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Multi-drug combination designs with experiments
in silico

Huang Hengzhen

It has become evident to medical and statistical scientists
treating complex diseases that satisfactory efficacy is more
likely to be achieved by using combinations of drugs. Exper-
imental design for drug combination in pre-clinical studies
is an important stage to move new combination therapies
rapidly into clinical trials. The existing design methods for
pre-clinical studies are primarily applied to combination ex-
periments with two or three combined drugs. However, as
the research of systems biology advancing it is becoming
more desire to consider combinations with multiple drugs.
In this paper, we propose efficient experimental designs for
multi-drug combination studies. The aim of the proposed
design is to establish a good quality and high dimensional
dose-response model which provides a basis for future devel-
opments on statistical analysis for complex multi-drug dose-
finding problems. By borrowing the strength of experiments
in silico, it turns out that the uniform design measure is the
optimal design with respect to model prediction accuracy.
Methods for sample size determination and how to construct
uniform designs are given. Since the proposed uniform de-
signs are constructed in regular dose regions, they are conve-
nient to be applied to multi-drug combination experiments.
The usefulness of the proposed design is illustrated by sim-
ulations and an application with multiple combined drugs.

Keywords and phrases: Computer experiments, Dose-
response surface, Optimal design, Prediction, Uniform de-
sign.

1. INTRODUCTION

Combination studies of drugs have become increasingly
prevalent for drug discovery and development because of
the failure of most single drugs to be successfully translated
into clinical practice. Combination of drugs could poten-
tially overcome drug resistance and achieve greater efficacy
with lower doses and less toxicity than the drugs acting in-
dividually. One of the most interested goals in a drug combi-
nation study is to identify which combinations are additive,
synergistic or antagonistic. To accomplish this goal, it is
beneficial to establish an empirical model that well approx-
imates the underlying dose-response surface [23, 9].

Various modeling approaches have been developed in the
literature by pharmacologists and statisticians. The mod-
els used by pharmacologists usually put an emphasis on the

dose-effect structures (see Foucquier and Guedj [16] for a
comprehensive overview). The primary limitations of the
pharmacological models are that they are inflexible to model
the variation of the experiments and they simply provide the
horizontal and vertical slices of the dose-response surface.
To overcome the limitations of the pharmacological models,
statistical models are proposed by statisticians. Popular sta-
tistical models include the response surface models [26], the
generalized response surface models [23], semi-parametric
models [37, 36] and non-parametric models [9, 8]. The sta-
tistical models, which attempt to control and account for
the random variation of the combination experiments, can
take all of the information presented in the full dose-effect
data set to give a comprehensive description of the dose-
response surface. This paper focuses on the issue of model-
based statistical designs. That is, given an appropriate sta-
tistical model, we address the issue of dose-level (which doses
of the individual drugs should be used in the combinations)
and sample size (how many combinations should be used)
determination for multi-drug combination studies.

There are various experimental designs in the litera-
ture for drug combination studies. Broadly speaking, the
commonly-used designs are the following four types or their
variations: the mixture design [1], the factorial design [25],
the ray design [33] and the uniform design [37]. Good
overviews can be found in Tan et al. [35] and Fang et al.
[8]. The existing designs have been successfully applied to
combination studies with two or three combined drugs. How-
ever, as therapeutic molecules are increasing in specificity
and the knowledge of systems biology is advancing, it is be-
coming more desire to consider a novel large combination
of drugs for complex diseases. For instance, many cancer
chemotherapy regimens are composed of six or more clin-
ically used anticancer drugs [13]. Unfortunately, the exist-
ing designs are inflexible to use for combinations with more
than three combined drugs because the complexity of the
models they design for is greatly increasing as the num-
ber of combined drugs becoming large, which would result
in prohibitively large sample sizes required to estimate the
model parameters. On the other hand, the existing statis-
tical models typically ignore an explicit characterization of
the biological system and just treat the system as a black
box. Consequently, the drug effects estimated by the existing
designs may have statistical significance but they may not
truly reflect the characterization of the underlying biological
system.
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Figure 1. Left panel: a simple illustration of a model in silico. Genes are categorized as the receptors (the yellow nodes) that
the drugs target on, the connecting genes (the blue nodes) that transmit the signals, and the death gene (the red node) that
is implicated at the onset of the cell death machinery. A solid line indicates promotion, a short dash link indicates inhibition
while a long dash link adds the possibility of feedback in the apoptosome. Right panel: computer experiments. The inputs
represent the concentrations of the drugs, the model in silico is given by the left panel, and the output may represent the

dose-effect scaled to be a viability (proportion of cells surviving) or a tumor volume (with some transformation). The form of
the model in silico is not restricted to the illustration.

The possibility and prospect of integrating systems biol-
ogy with statistical association for drug combination stud-
ies have been pointed out by many researchers, for example,
Fitzgerald et al. [15], Feala et al. [13], Ryall and Tan [28]
and Tan et al. [34]. However, most of the current research fo-
cused on inference of biological networks and little had been
done to identify the drug interactions. Recently, Huang et
al. [20] proposed a novel method that integrates systems bi-
ology with statistical techniques to screen significant drug
interactions. There are two components to their method.
First, a model in silico, i.e., a computer simulator is built to
simulate the dose-response relationship. This relationship is
given rigorously by the topology structure of biological net-
work being considered, the Hill Equations [39], the Generic
Enzymatic Rate Equations [2] and regression models to rep-
resent the cumulative effect of genes implicated in activation
of the cell death machinery. A simple illustration of a model
in silico is given in the left panel of Figure 1. Such a com-
puter simulator is not restricted to that of Huang et al.
[20] and may be of any form that simulates the underlying
system. Then experiments in silico (see the right panel of
Figure 1), which is also called computer experiments in sta-
tistical literature [29, 10, 30] are performed to screen the
significant drug interactions as well as single drug effects.

The key screening tool is the functional ANOVA tech-
nique which is an extension of the classical ANOVA for fac-
torial designs [10, 30]. A concise description of functional
ANOVA will be presented in Section 2. As shown by Huang
et al. [20], experiments in silico with functional ANOVA is
useful for screening the most significant drug interactions
and single drug effects. However, how to efficiently estimate
the dose-response surface based upon these selected effects
remains unsolved, which is crucial for future developments
on statistical analysis for complex multi-drug dose-finding.
Besides, parsimony in sample sizes should be taken into ac-
count for drug combinations due to the high experimental

cost, and this point was unappreciated in the work of Huang
et al. [20].

In this paper, we study on experimental design so that a
good quality and high dimensional dose-response model can
be established. Based on the drug effects selected from the
model in silico and some appropriate statistical considera-
tions – for example, explicitly modeling the variation which
is ignored by the model in silico – we calibrate the computer
simulator to a semi-parametric model to describe the dose-
response relationship. Under such a model, we prove that
the uniform design measure is the optimal design with re-
spect to model prediction accuracy and a parsimonious sam-
ple size determination approach is given. Simulation studies
demonstrate that the uniform designs support our theoret-
ical findings and perform satisfactorily in terms of model
prediction accuracy. The designs used in this paper are dif-
ferent from those used by Tan et al. [37, 36], Tian et al. [38]
and Fang et al. [9, 8] in the sense that they are constructed
on regular dose regions rather than irregular ones. Hence we
show that the traditional uniform designs are convenient to
be applied to multi-drug combination studies.

