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Constrained estimation in Cox model under
failure-time outcome-dependent sampling design
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The failure-time outcome-dependent sampling (ODS) de-
sign is a cost-effective sampling scheme, which can improve
the efficiency of the studies by selectively including certain
failures to enrich the observed sample. In modeling process,
taking some prior constraints on parameters into account
may lead to more powerful and efficient inferences. In this
paper, we study how to fit the proportional hazards model
with parameter constraints to data from a failure-time ODS
design. We propose constrained weighted estimation by con-
ducting an optimization problem on a working likelihood
function. The asymptotic properties of the proposed esti-
mator are established. We develop a restricted minorization-
maximization (MM) algorithm for the numerical calculation
of the proposed estimator. Simulation studies are conducted
to evaluate the finite-sample performance of the proposed
estimator. An application to a data set from a Wilms tumor
study is illustrated for the utility of the proposed method.

Keywords and phrases: Biased sampling, Inverse proba-
bility weighted Cox model, Karush-Kuhn-Tucker conditions,
Minorization-maximization algorithm.

1. INTRODUCTION

Major sources and costs of modern biomedical and epi-
demiological cohort studies typically arise from a long period
of follow-up and assembly of expensive covariate measure-
ments. A simple random sampling design tends to be too
expensive to conduct for study with a limited budget. Al-
ternative cost-effective designs which can reduce the cost
and achieve a prespecified power level are always desirable
in practice. An outcome-dependent sampling (ODS) design
is a general term which describes a retrospective sampling
scheme where one observes the primary covariates with a
probability that depends on the observed values of the out-
come variables. By allowing one to concentrate resources
where there is the greatest amount of information, such an
ODS design can improve the efficiency while reducing the
cost of the study. Many studies have been discussed on ODS
designs with continuous outcome variables (Weaver, 2001;
Zhou et al., 2002; Weaver and Zhou, 2005; Chatterjee et al.,
2003; Song et al., 2009; Zhou et al., 2011b; Qin and Zhou,
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2011; Zhou et al., 2011a; Zhou et al., 2011c; Xu and Zhou,
2012; Tan, Qin and Zhou, 2016).

For failure-time data, the case-cohort design (Prentice,
1986) is one of the most widely used biased-sampling
scheme, especially for a rare disease situation. In the cases
that diseases might not be rare, a generalized case-cohort
design has been proposed to release the requirement of sam-
pling all the cases in the case-cohort studies. There is a
large number of literatures on statistical inferences of case-
cohort and generalized case-cohort designs (Self and Pren-
tice, 1988; Lin and Ying, 1993; Barlow, 1994; Chen and Lo,
1999; Kulich and Lin, 2000; Chen, 2001; Scheike and Mar-
tinussen, 2004; Qi et al., 2005; Lu and Tsiatis, 2006; Kang
and Cai, 2009; Kang et al., 2013; Zeng and Lin, 2014; Kim
et al., 2016; Zhou et al., 2017; Kim et al., 2018; Maitra et
al., 2019).

Recently, Ding et al. (2014) proposed a general failure-
time ODS design to take advantage of the ODS design for
right-censored data. In such a failure-time ODS design, an
overall simple random sample is drawn from the underly-
ing cohort and some supplemental samples are additionally
drawn from certain strata obtained by partitioning the range
of observed failure time of all the cases into mutually exclu-
sive and exhaustive strata. The measurements of primary
covariates are only collected for these two components. By
selectively including certain failure subjects to enrich the
observed sample, the failure-time ODS design can enhance
the efficiency of studies. Ding et al. (2014) developed a max-
imum semiparametric empirical likelihood estimation under
the proportional hazards model. Yu et al. (2015) proposed a
weighted pseudo-score estimation under the additive haz-
ards model. Yu et al. (2016) studied a weighted partial-
likelihood estimating equation under the proportional haz-
ards model.

