, and is relatively robust to the choice of r,
with the other two parameters in the 3-tuple (p, r, σ) fixed.
Unsurprisingly, larger σ or r tends to degrade the accuracy
of GNRC. Similar phenomena are observed for glmnet as
well. In summary, GNRC outperforms glmnet in terms of
both efficiency and accuracy.

As shown in Table 1, the efficiency and accuracy of GNRC
or glmnet will be affected by the variation of model parame-
ters. In next subsection, we conduct the sensitivity analysis
for the model parameters (n, p, r, σ, T ) in a wider range in
terms of both CPU time and solution quality.

3.2.5 Sensitivity analysis of model parameters

Next, we consider the sensitivity of the model perfor-
mance of both GNRC and glmnet to their model param-
eters (i.e., {n, p, r, σ, T}). More specifically, we calculate the
changes in the exact support recovery probability (denoted
by Probability) and CPU time (denoted by Time and mea-
sured in seconds), as one parameter changes and the others
are held constant. Based on 100 independent runs, our sim-
ulation is set up as follows.

• Sensitivity to sample size n. The results on Probability
and Time are respectively shown in the top left panels
of Figure 4 and Figure 5, where the grid of values for n
is specified to be {100+50 ·k : k = 0, 1, . . . , 4}, and p, r,
σ, and T are fixed at 1500, 0.1, 0.1, and 10, respectively.

• Sensitivity to dimension p. The results on Probability
and Time are respectively shown in the top right panels
of Figure 4 and Figure 5, where the grid of values for
p is specified to be {500 + 500 · k : k = 0, 1, . . . , 4},
and n, r, σ, and T are fixed at 200, 0.1, 0.1, and 10,
respectively.

• Sensitivity to correlation level r. The results on Prob-
ability and Time are respectively shown in the middle
left panels of Figure 4 and Figure 5, where the grid
of values for r is specified to be {0.1 + 0.2 · k : k =
0, 1, . . . , 4}, and n, p, σ, and T are fixed at 200, 1500,
0.1, and 10, respectively.

• Sensitivity to noise level σ. The results on Probability
and Time are respectively shown in the middle right
panels of Figure 4 and Figure 5, where the grid of values
for σ is specified to be {0.2, 0.4, 0.8, 1.2, 1.6}, and n, p,
r, and T are fixed at 200, 1500, 0.1, and 10, respectively.

• Sensitivity to sparsity level T . The results on Probability
and Time are respectively shown in the bottom left
panels of Figure 4 and Figure 5, where the grid of values
for T is specified to be {3 + 3 · k : k = 0, 1, . . . , 4},
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Table 1. Simulation results for variable selection with n = 200 and T = 10 based on 100 replications

p r σ Method Time MS CM AE RE

1000 0.3 0.4 glmnet 0.0150 9.96 95% 0.2786 0.0409
GNRC 0.0143 10.00 100% 0.1079 0.0132

0.8 glmnet 0.0144 9.11 71% 0.9109 0.1251
GNRC 0.0126 9.97 98% 0.2387 0.0281

0.5 0.4 glmnet 0.0145 9.97 82% 0.3651 0.0518
GNRC 0.0137 10.00 100% 0.1117 0.0140

0.8 glmnet 0.0142 9.19 55% 1.0496 0.1379
GNRC 0.0123 9.54 90% 0.4500 0.0519

0.7 0.4 glmnet 0.0147 10.32 38% 0.5988 0.0828
GNRC 0.0139 9.99 99% 0.1307 0.0154

0.8 glmnet 0.0144 8.33 20% 1.8025 0.2306
GNRC 0.0126 9.72 92% 0.3404 0.0412

2000 0.3 0.4 glmnet 0.0302 9.70 83% 0.5027 0.0703
GNRC 0.0210 10.00 100% 0.1182 0.0148

0.8 glmnet 0.0289 8.51 56% 1.3183 0.1789
GNRC 0.0189 9.89 96% 0.2851 0.0334

0.5 0.4 glmnet 0.0295 9.77 86% 0.4933 0.0681
GNRC 0.0205 10.00 100% 0.1175 0.0147

0.8 glmnet 0.0282 8.84 50% 1.1584 0.1616
GNRC 0.0182 9.91 98% 0.2521 0.0318

0.7 0.4 glmnet 0.0304 10.11 34% 0.7325 0.1026
GNRC 0.0213 10.00 100% 0.1188 0.0147

0.8 glmnet 0.0289 7.55 20% 1.9223 0.2599
GNRC 0.0190 9.57 92% 0.4272 0.0530

and n, p, r, and σ are fixed at 200, 1500, 0.1, and 0.1,
respectively.