The rest of this paper is organized as follows. Section
2 formulates the statistical model for the dose-response of
multi-drug combinations with experiments in silico. Based
upon the proposed statistical model, Section 3 derives
some theoretical properties of the uniform design measure,
presents a sample size determination method and illustrates
how to construct uniform designs by using number theory.
Simulation studies and an application are conducted in Sec-
tions 4 and 5, respectively. Concluding remarks and further
discussions are given in Section 6. The Appendices contain
some indispensable computation details and all the proofs.

2. MODEL FORMULATION

In this section, the screening technique of functional
ANOVA will be introduced first. Then, by borrowing the
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strength of experiments in silico with functional ANOVA,
the statistical model for dose-effect will be established. The
proposed model is frequentist, whereas the model in Huang
et al. [20] was formulated from a Bayesian perspective.
Therefore, sophisticated assumptions on prior distributions
of the model parameters are not needed here. Moreover,
the proposed model provides a basis for studying statistical
properties of the experimental design and determining the
sample sizes for the combination experiments, which will be
discussed in next section. Hereafter, the terminologies model
in silico and computer model have the same meaning.

Consider a combination study of s drugs A1, A2, . . . , As

inhibiting some cell line or against some cancer tumor. As-
sume the model in silico to be

(1) y(x) = g(x1, . . . , xs), for x = (x1, . . . , xs)
� ∈ D,

where xi is the dose-level of drug Ai, y is the dose-effect
scaled to be a viability (proportion of cells surviving) or
a tumor volume (with some transformation), and D is the
design region. The computer model used in this work is set
up with the apoptosis signaling network from the KEGG
database. The computer program for such a model is similar
to a neural network with a very special architecture. See
Section 5 for more details.

Without loss of generality, we assume throughout that
D = Cs = [0, 1]s and y(x) is an integrable function on Cs.
As alluded to earlier, the model in silico is not restricted to
that described by Huang et al. [20] and it can be of a general
form like in Eq. (1). Using the functional ANOVA decom-
position [32], the response y(x) has the following unique
decomposition,

(2)

y(x1, . . . , xs) = g0 +

s∑
i=1

gi(xi)+

∑
1≤i<j≤s

gij(xi, xj) + · · ·+ g1,2,...,s(x1, . . . , xs),

where g0 =
∫
Cs y(x)dx is the overall mean of y(x), gi(xi)

is the main effect of drug Ai, gij(xi, xj) is the interaction
effect between drugs Ai and Aj , and alike. Further more,
the functional ANOVA decomposition satisfies

(3)

∫ 1

0

gi1,...,iu(xi1 , . . . , xiu)dxik = 0,

for any 1 ≤ u ≤ s and 1 ≤ k ≤ u, and

∫
Cs

gi1,...,iu(xi1 , . . . , xiu)gj1,...,jv (xj1 , . . . , xjv )dx1 · · · dxs =0,

(4)

if (i1, . . . , iu) �= (j1, . . . , jv). Eq. (3) implies that the terms
on the right-hand side of Eq. (2) are centered, whereas Eq.
(4) implies that these terms are mutually orthogonal. If we
denote D =

∫
Cs [y(x)]

2dx− g20 and DI =
∫
Cs [gI(xI)]

2dx for

I ⊂ {1, . . . , s}, then due to Eqs. (3) and (4) it follows that

D =
∑

I⊂{1,...,s}
DI .(5)

Therefore, the influence of the effect gI(xI) on y(x) can be
measured by the ratio SI = DI/D, which is called the global
sensitivity index and satisfies

(6)

s∑
i=1

Si +
∑

1≤i<j≤s

Sij + · · ·+ S1,2,...,s = 1.

The variances D and DI ’s and, hence, the global sensitivity
indices can be calculated by performing computer experi-
ments with quasi-Monte Carlo methods. To make the read
of this paper smooth, the computation details about the
functional ANOVA are provided in Appendix A. The global
sensitivity indices are often used to rank the importance of
the gI(xI)’s, i.e., the larger the index SI is, the more sig-
nificant the effect of gI(xI) will be. As there are 2s terms
on the right-hand side of Eq. (2), the estimation of their
coefficients would not be possible, with limited sample size
and/or wrong design settings. However, the effect sparsity
principle [18], which is closely related to the 80–20 rule and
is one of the most important criteria for designed experi-
ments indicates that usually only a small number of the 2s

terms contribute a dominant portion (say 80%) of the total
variation.

Without loss of generality, denote the vector of the dom-
inating terms (e.g., those terms whose indices are the first
largest with their total global sensitivity indices more than
80%) by z(x) = (1, z1(x), . . . , zp(x))

T where 1 corresponds
to the overall mean and each of the functions zi corresponds
to some gI , then the dose-response model is formulated as

(7) Y (x, f) = z(x)Tθ + f(x) + ε,

where θ = (θ0, θ1, . . . , θp)
T is the vector of regression coef-

ficients, ε ∼ N(0, σ2) and f is an unknown function that
belongs to the set below,

F =

{
f :

∫
[0,1]s

f2(x)dx ≤ η2 ,

∫
[0,1]s

f(x)dx = 0,(8)

∫
[0,1]s

zi(x)f(x)dx = 0, i = 1, . . . , p

}
.

Besides the side conditions (3) and (4), we additionally re-
strict the function f by a bound on its L2 norm because
the function f explains only a small fraction of the total
variation of the dose-response. The bound η2 in (8) can be
estimated by η2 = D − Dz where Dz is the total variance
of the zi(x)s’; alternatively, η

2 might be determined based
on medical and pharmacological knowledge and especially
investigators’ experience [37, 36]. In Eq. (2), each gI(xI) is
determined by integrating y(x) with respect to some spe-
cific coordinates (see Appendix A), they typically have no
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closed form representations. For this reason, a parametric
form needs to be specified for each zi(x) in model (7). One
of the most popular choices is to use polynomial forms for
drug interaction effects [26, 6, 17, 7]. Throughout this paper,
zi(x) takes the centered polynomial to represent the corre-
sponding drug interaction. The purpose of variable central-
ization is to make Eqs. (3) and (4) being satisfied among
zi(x)’s and it will not change the meanings of zi(x)’s. In
this case, f(x) is interpreted as the effects that cannot be
captured by the zi(x)’s. Below is a simple illustration for
our model formulation.

Example 1. Suppose that s = 3 and y(x) with x =
(x1, x2, x3) is the model in silico that simulates the dose-
effect on the response. By performing computer experiments
with functional ANOVA, one can obtain that

y(x1, x2, x3) = g0 + g1(x1) + g2(x2) + g3(x3)

+g12(x1, x2) + g13(x1, x3) + g23(x2, x3)

+g123(x1, x2, x3),

where each gI(xI) is uniquely determined by integrating y(x)
with respect to some specific coordinates. Furthermore, if the
sensitivity indices of g1(x1), g12(x1, x2) and g123(x1, x2, x3)
are the largest three with their total sensitivity indices more
that 80% and the total variance D is 100, then the dose-
response model is formulated as

Y (x, f) = θ0 + θ1z1(x) + θ2z2(x) + θ3z3(x) + f(x) + ε,

where z1(x) = x1−0.5, z2(x) = (x1−0.5)(x2−0.5), z3(x) =
(x1−0.5)(x2−0.5)(x3−0.5), and f(x) is an unknown func-
tion that belongs to the following set,

F =

{
f :

∫
[0,1]3

f2(x)dx ≤ 20,

∫
[0,1]3

f(x)dx = 0 ,

∫
[0,1]3

zi(x)f(x)dx = 0, i = 1, 2, 3

}
.