In practice, some prior information on parameters with
a certain of constraints may be available in the modeling
process. Ignoring such information may cause an under-
estimation or a misled conclusion (Tan et al., 2005; Fang
et al., 2006). Taking these constraints on parameters into
consideration tends to yield more powerful and efficient in-
ferences. Many authors have studied statistical methods of
constrained problems for completely observed data (Wang,
1996; Wang, 2000; Moore and Sadler, 2006; Moore et al.,
2008, etc). For censored data from a random sampling de-
sign, Ding et al. (2015) considered inferential methods under
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the proportional hazards model with parameter restrictions.
For failure-time data from case-cohort studies, Deng et al.
(2018) developed a constrained estimation using a pseudo-
likelihood approach in the Cox model. To the best of our
knowledge, statistical methodologies for constrained prob-
lems have not yet been explored to a general failure-time
ODS design.

In this paper, we study how to fit the Cox model with
some equality and inequality restrictions on regression pa-
rameters to data from a failure-time ODS design. We pro-
pose a constrained estimation by conducting an optimiza-
tion problem on a working likelihood function derived from
an inverse probability weighted approach. The asymptotic
properties of the proposed estimator are established by
the Karush-Kuhn-Tucker (KKT) approach in mathemati-
cal programming theory. The existence of constraints causes
some challenges in the numerical calculation of the proposed
estimator since some common approaches, such as Newton-
Raphson algorithm, can not be directly applied. We develop
a restricted minorization-maximization (MM) algorithm for
the implementation of the proposed estimator with some lin-
ear inequality constraints. Inspired by the MM principle for
the case without constraints, we transfer the constrained op-
timization on the working likelihood function to maximizing
a surrogate function subject to box constraints. Such a sur-
rogate function has some novelties to make sure that solving
the objective constrained problem is equivalent to separately
maximizing several one-dimensional concave functions with
a lower bound and an upper bound, for which we derive an
explicit solution via a median function.

The rest of this paper is organized as follows. In Section 2,
we study how to fit the Cox model with constraints to data
from a failure-time ODS design. In Section 3, we develop
an estimation procedure based on the KKT approach and
establish the asymptotic properties for the proposed con-
strained estimator. In Section 4, we build a restricted-MM
algorithm for calculating the proposed estimator. Simulation
studies are conducted to evaluate the finite-sample perfor-
mance of the proposed method in Section 5. An illustration
with data from a Wilms tumor study is presented in Section
6. The proofs are given in the Appendix.

2. MODEL AND DESIGN

Suppose that an underlying cohort consists of N inde-
pendent subjects. For the ith subject (i = 1, . . . , N), let T̃i

be the potential failure time, Ci be the censoring time or
follow-up time, and Ti = min(T̃i, Ci) be the observed time,

respectively. Denote Δi = I(T̃i ≤ Ci) to be the right cen-
soring indicator, Yi(t) = I(Ti ≥ t) to be the at-risk process,
and Ni(t) = ΔiI(Ti ≤ t) to be the counting process, where
I(·) is the indicator function. Zi denotes a p-dimensional
covariate for the ith subject. τ denotes the ending time of
study.

We assume that, given Zi, the hazard function of T̃i takes
the form as (Cox, 1972):

(1) λ(t|Zi) = λ0(t) exp{βTZi}, i = 1, . . . , N,

where λ0(t) is the unspecified baseline hazard function, and
β is the p-dimensional vector of regression parameters. For
the restricted problem in model (1), we consider the follow-
ing equality and inequality constraints:

(2)

{
fj(β) = 0, j = 1, · · · , r,
gk(β) ≤ 0, k = 1, · · · , s.

Specifically, if r = 0, then there is no equality constraint;
if s = 0, there is no inequality constraint. Assume that
f(β) = (f1(β), · · · , fr(β))T and g(β) = (g1(β), · · · , gs(β))T
have continuous second partial derivatives, which means
that the parameter space C = {β : f(β) = 0, g(β) ≤ 0}
is a non-empty convex set. If all the covariates and survival
information are measured for each individual in the cohort,
inference methods for the Cox model with constraints (2)
have been developed by Ding et al. (2015). However, under
a failure-time ODS design, the information of covariates is
not available for each subject, which leads to that the meth-
ods of Ding et al. (2015) will no longer apply.