From Figure 4 and Figure 5, one can make the following
findings: (1) Larger n enhances the exact support recov-
ery probabilities of both solvers, while larger p, r, σ and T
reduce the probabilities. In particular, the exact support re-
covery probabilities of GNRC are greater than those of glm-
net in all the scenarios considered, suggesting that GNRC
identifies the true model more frequently than glmnet does.
In addition, the probabilities of GNRC exhibit notable ro-
bustness with respect to n, p and T . (2) GNRC is faster
than glmnet in all cases except when both n and p are rela-
tively small. The time of both solvers increases linearly with
p and n. This is consistent with the complexity analysis in
Section 2.3. Thus, both solvers can be efficiently scaled up
to other larger datasets. Also, the CPU time increases as ρ
increases and decreases as σ increases. Overall, the numer-
ical results shown in Figures 4–5 demonstrate that the two
solvers have similar variation tendency, with GNRC being
more accurate and efficient.

3.3 Application

As an illustration of our method with a real data, we
applied the method to the genetics data in [38], which con-
sists of 18975 probes obtained from 120 rats and is pub-
licly available at http://myweb.uiowa.edu/pbreheny/data/
Scheetz2006.html. See [22, 49, 5] for a more detailed descrip-
tion of this data set. The goal is to find the probes that are

related to the gene TRIM32 known to cause Bardet-Biedl
syndrome [11].

Following [22], we first selected 3000 probes with the
largest variance in expression level and then chose the top
200 probes that have the largest absolute correlation with
TRIM32 among the 3000 probes. We then applied GNRC
and glmnet to these 200 probes in the analysis, where the
numerical response variable y is of length 120 giving the
expression levels of the gene TRIM32, and the design ma-
trix X (of size 120 × 200) represents the data of 120 rats
with 200 probes. Table 2 summarizes the comparison in
terms of the following metrics: the selected probes along
with their corresponding nonzero coefficient estimates, CPU
time (in seconds) and prediction error (PE) calculated as
n−1

∑n
i=1(ŷi − yi)

2. It can be seen from the table that
GNRC took less computing time and achieved smaller PE
than glmnet did. GNRC and glmnet respectively identified
5 and 10 probes, with 5 probes in common (i.e., 1383110 at,
1389584 at, 1374106 at, 1370429 at and 1383996 at). Al-
though of different magnitudes, the estimates for the com-
mon coefficients have the same signs, leading to similar bi-
ological conclusions.

Next, we examined the quality of variable selection by
GNRC and glmnet via cross-validation with (M,J) =
(200, 1) and p = 1000 and 2000. Specifically, the 120 rats
were randomly partitioned into two groups 100 times. In
each partition, one group of 100 rats was used as train-
ing data and the remaining group of 20 rats was used as
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Figure 4. Numerical results of the influence of the sample size
n (top left panel), the dimension p (top right panel), the
correlation level r (middle left panel), the noise level σ

(middle right panel), and the sparsity level T (bottom middle
panel) on the exact support recovery probability of GNRC and

glmnet.

test data. The CPU time (Time, in seconds) and model
size (MS, i.e., the number of selected probes) were cal-
culated using the training data, and the prediction errors
were calculated using the test data. Table 3 presents the
average values over the 100 random partitions. The num-
bers in parenthesis are the corresponding standard devi-
ations. As shown in Table 3, in comparison with glmnet,
GNRC took less computing time, selected fewer probes and
achieved smaller prediction error. It suggests that GNRC is
able to provide the medical researchers with a more tar-
geted list of probes in subsequent studies. Based on our
cross-validation results, we report the selected probes and
their corresponding frequency (denoted as Freq) in Table 4.
It can be seen that the probes 1383110 at and 1389584 at
are the top 2 probes, with Freq > 75, indicating that
these two probes are closely related to the gene TRIM32.
Probes 1370429 at, 1374106 at, 1379971 at, 1383673 at and
1386683 at also display moderately high frequencies (Freq
> 20), suggesting their possible association with the target
gene.