It is noteworthy that a random error ε is added to account
for the possible noise in the combination experiments. To
facilitate the construction of experimental designs, the vari-
ance of ε, say σ2 is usually estimated by the pooled variance
from the single drug experimental data [9, 37, 36, 8]. The
computation details about the pooled variance are provided
in Appendix B. Also note that the regression coefficients in
Eq. (7) will be estimated by data from the combination ex-
periments. In other words, the proposed model combines the
information of the computer model with the field data and,
therefore, it can be viewed as a calibration of the computer
model.

In next section, experimental design will be derived for
the combination experiments under the model (7), with the
side conditions in (8). It shall be pointed out that design
issues for the model (7) with various side conditions have

been considered in the literature [9, 37, 36, 8, 40, 41]. To
the best of our knowledge, the condition

∫
[0,1]s

f(x)dx = 0 in

(8) is seldom considered for design purpose. In addition, the
design region considered in this work is continuous, which
is different from the case of discrete design region. A good
review of the research on discrete designs may be found in
Lin and Zhou [24].

3. EXPERIMENTAL DESIGN BASED ON
UNIFORM DESIGN MEASURE

3.1 Optimality of the uniform design
measure

Since the function f in model (7) is unknown and it only
explains a small fraction of the total variation of the dose-
response surface, we consider the following model:

(9) Y (x) = z(x)Tθ + ε, ε ∼ N(0, σ2).

That is, we consider fitting the model (9), in the mind that,
the true model is (7) with the side condition (8) being sat-
isfied. Let x1, . . . ,xN be N design points, not necessarily
distinct in the design region [0, 1]s, and their observed re-
sponse values be

y(xi) = z(xi)
Tθ + f(xi) + εi, i = 1, . . . , N,

where εi’s are independently and identically distributed with
ε. It is convenient to characterize this design by the design
measure

ξ =
1

N

N∑
i=1

δxi ,

where δx is the point mass at x. Obviously, ξ is a probability
measure on [0, 1]s, with jumps consisting of integral multi-
ples of N−1. Following the theory of optimal experiments
[12], we drop this restriction and allow any probability mea-
sure on [0, 1]s as a possible design. In the sequel, the ter-
minologies design, design measure and probability measure
have the same meaning.

For the model (9) with a simpler side condition than F ,
Wiens [40] and Tan et al. [37, 36] considered using the uni-
form design measure, denoted specifically by π. They justi-
fied the use of π with the following optimality properties:

1. The uniform design measure π maximizes the minimum
power of the lack-of-fit test.

2. The uniform design measure π minimizes the maximum
bias in the estimation of σ2.

By going over their papers, we find that these results still
hold for the model (9) with the side condition (8). Note
that the above optimality properties are regarding the hy-
pothesis testing and the estimation of the error variance,
respectively. Since the aim here is to fitting the high di-
mensional dose-response surface, prediction-based criteria
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are more appropriate for evaluating the performance of a
design. To avoid trivialities, we assume throughout that the
information matrix of any design ξ (see the definition in Eq.
(29) of Appendix C) is positive definite and single point de-
signs are not considered. Denote the least squares estimator
of θ, using the design ξ of sample size N , by θ̂ξ,N , and let
the predictor be

(10) Ŷ (x, ξ,N) = z(x)T θ̂ξ,N

for any x ∈ [0, 1]s. Given an f ∈ F and a sample size N ,
we consider two prediction-based design criteria. One is the
root integrated squared prediction bias (RISPB, for short)
criterion which is defined by

RISPB(f, ξ,N)=

{∫
[0,1]s

{E[Ŷ (x, ξ,N)]−E[Y (x, f)]}2dx
}1

2

,

(11)

and the other one is the root integrated mean squared pre-
diction error (RIMSPE, for short) criterion which is defined
by

RIMSPE (f, ξ,N) =

{∫
[0,1]s

E[Ŷ (x, ξ,N)− Y (x, f)]2dx

} 1
2

.

(12)

Both the RISPB and RIMSPE are the-smaller-the-better
criteria that evaluate the prediction accuracy of a design.
However, they focus on different aspects: the RISPB crite-
rion focuses on average prediction bias; while the RIMSPE
criterion focuses on average mean squared prediction error.
As shown below, under the RISPB criterion the uniform de-
sign measure π is the globally optimal design; while under
the RIMSPE criterion π is locally optimal.

Theorem 1. Suppose that the model (7) with the side con-
dition (8) is the true model, and the model (9) is fitted using
the least squares method. Then, we have the following re-
sults.

(i) Under the RISPB criterion, the uniform design measure
π is the unique P0-optimal design, where

P0 = {ξ : ξ is a probability measure on [0, 1]s} ,

and moreover

(13) sup
f∈F

RISPB(f, π,N) = η.

(ii) Under the RIMSPE criterion, the uniform design mea-
sure π is the unique P1-minimax (minimizing the max-
imum RIMSPE) design, where

P1 = {ξ : ξ = π or ξ is a probability measure on [0, 1]s

that is not absolutely continuous with respect

to Lebesgue measure},

and moreover

sup
f∈F

RIMSPE(f, π,N) =

√
η2 +

(
1 +

p+ 1

N

)
σ2.

(14)

Remark 1. (a) In this work, we assume each zi(x) takes a
polynomial form. However, Theorem 1 can be extended to
the case where zi(x)’s are not of polynomial forms provided
the side condition (8) is fulfilled. In particular, if zi(x) is a
single drug effect, one may express it using other popular
forms such as the log-type functions [9]; also, other expres-
sions, such as geometric means of iso-effective doses of the
drugs [14, 23] or B-spline approximations [8], may be used
to represent drug interaction effects. (b) A probability mea-
sure ξ is said to be absolutely continuous with respect to
Lebesgue measure if and only if ν(A) = 0 implies ξ(A) = 0,
where ν denotes the Lebesgue measure and A is an event de-
fined on the sample space [31]. Under the RIMSPE criterion,
part (ii) of Theorem 1 does not confirm that the uniform de-
sign is more desirable than an absolutely continuous design
w.r.t Lebesgue measure in the minimax sense. However, by
going over the proof of Theorem 1, it is not difficult to see
that π is also an orthogonal design for the model (7) because
the information matrix defined by Eq. (29) is a diagonal ma-
trix if ξ = π. Consequently, the uniform design might still
compare favorably with many absolutely continuous designs
w.r.t Lebesgue measure. For instance, the simulation stud-
ies in Section 5 show that the uniform design compares very
favorably with the design generated from a normal distri-
bution (truncated to the unit cube). A more general the-
ory may be needed to compare the prediction efficiency of
the uniform design to absolutely continuous designs w.r.t
Lebesgue measure.

As stated in Section 2, an adequate fit of the high di-
mensional dose-response is not realistic with limited sam-
ple sizes, and the least squares estimator θ̂ξ,N in Eq. (10)

is obtained with model inadequacy. However, θ̂ξ,N is still
an unbiased estimator if the uniform design measure is
used.

Theorem 2. Suppose that the model (7) with the side

condition (8) is the true model, and θ̂ξ,N is the least

squares estimator for the model (9). Then E(θ̂ξ,N ) = θ if
ξ = π.