Under a failure-time ODS design, the sampling procedure
is conducted in two steps. In the first step, a simple random
sample without replacement (SRS) of size n0 is drawn from
the full cohort. In the second step, the range of observed
failure time of all the cases is partitioned into K mutually
exclusive and exhaustive strata, defined by Ak = (ak−1, ak],
k = 1, · · · ,K, where a0 = 0 < a1 < · · · < aK = τ are
known constants. Subsequently, a supplemental sample of
size nk is randomly drawn from the kth stratum. The sam-
pled subjects from these two steps consist of the ODS sam-
ple and the total sample size is n =

∑K
i=0 ni. The measure-

ments of covariates are only assembled for the ODS sam-
ple. Specifically, let ξi denote the SRS indicator, taking the
value 1 or 0, whether the ith subject is selected into the
SRS portion or not. Similarly, let ηik denote the indicator
for the supplemental sample from the kth stratum. Define
ζik = I(Ti ∈ Ak) to be the indicator of the ith subject falling

into Ak, and ζi =
∑K

k=1 ζik. The observed data structure
from the failure-time ODS design can be summarized as:

ODS
sample

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(i) SRS sample (ξi = 1) :
(Ti, Δi, Zi), i = 1, · · · , n0;

(ii) Supplemental samples (ηik = 1, ζik = 1) :
(Ti, Δi, Zi | Δi = 1, Ti ∈ Ak),

i = 1, · · · , nk and k = 1, · · · ,K.

(3)

For data from the failure-time ODS design without con-
straints, since Zi’s are only available for the ODS sample,
Yu et al. (2016) proposed a weighted estimating equation
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approach for the inference of β. Denote the sampling proba-
bilities of the SRS and supplemental samples are p̃ = n0/N
and r̃k = nk/(Nk − n0k), k = 1, · · · ,K, respectively, where
Nk and n0k denote the sizes of the cases from the full cohort
and SRS portion falling into Ak. Assume that p̃ converges
to p = P(ξi = 1) and r̃k converges to rk = P(ηik = 1 | ζik =
1, ξi = 0, Δi = 1), k = 1, · · · ,K. The weighted estimating
equation of Yu et al. (2016) is given by:

(4) Uw(β) =

N∑
i=1

∫ τ

0

wi

[
Zi −

S
(1)
w (β, t)

S
(0)
w (β, t)

]
dNi(t),

where S
(d)
w (β, t) = N−1

∑N
i=1 wiYi(t)Z

⊗d
i exp{βTZi}, for

d = 0, 1, 2. Here,

wi = ξiΔiζi +
ξiΔi(1− ζi)

p̃
+

ξi(1−Δi)

p̃
(5)

+ (1− ξi)Δi

K∑
k=1

ζikηik
r̃k

.

Note that the above weights are the inverse of the sampling
probability. In particular, the weight for a case in the SRS
component is 1 if ζi = 1 and is p̃−1 otherwise, the weight for
a censored subject in the SRS component is p̃−1, and the
weight for a subject in the supplemental component from
Ak is r̃−1

k .
Thus, the unconstrained estimator of β can be obtained

by solving the estimating equation Uw(β) = 0, using a
Newton-Raphson algorithm. However, in the case of con-
straints, the existing approaches can not be used directly.
We need to pursue a new estimation procedure for the con-
strained problem we consider under a failure-time ODS de-
sign.

3. ESTIMATION PROCEDURE

To overcome the difficulties caused by the biased-
sampling nature of a failure-time ODS design and the exis-
tence of parameter constraints, we first construct a “work-
ing” log-likelihood function which has the expression:

�w(β) =
N∑
i=1

wiΔi

[
βTZi − log

{
N∑
l=1

wlYl(Ti) exp(β
TZl)

}]
.

(6)

It is worth noting that �w(β) satisfies that
∂�w(β)

∂β = Uw(β)
for β ∈ C. This means that we then can transfer the estima-
tion of β in model (1) with constraints (2) to the following
optimization problem:

(7)

⎧⎪⎨⎪⎩
max
β

�w(β),

s.t. fj(β) = 0, j = 1, · · · , r,
gk(β) ≤ 0, k = 1, · · · , s.

The proposed constrained estimator of β, denoted by β̂, is
defined to be the solution to the above optimization prob-
lem.