Figure 5. Numerical results of the influence of the sample size
n (top left panel), the dimension p (top right panel), the
correlation level r (middle left panel), the noise level σ

(middle right panel), and the sparsity level T (bottom middle
panel) on the CPU time of GNRC and glmnet.

4. CONCLUDING REMARKS

Starting with the KKT condition, we develop a fast gener-
alized Newton-Raphson algorithm for solving LASSO-type
problems. We establish the local one step convergence of
the proposed algorithm and show that its computational
complexity is O(np). When paired with the continuation
strategy, our algorithm is able to produce solution path ef-
ficiently. A novel tuning parameter selector is suggested as
well. Numerical comparison with glmnet on both real and
synthetic datasets show that our algorithm works well in
applications.

There are several avenues for further study. First, whether
the theoretical and computational results still hold for non-
convex regularizers (e.g., SCAD [14] and MCP [52]) requires
more research. Second, extensions of the GNRC algorithm
are possible for structured sparsity models (e.g., group spar-
sity penalty and the matrix analogue) and other regression
problems (e.g., logistic regression and Cox models). Third,
implementing GNRC as a distributed algorithm [47, 27] for
large-scale inference is another interesting direction to pur-
sue. Last, we globalize the local convergence of GNR by a

346 Y. Shi et al.



Table 2. The probes identified by glmnet and GNRC that
correlated with TRIM32 based on the subset of the real data

(n = 120, p = 200)

Term Probe glmnet GNRC

Intercept 7.1536 6.3125
1 1383110 at 0.0450 0.0598
2 1389584 at 0.0560 0.1061
3 1383673 at 0.0189
4 1386683 at 0.0131
5 1379971 at 0.0270
6 1374106 at 0.0186 0.0734
7 1370429 at −0.0299 −0.0667
8 1383749 at −0.0226
9 1369353 at −0.0105
10 1383996 at 0.0470 0.1083

Time 0.0466 0.0301
PE 0.0077 0.0062

Table 3. The CPU time (Time), model size (MS) and
prediction error (PE) averaged across 100 random partitions

of the real data (numbers in parentheses are standard
deviations)

p Method Time MS PE
1000 glmnet 0.0164(0.0089) 7.66(5.8573) 0.0165(0.0165)

GNRC 0.0037(0.0041) 5.74(2.3979) 0.0150(0.0138)
2000 glmnet 0.0257(0.0021) 7.11(5.2989) 0.0172(0.0173)

GNRC 0.0057(0.0037) 5.79(2.7718) 0.0157(0.0145)

simple continuation strategy. Globalization via smoothing
Newton methods [10, 32, 33] is also of immense interest.

APPENDIX A. APPENDIX

A.1 Proof of Lemma 1

Proof. According to the fact λ‖β‖1 = max‖v‖∞≤λ〈β, v〉
with v ∈ R

p and the Minimax Theorem [36], we have

min
β∈Rp

Qλ(β) = min
β∈Rp

{
1

2
‖Xβ − y‖22 + λ‖β‖1

}
(19)

= min
β∈Rp

{
1

2
‖Xβ − y‖22 + max

‖v‖∞≤λ
〈β, v〉

}
(20)

= min
β∈Rp

{
max

‖v‖∞≤λ

[
1

2
‖Xβ − y‖22 + 〈β, v〉

]}
(21)

= max
‖v‖∞≤λ

{
min
β∈Rp

[
1

2
‖Xβ − y‖22 + 〈β, v〉

]}
(22)

= max
‖v‖∞≤λ

{
min
β∈Rp

[
1

2
β�Gβ − β�(ỹ − v)

]}
.(23)

Noting that min
β∈Rp

[
1
2β

�Gβ − β�(ỹ − v)
]
implies that

(24)

(25)

{
β = G−1(ỹ − v),

v = ỹ −Gβ = X�(y −Xβ),

then (23) becomes

(26) max
‖X�(y−Xβ)‖∞≤λ

{
−1

2
β�Gβ

}
⇔ min

‖ỹ−Gβ‖∞≤λ
〈β, Gβ〉,

which completes the proof.

A.2 Proof of Theorem 1

Proof. (3) can be reformulated as

(27) min
β∈Rp

〈β, Gβ〉 s.t. c(β) ≤ 0.