In summary, theoretical results demonstrate that the uni-
form design is desirable for model prediction, as well as for
parameter estimation. Although the results are derived un-
der model inadequacy, the obtained model provides a step-
ping stone to an adequate fit of the dose-response surface.
For example, follow-up experiments may be conducted to
further identify the effects that are not included into the
obtained model [42]; also, the obtained model may serve as
a good polynomial part for pharmacological models such as
the Hill equations [27].
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3.2 Sample size determination for the
uniform design

Section 3.1 has justified the use of the uniform design
for fitting the dose-response surface. Before arranging the
uniform design for the combination experiments, however,
it is important to determine the sample size N . Tan et al.
[37, 36] developed an approach for sample size determination
for the uniform design. In their approach, a significance level
is given first, then the smallest sample size is determined so
that a required testing power can be attained. Since the
aim here is to fitting the dose-response surface, it is more
appropriate to determine the sample size from the viewpoint
of prediction. From Eq. (14), it is easily verified that the
maximum RIMSPE value of the uniform design has a lower
bound

√
η2 + σ2. In practice, the experimenter may choose

a precision target, say ζ >
√
η2 + σ2 before the combination

experiments start. Put it another way, if

N ≥ pσ2

ζ2 − η2 − σ2
,

we have that

(15) sup
f∈F

RIMSPE(f, π,N) ≤ ζ.

Often a number of replications at each design point are re-
quired in a biological experiment. Denote such a number by
m, then for given m and ζ, the number of distinct design
points, say Nd should be satisfied

Nd ≥ pσ2

(ζ2 − η2 − σ2)m
,

so that the precision requirement (15) can be met with N =
Ndm. In applications, the smallest sample size that meets
the precision requirement (15) is desirable. Then for given
m and ζ, one can choose

(16) Nd =

⌈
pσ2

(ζ2 − η2 − σ2)m

⌉
and N = Ndm,

where �k	 is the smallest integer no less than k. It is easy to
see that there is a reciprocal relationship between Nd andm.
The balance of the number of distinct design points and the
number of replications at each design point may be based on
the knowledge about the specific drugs. For example, if the
variation among the animals is known to be substantial, the
number of replications at each design point may need to be
large. In general, the number of replications may range from
2 to 6 for combination experiments [37, 36]. Notice that the
RISPB criterion is not useful for sample size determination
since the maximum RISPB value of the uniform design in
theory does not depend on sample size.

The formula (16) for sample size determination can also
be applied to establish an additive model, which is of the

form [26]

(17) Y (x) = β0 +

s∑
i=1

βi(xi − 0.5) + ε, ε ∼ N(0, σ2),

where β0, β1, . . . , βs are unknown regression coefficients. It
is easily seen that the results in Theorem 1 are still hold for
fitting the model (17) when the true dose-response model is

(18) Y (x) = β0 +

s∑
i=1

βi(xi − 0.5) + g(x) + ε, ε ∼ N(0, σ2),

where g is an unknown function that belongs to the set
below,

G =

{
g :

∫
[0,1]s

g2(x)dx ≤ τ2 ,

∫
[0,1]s

g(x)dx = 0,(19)

∫
[0,1]s

(xi − 0.5)g(x)dx = 0 for i = 1, . . . , s.

}
.

Returning to Example 1, the additive model (corresponding
to Eq. (17)) is given by

Y (x) = β0 + β1(x1 − 0.5) + β2(x2 − 0.5) + β3(x3 − 0.5) + ε,

and the true dose-response model (corresponding to Eq.
(18)) is given by

Y (x) = β0 + β1(x1 − 0.5) + β2(x2 − 0.5) + β3(x3 − 0.5)

+ g(x) + ε,

where g is given in Eq. (19) with s = 3.
Despite the side condition (19) for g looks similar to the

side condition (8) for f , they are essentially different. The
bias function f in Eq. (7) includes the joint interactions
that explain only a small fraction of the total variation of
the dose-response; while the bias function g in Eq. (18) in-
cludes all the joint interactions among the combined drugs
because the parametric part of Eq. (18) is just the additive
model. Consequently, the radius τ in (19) would be much
larger than the radius η in (8) if there are some significant
joint interactions among the combined drugs. For example,
if the joint interactions explain 50% of the total variation of
the dose-response and the experiments in silico successfully
identified those joint interactions that explain 30%, then one
might have τ2 = 50 and η2 = 20. On the other hand, the
formula (16) for sample size determination implies that if
ζ2, σ2 and m are given in advance, a smaller radius and
a smaller number of regressors will yield a smaller sample
size for the uniform design. Note that the principle of effect
sparsity usually indicates that the number of active effects
(p) is smaller than the number of factors (s). Therefore, it is
likely that in order to achieve a given prediction target with
respect to RIMSPE criterion, the sample size of the uniform
design required by the proposed model (9) is smaller than
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Figure 2. Plot of the difference in the sample sizes required
by the proposed model (9) and the additive model (17) to
achieve a given RIMSPE value. The parameter setting is

(s, p, σ2, τ2, η2,m) = (10, 5, 10, 30, 15, 2).

that required by the additive model (17), and the difference
in the sample sizes (which is a function of ζ) is given by

diff(ζ) =

(⌈
sσ2

(ζ2 − τ2 − σ2)m

⌉
−
⌈

pσ2

(ζ2 − η2 − σ2)m

⌉)
m.

(20)

As an illustration, suppose that (s, p, σ2, τ2, η2,m) =
(10, 5, 10, 30, 15, 2), then the plot of the function (20) with√
40 =

√
τ2 + σ2 < ζ <

√
50 is displayed in Figure 2. It is

clear from Figure 2 that the difference in the sample sizes is
always positive, and as the prediction target ζ approaching
to

√
40 (which is the theoretical lower bound of the RIM-

SPE value of the additive model (17)) the difference in sam-
ple sizes dramatically increases. This is because the lower
bound can hardly be attained by using the additive model
(17). On the contrary, this lower bound can be attained by
using the proposed model (9) with a finite sample size cal-
culated by Eq. (16).

In summary, to achieve a given prediction target, the
sample size of the uniform design required by the proposed
model (9) is usually smaller than that required by the ad-
ditive model (17) if the effect sparsity principle holds. The
sample size of the uniform design can be calculated by Eq.
(16), and such an equation can be used no matter the effect
sparsity principle holds or not.

3.3 Construction of the uniform designs

After determining the sample size N , the experimenter
would need to choose Nd design points (combinations of the
dose-levels of the single drugs) over the design region [0, 1]s

by using Eq. (16). A naive approach is to randomly generate
the design points from the uniform distribution on [0, 1]s.

However, Fang et al. [11] had shown analytically that design
points generated by the number theory method (NTM) are
more uniform. The idea of the NTM-based uniform design
is described as follows.