Due to the theory of mathematical programming, the op-
timal solution to problem (7) must satisfy the KKT condi-
tions (Boyd and Vandenberghe, 2004):

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂�w(β)

∂β +
r∑

j=1

μj
∂fj(β)
∂β +

s∑
k=1

νk
∂gk(β)

∂β = 0,

fj(β) = 0, j = 1, · · · , r,
νkgk(β) = 0, k = 1, · · · , s,
νk ≥ 0, gk(β) ≤ 0, k = 1, · · · , s.

(8)

where μ = (μ1, · · · , μr)
T and ν = (ν1, · · · , νs)T are the KKT

multipliers. The inequality constraint gk(β) ≤ 0 is said to
be active at a feasible point β if gk(β) = 0, otherwise it
is said to be inactive. The equality constraints fj(β) = 0
(j = 1, · · · , r) are always considered active and the KKT
multipliers μj (j = 1, · · · , r) can have any sign. We have
νk ≥ 0 for an active inequality constraint gk(β) = 0, while
νk = 0 for an inactive inequality constraint gk(β) < 0. This
means that inactive inequality constraints have no influence
on the stationary equation in (8).

Therefore, by incorporating all active constraints and
corresponding KKT multipliers into h(β) = (h1(β), · · · ,
hq(β))

T and κ = (κ1, · · · , κq)
T, respectively, we can sim-

plify the stationary equation in (8) to:

(9)
∂�w(β)

∂β
+ κT ∂h(β)

∂β
= 0,

where ∂h(β)
∂β is the q × p gradient matrix of all active con-

straints and has full-row rank. We assume that there exists
a p× (p− q) matrix H∗(β), whose elements are continuous
of β, such that

∂h(β)

∂β
H∗(β) = 0, H∗(β)TH∗(β) = Ip−q,(10)

where Ip−q is the (p− q)-order identity matrix.
Let β0 denote the true value of β. Define s(d)(β, t) =

E
[
S
(d)
w (β, t)

]
, d = 0, 1, 2. Denote πk = P(ζik = 1, Δi =

1), k = 1, · · · ,K. Assume that n/N → ρV and nk/N → ρk,
k = 0, · · · ,K, respectively. The asymptotic properties of
the proposed estimator β̂ can be established by the KKT
approach. We present the main results in the following the-
orem and give the detailed proofs in the Appendix.

Theorem 1 (Asymptotic Properties of β̂). Under the
regularity conditions stated in the Appendix, we have, as
N → ∞,

(i) (consistency): β̂ converges in probability to β0;

(ii) (asymptotic normality): N1/2(β̂ − β0) converges in
distribution to a zero mean normal random vector
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with a variance matrix Σ(β0) = H(β0){Σ1(β
0) +

Σ2(β
0)}H(β0), where

H(β0) = H∗(β0)
[
H∗(β0)T Σ1(β

0)H∗(β0)
]−1

H∗(β0)T,

and

Σ1(β
0)

=

∫ τ

0

[
s(2)(β0, t)

s(0)(β0, t)
−
{
s(1)(β0, t)

s(0)(β0, t)

}⊗2
]
s(0)(β0, t)λ0(t)dt,

Σ2(β
0)

=
1− ρ0ρV
ρ0ρV

E
[
(1−Δ1)V1(β

0)⊗2
]

+
1− ρ0ρV
ρ0ρV

E
[
Δ1(1− ζ1)V1(β

0)⊗2
]

+

K∑
k=1

{1− ρ0ρV } {πk(1− ρ0ρV )− ρkρV }
ρkρV

· E
[
Δ1ζ1kV1(β

0)⊗2
]
,

where

V1(β
0) =

∫ τ

0

[
Z1 − s(1)(β0, t)/s(0)(β0, t)

]
·
{
dN1(t)− Y1(t)λ0(t) exp

(
βT
0 Z1

)
dt
}
.

4. RESTRICTED-MM ALGORITHM

In Section 3, we developed an inference method for the
proposed restricted problem and derived the asymptotic the-
ory for the constrained estimator β̂ by the KKT approach.
However, due to the existence of parameter constraints,
the commonly used numerical calculation approaches, e.g.,
Newton-Raphson algorithm, MM algorithm, etc., will not
be applied to the implementation of β̂ in practice. With the
help of the MM principle, we build a new numerical ap-
proach to realize the calculation of β̂ in this section.