By standard convex optimization, we know the KKT condi-
tion of β being a minimizer of (27) is{

2Gβ + G̃μ = 0,

μ ≥ 0, c(β) ≤ 0, μ ⊥ c(β),

where μ is the lagrange multiplier of the inequality con-
straint c(β) ≤ 0. Observing μ ≥ 0, c(β) ≤ 0, μ ⊥ c(β) ⇔
μ = P

R
2p
+
(μ + c(β)), we obtain that (4) holds if β is a

minimizer of (3). The converse results follow from the fact
that (3) is a convex optimization with constraint.

A.3 Proof of Lemma 2

Proof. Similar as the derivation in Section 2.4.5.1 in [19].

A.4 Proof of Theorem 2

Proof. Direct calculation based on the Theorem 2.10 in [19]
and Lemma 2 above yields the results.

A.5 Proof of Theorem 3

Proof. Let Ĩ = {j : |β̂j + d̂j | �= λ}, and d0 = X�(y−Xβ0).
Define

(28) Cλ = min
i∈ ˜A

||β̂i + d̂i| − λ|.

∀i ∈ {j : β̂j + d̂j > λ}, we have

β̂i + d̂i − β0
i − d0

i

≤ |β0
i + d0

i − β̂i − d̂i|
≤ ‖β̂ − β0‖∞ + ‖d̂− d0‖∞
≤ min

i∈ ˜A
||β̂i + d̂i| − λ|

≤ β̂i + d̂i − λ,

where the third inequality uses the assumption β0 is close
to β̂ in the sense that ‖β̂ − β0‖∞ + ‖d̂− d0‖∞ ≤ Cλ. This

implies that β̂i + d̂i > λ =⇒ β0
i + d0

i > λ (similarly, we

can show β̂i + d̂i < −λ =⇒ β0
i + d0

i < −λ), i.e., {i : |β̂i +

d̂i| > λ} ⊆ I0 = {i : |β0
i + d0

i | > λ}. Meanwhile, by the
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Table 4. Frequency table for 100 random partitions of the real data (only probes with Freq ≥ 10 are listed for the sake of
brevity and focus)

p = 1000 p = 2000
glmnet GNRC glmnet GNRC

Probe Freq Probe Freq Probe Freq Probe Freq

1389584 at 83 1383110 at 83 1389584 at 82 1383110 at 84
1383110 at 78 1389584 at 82 1383110 at 76 1389584 at 77
1383673 at 55 1383673 at 68 1383673 at 54 1383673 at 67
1379971 at 50 1386683 at 62 1374106 at 49 1386683 at 58
1383996 at 43 1379971 at 40 1370429 at 44 1370551 a at 42
1374106 at 42 1370551 a at 38 1383996 at 44 1374106 at 35
1386683 at 35 1370429 at 32 1379971 at 41 1379971 at 34
1383749 at 35 1379495 at 27 1386683 at 37 1370429 at 28
1370429 at 32 1374106 at 24 1383749 at 31 1379495 at 27
1369353 at 24 1394455 at 17 1379495 at 18 1394455 at 19
1379495 at 18 1379597 at 15 1369353 at 14 1382263 at 14
1393817 at 17 1382263 at 15 1382263 at 12 1393817 at 11
1382452 at 13 1393817 at 13 1393817 at 11 1382517 at 10
1384204 at 13 1382517 at 11 1381787 at 11
1383522 at 13 1393979 at 10
1382835 at 12
1382263 at 11
1379597 at 10

same arguments we can show that |β̂i + d̂i| < λ =⇒ |β0
i +

d0
i | < λ, i.e., I0 ⊆ I. Then by the definition of d̂ and the

KKT condition of β̂, we deduce d̂I0 = λsgn(d̂I0 + β̂I0). The
definition of β1 together with the KKT condition implies

X�
I0
XI0 β̂I0 + d̂I0 = X�

I0
y = X�

I0
XI0β

1
I0

+ λ

(
1I0

1

−λ1I0
2

)
.

Then we get X�
I0
XI0(β̂I0 − β1

I0
) = 0, therefore, β̂I0 = β1

I0

follows from the the full rank assumption of XI . Let A0 =
(I0)c. By the fact I ⊂ I0 and the KKT condition we deduce

that β1
A0

= 0 = β̂A0 . Hence, β̂ = β1. This completes the
proof.
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