Let F (x) be the uniform distribution function on [0, 1]s

and Fe(x) be the empirical distribution function of the de-
sign ENd

= {x1, . . . ,xNd
}, i.e.,

Fe(x) =
1

Nd

Nd∑
k=1

I{xk1 ≤ x1, · · · , xks ≤ xs},

where xk = (xk1, · · · , xks)
T , x = (x1, · · · , xs)

T and I{A} =
1 if A occurs, or 0 otherwise. For each x = (x1, · · · , xs)

T ∈
[0, 1]s, let [0,x) = [0, x1)× · · · × [0, xs) be the rectangle de-
termined by 0 and x, and let M(ENd

, [0,x)) be the number
of points of ENd

falling in [0,x). If the points in ENd
are

uniformly scattered on [0, 1]s, the ratio M(ENd
, [0,x))/Nd

should be close to the volume of the rectangular [0,x), de-
noted by Vol([0,x)). The difference between the above ratio
and volume ∣∣∣∣M(ENd

, [0,x))

Nd
−Vol([0,x))

∣∣∣∣
is called the discrepancy at point x. The Lp-norm average
of all the discrepancies over [0, 1]s is given by

adiscp(ENd) =

{∫
[0,1]s

∣∣∣∣M(ENd , [0,x))

Nd
−Vol([0,x))

∣∣∣∣
p

dx

}1/p

.

The case of p = 2, where adisc2(ENd
) is specifically denoted

by CL2(ENd
), is the most heavily used because the overall

discrepancy can be analytically calculated by [19]

(CL2(ENd
))2 =

(21)

(13
12

)s

− 2

Nd

Nd∑
k=1

s∏
l=1

{
1 +

1

2
|xkl − 0.5| − 1

2
|xkl − 0.5|2

}
+

1

N2
d

Nd∑
k=1

Nd∑
j=1

t∏
i=1

{
1+

1

2
|xki − 0.5|+ 1

2
|xji − 0.5| − 1

2
|xki −xji|

}
,

where CL2 is called as the centered L2-discrepancy in the
literature. The NTM-based uniform design seeks a design
ENd

over [0, 1]s which has the smallest CL2 value among
all Nd-point designs. In other words, the design points of an
Nd-point uniform design, denoted by E∗

Nd
, are obtained by

solving the following optimization problem

(22) E∗
Nd

= arg min
DNd

∈E
(CL2(ENd

))2,

where E is the set of all possible Nd-point designs over [0, 1]
s

and the objective function (CL2(ENd
))2 is given by Eq. (21).
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Table 1. Sample sizes, TM.RISPB and TM.RIMSPE values corresponding to different error variances

Variance (σ2) 15 20 25 50
Sample size (N) 115 129 139 164
TM.RISPB 3.3166 3.3166 3.3166 3.3166
TM.RIMSPE 5.1499 5.6231 6.0596 7.8879

• TM.RISPB is the maximum RISPB value in theory which is calculated by Eq. (13)
• TM.RIMSPE is the maximum RIMSPE value in theory which is calculated by Eq. (14)

Some mathematical methods for constructing NTM-
based uniform designs have been proposed in the literature.
Comprehensive overviews can be found in the book by Fang
et al. [11]. On the other hand, computational algorithms
may be more popular than mathematical constructions as
they can be used for constructing uniform designs with flex-
ible sample sizes and number of variables. Efficient compu-
tational algorithms include simulated annealing algorithm,
threshold accepting algorithm, stochastic evolutionary algo-
rithm, among others. In this work, we adapt the simulated
annealing algorithm of Huang et al. [21] to construct NTM-
based uniform designs. For how to construct uniform designs
with pre-specified number of levels (dosages), readers are re-
ferred to the recent paper by Huang et al. [22].

4. SIMULATION

In this section we demonstrate the prediction perfor-
mance of the uniform designs with simulative data. As will
be seen, the empirical prediction errors of the NTM-based
uniform designs are close to the maximum prediction errors
given in Theorem 1, and the prediction performance of the
proposed NTM-based uniform designs compares very favor-
ably with the random sample designs generated from the
uniform distribution and several other conventional design
types for high dimensional problems.

Suppose that there are 5 combined drugs and the true
dose-response model is

(23)

Y (x) =
√
2 + 6

√
5(x1 − 0.5)− 4

√
15(x2 − 0.5)+

12
√
30(x1 − 0.5)(x3 − 0.5)−

120
√
3(x2 − 0.5)(x4 − 0.5)(x5 − 0.5)+

2
√
10 sin

(
1

2
πx1

)
cos(2πx5) + ε,

where x = (x1, · · · , x5) ∈ [0, 1]5 and ε ∼ N(0, σ2) is the
random error. Let g(x) be the deterministic part of Y (x),
i.e., g(x) = E[Y (x)]. For brevity, we regard g(x) as the
model in silico, and a Latin hypercube sampling with 1000
points is used for sensitivity indices calculation. Then, by
performing experiments in silico with function ANOVA, the
top four largest sensitivity indices are S1,3 = 0.26, S2,4,5 =
0.24, S2 = 0.24, S1 = 0.15, and the total variance of g(x)
is estimated to be 100. Therefore, we consider fitting the

model below

(24)

Y (x) = β0 + β1(x1 − 0.5) + β2(x2 − 0.5)+

β3(x1 − 0.5)(x3 − 0.5)+

β4(x2 − 0.5)(x4 − 0.5)(x5 − 0.5) + ε,

because S1, S2, S1,3 and S2,4,5 are the largest four ones with
their total sensitivity indices more than 80%. Besides, the
η2 in Eq. (8) can be estimated to be η2 = (1 − S1 − S2 −
S1,3 − S2,4,5)× 100 ≈ 11. To determine the sample size, the
precision target is set to be

(25) ζ = 1.1
√
η2 + σ2.

That is, we require the maximum RIMSPE value of the fit-
ted model is about 10% larger than its theoretical lower
bound. As already pointed out, the sample size is related to
the value of σ2 – the variance of the noise. So several values
σ2 = 15, 20, 25 and 50 are investigated, and the correspond-
ing sample sizes which are calculated according to (16) are
given in the second row of Table 1. Also, three values of
replications m = 2, 4 and 6 at each design point are inves-
tigated. Then for each triplet (σ2, N,m), the �N/m	-point
NTM-based uniform design on [0, 1]5 can be constructed by
solving the design optimization problem in (22).

Using the constructed NTM-based uniform design, the
model (24) is fitted with the least squares method, while
the simulative data come from the model (23). For each
triplet (σ2, N,m), this procedure of data generation is re-
peated 1000 times by generating the random error ε re-
peatedly. Then an empirical RISPB value and an empirical
RIMSPE value can be calculated by the empirical versions
of Eqs. (11) and (12), respectively. The maximum RISPB
and RIMSPE values in theory are calculated according to
Eqs. (13) and (14), and they are respectively given in the
third and fourth rows in Table 1. We further repeat the
above procedure 1000 times for each triplet (σ2, N,m) so
that 1000 empirical values for each criterion are obtained.
The maximum empirical values are then recorded to evalu-
ate the prediction performance of the design.