The MM principle is a principle for creating algorithm
rather than a single algorithm. In general, we consider an
optimization problem max

β∈B
�(β), where �(β) is the objec-

tive function and B is the parametric space of β. An MM
principle involves minorizing �(β) by a surrogate function
Q(β|β(m)) anchored at the current iteration β(m) of a search.
The surrogate function should satisfy the two properties:

�(β(m)) = Q(β(m)|β(m)),

�(β) ≥ Q(β|β(m)), β �= β(m).(11)

Construction of the surrogate function Q(β|β(m)) consti-
tutes the first M-step of an MM algorithm. In the second
M-step of the algorithm, we maximize Q(β|β(m)) instead of
�(β). Define β(m+1) = argmax

β∈B
Q(β|β(m)). Then this action

forces the following ascent property:

�(β(m+1)) =
[
�(β(m+1))−Q(β(m+1)|β(m))

]
+Q(β(m+1)|β(m))

≥
[
�(β(m))−Q(β(m)|β(m))

]
+Q(β(m)|β(m))

= �(β(m)),

which guarantees that optimizing �(β) is equivalent to iter-
atively maximizing Q(β|β(m)).

Back to our restricted problem, we here consider a special
but widely-used version of C as a ≤ Aβ ≤ b, where A is a
known k × p matrix, and a, b are two known k × 1 vectors.
Such linear inequality constraints can be easily converted
into a box form β ∈ [a, b] =

∏p
j=1[aj , bj ], where aj and bj are

the jth components of a and b, respectively, by some similar
discussions in Tian et al. (2008). Without loss of generality,
we develop a restricted-MM algorithm to find the solution
to the optimization problem:

(12)

{
max
β

�w(β),

s.t. a ≤ β ≤ b.

In the first M-step, we construct a surrogate function
to minorize the working likelihood function �w(β). Due to
the convexity of the function exp(x) and the inequality
− log(x) ≥ 1− log(y)− x/y, we obtain that

− log

{
N∑
l=1

wl Yl(Ti) exp(β
TZl)

}

≥ 1− log

{
N∑
l=1

wl Yl(Ti) exp(β
(m)TZl)

}

−
∑N

l=1 wl Yl(Ti) exp(β
TZl)∑N

l=1 wl Yl(Ti) exp(β(m)TZl)

≥ 1− log

{
N∑
l=1

wl Yl(Ti) exp(β
(m)TZl)

}

−
∑N

l=1

∑p
j=1ψljwlYl(Ti) exp{ψ−1

lj Zlj(βj−β
(m)
j )+β(m)TZl}∑N

l=1 wl Yl(Ti) exp(β(m)TZl)
,

where βj , β
(m)
j and Zlj are the jth component of β, β(m)

and Zl, respectively, for all β, β(m) ∈ C, and any arbitrary
positive weights {ψlj}pj=1. Based on the above inequality, for

a given β(m) ∈ C, we define a surrogate function

Q(β|β(m))

(13)

=

p∑
j=1

N∑
i=1

wi Δi [βjZij
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−
∑N

l=1 ψlj wl Yl(Ti) exp
{
ψ−1
lj Zlj(βj − β

(m)
j ) + ZT

l β
(m)
}

∑N
l=1 wl Yl(Ti) exp

(
β(m)TZl

)
⎤⎦

+

N∑
i=1

wi Δi

[
1− log

{
N∑
l=1

wl Yl(Ti) exp
(
β(m)TZl

)}]
,

where we set ψlj =
|Zlj |∑p

k=1|Zlk| , j = 1, · · · , p, with ψ−1
lj = 0 if

Zlj = 0, by similar suggestion in Becker et al. (1997). It can
be easily shown that Q(β|β(m)) satisfies the two properties
in (11). This superiority guarantees that we can transfer the
optimization in (12) on �w(β) to Q(β|β(m)).