Besides the NTM-UD, several conventional experimental
design types for high dimensional problems are also evalu-
ated for comparison purpose. The competing designs are:
random sample designs generated from the uniform dis-
tribution (RUD); random sample designs generated from
the truncated N(0.5, 1) distribution(RND); the D-optimal
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Table 2. The maximum empirical RISPB values in the simulations

Variance Design m=2 m=4 m=6

NTM-UD 3.1961 3.2781 3.4822
RUD 3.7567 4.5844 5.2504

σ2 = 15 RND 4.2323 4.4230 6.0340
D-optimal 4.7653 4.6955 4.8894
I-optimal 4.7687 4.8692 4.7908

NTM-UD 3.1967 3.2942 3.3246
RUD 3.5740 4.1266 4.1382

σ2 = 20 RND 3.7472 4.6516 4.4066
D-optimal 4.8602 4.7803 4.8826
I-optimal 4.8695 4.8005 4.8670

NTM-UD 3.2356 3.2848 3.3794
RUD 3.5706 4.1786 4.8149

σ2 = 25 RND 3.6676 5.7526 6.3389
D-optimal 4.9093 4.8255 4.8374
I-optimal 4.8580 4.7952 4.7954

NTM-UD 3.2817 3.3495 3.5049
RUD 3.5439 4.3471 4.7681

σ2 = 50 RND 3.7623 4.8204 5.0732
D-optimal 4.8339 4.7995 4.7430
I-optimal 4.9042 4.8421 4.7744

• The numerical values are the the maximum empirical RISPBs which are smaller-the-better

and the I-optimal designs. The maximum empirical RISPB
values of the compared designs are displayed in Table 2,
whereas the maximum empirical RIMSPE values of the com-
pared designs are listed in Table 3. It is clear from these two
tables that the proposed NTM-UDs have the best predic-
tion performance regardless of the amount of the error vari-
ance and they yield maximum empirical prediction errors
that are close to the target precisions given in Table 1. The
prediction performance of the RUDs is basically the second
best. Although both of the NTM-UD and RUD are called
uniform designs in the theory of optimal experiments, the
prediction performance of the proposed NTM-UD is consid-
erably better than that of the RUD in the simulations. The
relatively poor efficiency of the RUD has also been observed
extensively by many researchers and lots of theoretical work
has been done to demonstrate the advantages of using the
NTM-UD over RUD (see the recent book by Fang et al.
[11] and references cited therein). Another interesting thing
worth noting is that exploration seems to be more desirable
than replications for the NTM-UDs. This phenomenon has
been observed by Tan et al. [36] as well.

In summary, the simulations demonstrate that the em-
pirical prediction errors of the proposed NTM-based uni-
form designs basically match the theoretical prediction er-
rors given in Theorem 1. The prediction accuracy of the pro-
posed NTM-based uniform designs compares very favorably
with random sample designs generated from the uniform
distribution and several other conventional design types for
high dimensional problem.

5. APPLICATION

Experiments in silico provide a promising way in un-
derstanding and development of multi-drug combination
studies. One of the applications we have been working with
at Lombardi Comprehensive Cancer Center (LCCC) of
Georgetown University is the apoptosis signaling network
model from the KEGG database that simulates the impact
of drug concentrations on viability (proportion of cancer
cells surviving). The model in silico that describes the
apoptosis signaling network (the ASN model, for short) is
governed by a series of biological models including the Hill
Equations [39], the Generic Enzymatic Rate Equations [2]
and regression models which control the behavior of the
cell death machinery after drug intervention. Further more,
the architecture of the apoptosis signaling network can be
explicitly found in the literature [5] or from the KEGG
database at https://www.kegg.jp/kegg-bin/highlight
pathway?scale=1.0&map=map04210&keyword=apoptosis.
During the construction of the ASN model, data from
experiments of single drugs, which are typically available
before the combination experiments, are used to estimate
connection weights among some genes in the signaling
network. In other words, the ASN model set up as above is
the computer model for this study.

In principle, the ASN model is developed for
combination experiments with any number of com-
bined drugs. At the testing stage, the author con-
sidered 5 combined drugs whose single drug curves
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Table 3. The maximum empirical RIMSPE values in the simulations

Variance Design m=2 m=4 m=6

NTM-UD 5.0969 5.1674 5.2808
RUD 5.4737 6.0050 6.6016

σ2 = 15 RND 5.4831 6.0252 7.2562
D-optimal 6.2082 6.1548 6.2451
I-optimal 6.1853 6.2163 6.2104

NTM-UD 5.5998 5.6537 5.8754
RUD 5.8163 6.1791 6.5512

σ2 = 20 RND 5.9207 6.5263 6.4438
D-optimal 6.6306 6.5505 6.6556
I-optimal 6.6337 6.5455 6.6120

NTM-UD 6.0447 6.1291 6.3921
RUD 6.2339 6.6004 7.0343

σ2 = 25 RND 6.2939 7.7437 8.2402
D-optimal 7.0248 6.9638 6.8927
I-optimal 7.0350 6.9526 7.0013

NTM-UD 7.8974 7.9361 8.0100
RUD 8.0430 8.4296 8.5634

σ2 = 50 RND 8.1502 8.7773 8.8719
D-optimal 8.5943 8.5959 8.5295
I-optimal 8.6417 8.6037 8.5996

• The numerical values are the the maximum empirical RIMSPEs which are smaller-the-better

are given as: y(x1) = 10 − 15 log(x1 + 0.5), y(x2) =
10 − 15 log(0.7165x2 + 0.5), y(x3) = 10 − 15 log(0.5134x3 +
0.5), y(x4) = 10 − 15 log(0.3679x4 + 0.5) and y(x5) =
10 − 15 log(0.2636x5 + 0.5) where x = (x1, x2, x3, x4, x5) ∈
[0, 1]5. By taking 10 equidistant points on [0, 1], i.e.,
{0.0000, 0.1111, 0.2222, 0.3333, 0.4444, 0.5555, 0.6667, 0.7778,
0.88889, 1.0000}, 10 response values are generated from
each single drug curve. These single drug experimental
data are used to determine some connection weights of
the signaling network. In addition, by using Eq. (28), the
pooled variance is estimated to be σ̂2 = 14.86 if data from
each curve are regarded as samples from a population. We
use 10 design points on [0, 1] for each curve since increasing
this number will not improve the estimate of σ2; however,
deceasing this number tends to get unstable estimates of σ2,
which in turn would result in unreasonable sample sizes for
the uniform design. Subsequently, I performed experiments
in silico with a Latin hypercube sampling of 1000 points
and identified S1,2,3,4 = 0.38, S1 = 0.29 and S2 = 0.15 as
the top 3 largest sensitivity indices whose total sensitivity
indices is more than 80%. In addition, the total variance
of the ASN model is estimated to be D̂ = 496. Therefore,
the dose-response model for the combination experiments
is formulated as

(26) y(x) = β0 + β1z1(x) + β2z2(x) + β3z3(x) + f(x) + ε,

where z1(x) = x1 − 0.5, z2(x) = x2 − 0.5, z3(x) = (x1 −
0.5)(x2 − 0.5)(x3 − 0.5)(x4 − 0.5), ε ∼ N(0, 14.86) and f is

an unknown function that belongs to the set below

F =

{
f :

∫
[0,1]5

f2(x)dx ≤ 89.28,

∫
[0,1]5

f(x)dx = 0,(27)

∫
[0,1]5

zi(x)f(x)dx = 0, i = 1, 2, 3

}
.

As did in the previous example, the RIMSPE target is set
to be

ζ = 1.1
√
η2 + σ2 ≈ 10.3.

That is, we require the RIMSPE value of the fitted model
is about 10% larger than its lower bound. Since the vari-
ance of the noise appears to be not large, the number of
replications at each design point is set to be 2 for this case
study. Then by (16), the number of distinct design points
and the total sample size are 11 and 22, respectively. Put it
another way, we need to construct an 11-point uniform de-
sign with 2 replications at each design point. By solving the
optimization problem in (22) with the simulated annealing
algorithm, the 11-point NTM-based uniform design on [0, 1]5

is given in Table 4. The column “xi” lists the concentrations
of drug i, and each run (row) defines a treatment for the
combination experiments. Take, for example, the first run
in Table 4 means that the concentrations of drugs 1− 5 are
0.0959, 0.2540, 0.7029, 0.1369 and 0.6874, respectively, and
they are simultaneously applied to an experimental unit.
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Table 4. The 11-point NTM-based uniform design on [0, 1]5

Dose level of the single drugsRun
x1 x2 x3 x4 x5

1 0.0959 0.2540 0.7029 0.1369 0.6874
2 0.9758 0.4604 0.4533 0.0187 0.3762
3 0.2388 0.5739 0.8898 0.9247 0.4736
4 0.7998 0.0916 0.6249 0.6560 0.3006
5 0.6447 0.8438 0.7636 0.2557 0.1384
6 0.3035 0.9547 0.4663 0.3887 0.8868
7 0.5398 0.0559 0.0470 0.3538 0.5882
8 0.4024 0.3290 0.3043 0.7574 0.0474
9 0.0093 0.6565 0.1470 0.5080 0.2706
10 0.8518 0.7481 0.2417 0.8344 0.7679
11 0.5546 0.4384 0.9648 0.5775 0.9334

After conducting each run in Table 4, a response value (a
viability of the cancer cells) would be collected.

Figure 3 further depicts the pair-wise projections of the
NTM-UD, RUD, D-optimal and I-optimal designs for this
case study. By comparing the pictures in Figure 3, it is plain
that the NTM-based uniform design spreads design points
much more uniformly than the other designs. As proved by
Fang et al. [11], if there is some uncertainty about the sta-
tistical models, using the NTM-based uniform design for the
experimentation is a safe choice. By Theorem 1, the theo-
retical RIMSPE value of the least squares estimator is at
most 10.3 if the uniform design in Table 4 is used for this
case study (note that the total variance of the ASN model
is 496).

6. CONCLUDING REMARKS

Drug combination studies is the hallmark of therapies
for complex diseases such as cancer, HIV and hypertension.
Experiments in silico, which is also called computer exper-
iments, has become one of the hottest research fields in in-
dustrial statistics since the pioneering work of Sacks et al.
[29]. In this paper, a strong link between the two seemingly
unrelated subjects is shown. By using the technique of func-
tional ANOVA, experiments in silico is useful for screening
the significant drug effects for high dimensional problems.
Moreover, we demonstrate that the uniform design measure
has a number of appealing statistical properties for com-
bination experiments with multiple combined drugs. The
simulations and case study are consistent with the existing
theories that the uniform designs based on number theory
are desirable and they are robust to mis-specification of the
dose-response relationship with economically feasible sam-
ple sizes. It is worthwhile to note that the computer sim-
ulator for our case study is not very time demanding (the
running time for one simulation is about 4 seconds on a PC
with 3.40GHz quad-core Intel i5-8265U CPU and 16.0 GB
memory), so experiments in silico can be extensively con-
ducted for screening for high dimensional problems. If the

computer simulator is time demanding, as in many cases
for industrial statistics, the surrogate modeling approach
may be used [30], i.e, an empirical model is established first
based on the design, then the functional ANOVA is applied
to this empirical model instead of the computer simulator.
Fortunately, the uniform design based on number theory is
very efficient for surrogate modeling because it is an im-
portant kind of space-filling designs [10]. In other words,
if the number of experimental runs is limited due to cost
and mis-specification of the dose-response model is likely to
occur, the proposed uniform design is a natural choice for
multi-drug combination studies.

APPENDIX A. COMPUTATION DETAILS
ABOUT FUNCTIONAL

ANOVA

The terms on the right-hand side of Eq.(2) in the main
text can be uniquely determined as follows

g0 =

∫
Cs

y(x)dx,

gi(xi) =

∫
Cs−1

y(x)
∏
k �=i

dxk − g0,

gij(xi, xj) =

∫
Cs−2

y(x)
∏
k �=i,j

dxk − gi(xi)− gj(xj)− g0,

and so on. If y(x) is unknown, the gI(xI)s have no closed
forms. However, by using quasi-Monte Carlo methods, the
global sensitivity indices of gI(xI)s can be calculated as long
as the function y(x) is testable. First, we generate a set of
points {xk, k = 1, . . . , N} which is space-filling over the unit
cube Cs. With properly chosen xks, the quantity

D̂i1,··· ,ib =
1

N

N∑
k=1

[gi1···ib(xk)]
2 with {i1, · · · , ib}⊂{1, · · · , s}

may converge to Di1,··· ,ib =
∫
Cs [gi1···ib(xi1 , . . . ,xib)]

2dx
much faster than randomly generated xks (notice that
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Figure 3. Pair-wise projections of the NTM-UD, RUD, D-optimal and I-optimal design.

D̂i1,··· ,ib is the empirical version of Di1,··· ,ib). In this work,
we generate xks by using Latin hypercube sampling which
has been proved more efficient than simple random sampling
in terms of estimating integrals [30]. Hence, estimates of the
global sensitivity calculations are as follows. It is clear that

ĝ0 =
1

N

N∑
j=1

g(xj), and D̂ =
1

N

N∑
j=1

g2(xj)− ĝ20 .

Estimation of DI with I ⊂ {1, . . . , s} is more complicated.
Without loss of generality, let us begin with I = {1}. By the
definition,

g1(x1) =

∫
g(x)

∏
k �=1

dxk − g0.

Therefore,

D1 =

∫
g21(x1)dx1,

which equals

∫ {∫
g(x)

∏
k �=1

}2

dx1 − g20

=

∫ ∫ ∫
g(x1,u)g(x1,v)dudvdx1 − g20 ,

where u and v are (s − 1)-dimensional vectors. Therefore,
estimating D1 involves (2s− 1)-dimensional integration. To
implement the quasi-Monte Carlo method, we generate a
set of points {tk, k = 1, · · · , N} ⊂ C2s−1 over the exper-
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imental domain. Let xk1 = tk1,uk = (tk2, · · · , tks) and
vk = (tk(s+1), · · · , tk(2s−1)). Then

D̂1 =
1

N

N∑
k=1

g(xk1,uk)g(xk1,vk)− ĝ20 and Ŝ1 =
D̂1

D̂
.

Similarly, one can compute Ŝi for i = 2, · · · , s and ŜI for any
I ⊂ {1, · · · , s}. In particular, the global sensitivity indices
up to all orders can be calculated by using the function sobol
built in R package sensitivity [3].

APPENDIX B. COMPUTATION DETAILS
ABOUT POOLED VARIANCE

The pooled variance is used to estimate the value of the
variance of two or more populations when the respective
variances of each population are unknown but can be con-
sidered as equal. On the basis of s samples of dimensions
n1, n2, · · · , ns, the formula of the pooled variance is given
by

(28) σ̂2 =

∑s
i=1

∑ni

j=1(xij − x̄i·)
2

(
∑s

i=1 ni)− s
,

where xij is the jth observation of the ith sample, and x̄i·
is the arithmetic mean of the ith sample.

APPENDIX C. PROOFS

Proof of Theorem 1

For a design measure ξ, its information matrix is given
by

(29) I(ξ) =

∫
[0,1]s

z(x)zT (x)dξ(x).

Using the design ξ of sample size N , the least squares esti-
mator of θ is

θ̂ξ,N = I−1(ξ)

∫
[0,1]s

z(x)y(x)dξ(x).

After algebraic manipulation, we obtain that

[RISPB(f, ξ,N)]2

=

∫
[0,1]s

[zT (x)E(θ̂ξ,N )− zT (x)θ − f(x)]2dx

=

∫
[0,1]s

f2(x)dx+ bT (f, ξ)I−1(ξ)I(π)I−1(ξ)b(f, ξ),

where

b(f, ξ) =

∫
[0,1]s

z(x)f(x)dξ(x).

From the side condition (8) in the main text, it is easy to
see that

[RISPB(f, π,N)]2 =

∫
[0,1]s

f2(x)dx ≤ [RISPB(f, ξ,N)]2,

for any ξ ∈ D0, ξ �= π and any f ∈ F , and hence,
supf∈F RISPB(f, π,N) = η. In order to proof π is the
unique D0-optimal design with respect to the RISPB crite-
rion, it suffices to verify that there exists at least one f ∈ F
such that

[RISPB(f, ξ,N)]2 − [RISPB(f, π,N)]2

= bT (f, ξ)I−1(ξ)I(π)I−1(ξ)b(f, ξ) > 0.

Apparently, we just need to find an f ∈ F such that
b(f, ξ) �= 0.

Consider the case when ξ is not absolutely continuous. In
this case, there is a measurable set A ⊂ [0, 1]s such that∫

A

dx = 0 < ξ(x∗).

Define

(30) f(x) =

⎧⎨
⎩

x2
1z1(x) x = (x1, . . . , xs)

T ∈ A

0 otherwise
,

then f(x) ∈ F because
∫
A
dx = 0. Note that

b(f, ξ) =

∫
A

z(x)f(x)dξ(x)

=

(∫
A

x2
1z

2
1(x)dξ(x),

∫
A

x2
1z1(x)z2(x)dξ(x), . . . ,∫

A

x2
1z1(x)zs(x)dξ(x)

)T

,

which is not 0 since
∫
A
x2
1z

2
1(x)dξ(x) > 0.

Now consider the case when ξ is absolutely continuous.
Let ν be the signed measure corresponding to the difference
ξ(x)−π(x). By the Hahn Decomposition Theorem [4], there
is a measurable set B ⊆ [0, 1]s which is positive set for ν,
and such that [0, 1]s\B = Bc is a negative set for ν. Assume
without loss of generality that ξ differs from π on a set of
positive Lebesgue measure, then we have

ν(B) > 0, and thus, ξ(B) > π(B).

Also note that ξ is absolutely continuous, we have ξ(B) > 0.
Therefore, one can find a partition

B =

p+2⋃
i=1

Bi

with the Bi’s disjoint, and such that ξ(Bi) > π(Bi) > 0, i =
1, . . . , p+2. Let β∗ = (β∗

1 , . . . , β
∗
p+2)

T be a non-null solution
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to the following p+ 1 equations,

p+2∑
i=1

βi

∫
Bi

dx = 0

p+2∑
i=1

βi

∫
Bi

z(x)dx = 0.

Note that β∗ is not a solution to the following 2p+ 1 equa-
tions,

p+2∑
i=1

βi

∫
Bi

dx = 0

p+2∑
i=1

βi

∫
Bi

z(x)dx = 0

p+2∑
i=1

βi

∫
Bi

z(x)dξ(x) = 0,

since ξ(Bi) > π(Bi) for i = 1, . . . , p + 2 (which means that
the above 2p+ 1 equations only have a null solution). This

implies that
∑p+2

i=1 β∗
i

∫
Bi

z(x)dξ(x) �= 0. Put

f(x;β∗
i ) = η

(
p+2∑
i=1

(β∗
i )

2π(Bi)

)−1/2 p+2∑
i=1

β∗
i IBi(x).

We have f(x;β∗
i ) ∈ F because∫

[0,1]s
f(x;β∗

i )dx = 0,∫
[0,1]s

f2(x;β∗
i )dx = η2 and∫

[0,1]s
z(x)f(x;β∗

i )dx = 0.

However,

b(f(x;β∗
i ), ξ) =

∫
[0,1]s

z(x)f(x;β∗
i )dξ(x) �= 0,

which completes the proof of part (i).
Now we prove part (ii). Using the result proved by [43],

one obtains the following equation,

[RIMSPE(f, ξ,N)]2 =

∫
[0,1]s

f2(x)dx+ σ2

+ bT (f, ξ)I−1(ξ)I(π)I−1(ξ)b(f, ξ)

+
σ2

n
trace[I−1(ξ)I(π)].

From the side condition (8) in the main text, it is easy to
see that

[RIMSPE(f, π,N)]2 =

∫
[0,1]s

f2(x)dx+ σ2 +
σ2

N
(p+ 1),

which implies that

sup
f∈F

RIMSPE(f, π,N) =

√
η2 +

(
1 +

p+ 1

N

)
σ2.

For any ξ ∈ D2 and ξ �= π, we need to find an f ∈ F such
that

[RIMSPE(f, ξ,N)]2 > η2 +

(
1 +

p+ 1

N

)
σ2.

Note that

[RIMSPE (f, ξ,N)]2 ≥ bT (f, ξ)I−1(ξ)I(π)I−1(ξ)b(f, ξ)

≥ λp+1[I
−1(ξ)I(π)I−1(ξ)] ‖ b(f, ξ) ‖2,

where λp+1(M) denotes the smallest eigenvalue of the (p+
1)× (p+ 1) matrix M. Similar to (30), define

(31) fc(x) =

⎧⎨
⎩

√
cx2

1z1(x) x ∈ A

0 otherwise
,

where c > 0 is a constant. We have fc(x) ∈ F because∫
A
dx = 0, and

‖ b(f, ξ) ‖2= c

[∫
A

x2
1z

2
1(x)dξ(x)

]2
.

Let

c >
η2 + (1 + p+1

N )σ2

λp+1[I−1(ξ)I(π)I−1(ξ)]
[∫

A
x2
1z

2
1(x)dξ(x)

]2 ,
then

[RIMSPE(fc, ξ,N)]2 > η2 +

(
1 +

p+ 1

N

)
σ2.

Proof of Theorem 2

Using the design ξ of sample size N , the least squares
estimator of θ is

θ̂ξ,N = I−1(ξ)

∫
[0,1]s

z(x)y(x)dξ(x),

where I−1(ξ) is the information matrix which is given by

I(ξ) =

∫
[0,1]s

z(x)zT (x)dξ(x).

Then we have

E(θ̂ξ,N ) = I−1(ξ)E

[∫
Cs

z(x)y(x)dξ(x)

]

= I−1(ξ)

∫
Cs

z(x)[z(x)Tθ + f(x)]dξ(x)
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= I−1(ξ)I(ξ)θ + I−1(ξ)

∫
Cs

z(x)f(x)dξ(x)

= θ + I−1(ξ)

∫
Cs

z(x)f(x)dξ(x),

where the second equality follows from the Fubini’s Theorem
[31]. When ξ = π, we have∫

Cs

z(x)f(x)dξ(x) =

∫
Cs

z(x)f(x)dx = 0,

where the last equality follows from the side condition (8)
in the main text. As a result, one can conclude that

E(θ̂π,N ) = θ.
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