Furthermore, the score vector and the information matrix
of Q(β|β(m)) with respect to β evaluated at β(m) take the
forms as:

∂Q(β(m)|β(m))

∂β

=

N∑
i=1

wi Δi

[
Zi −
∑N

l=1 wl Yl(Ti)Zl exp
(
β(m)TZl

)∑N
l=1 wl Yl(Ti) exp

(
β(m)TZl

) ] ,
− ∂2Q(β(m)|β(m))

∂β∂βT

=diag

{
−∂2Q1(β

(m)|β(m))

∂β∂βT
, · · · ,−∂2Qp(β

(m)|β(m))

∂β∂βT

}
,

where
(
−∂2Q(β(m)|β(m))

∂β∂βT

)
is a diagonal matrix with the (j, j)-

element being

− ∂2Qj(β
(m)|β(m))

∂β∂βT

=

N∑
i=1

wiΔi

∑N
l=1 π

−1
lj wl Yl(Ti)Z

2
lj exp
(
β(m)TZl

)∑N
l=1 wl Yl(Ti) exp

(
β(m)TZl

) ,

j = 1, · · · , p.

In the second M-step, we maximize Q(β|β(m)) for the
case with constraints:

(14) β(m+1) = arg max
β∈[a, b]

Q(β|β(m)).

We rewrite Q(β|β(m)) in (13) to be

Q(β|β(m)) =

p∑
j=1

Qj(βj |β(m)) +Q0,

where

Qj(βj |β(m))

=

N∑
i=1

wi Δi [βjZij

−
∑N

l=1 ψlj wl Yl(Ti) exp
{
ψ−1
lj Zlj(βj − β

(m)
j ) + ZT

l β
(m)
}

∑N
l=1 wl Yl(Ti) exp

(
β(m)TZl

)
⎤⎦

and

Q0 =

N∑
i=1

wi Δi

[
1− log

{
N∑
l=1

wl Yl(Ti) exp
(
β(m)TZl

)}]
.

Note that Qj(βj |β(m)) is one-dimensional concave function
of βj given β(m), j = 1, · · · , p, and Q0 is independent
of β. By this merit of parametric separation, solving the
maximization (14) is equivalent to separately maximizing
Qj(βj |β(m)) with respect to βj subject to a lower bound
aj and an upper bound bj , for j = 1, · · · , p. Such a one-
dimensional concave function with a box constraints can
result in an explicit form via a median function:

θ
(m+1)
j = arg max

βj∈R
Qj(βj |β(m)),

β
(m+1)
j = median

{
aj , θ

(m+1)
j , bj

}
, j = 1, · · · , p.

Due to the fact that
(
−∂2Q(β(m)|β(m))

∂β∂βT

)
is a diagonal ma-

trix, θ
(m+1)
j in the above can be correspondingly calculated

via a one-step Newton-Raphson algorithm. We summarize
the step-by-step procedure of the proposed restricted-MM
algorithm in vector form as follows.

Algorithm 1 Restricted-MM Algorithm in Cox Model with
Constraints under Failure-Time ODS Design

Input: β(0).

1: for m = 0, 1, 2, . . ., if
∣∣∣β(m+1) − β(m)

∣∣∣ > 10−4, do

2: Calculate ∂Q(β(m)|β(m))
∂β

and − ∂2Q(β(m)|β(m))

∂β∂βT ;
3: Update

θ(m+1) = β(m)+

[
−∂2Q(β(m)|β(m))

∂β∂βT

]−1 [
∂Q(β(m)|β(m))

∂β

]
;

4: Update
β(m+1) = median(a, θ(m+1), b);

5: end for
Output: β̂ = β(m+1).

For estimation of the standard error of β̂, we adopt the
nonparametric bootstrap approach (Efron and Tibshirani,
1993; Burr, 1994) to obtain a consistent estimator. The key
idea of the nonparametric bootstrap is to estimate an empir-
ical distribution by repeatedly sampling from the observed
data. For the ODS sample, we denote {X1, · · · , Xn0} and
{Yk,1, · · · , Yk,nk} to be the observations of the SRS sample
and the supplemental sample from the kth stratum (k =
1, · · · ,K), respectively. We separatedly draw a bootstrap
SRS sample {X∗

1 , · · · , X∗
n0} and bootstrap supplemental
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sample {Y ∗
k,1, · · · , Y ∗

k,nk} with replacement from the pools of
{X1, · · · , Xn0} and {Yk,1, · · · , Yk,nk}, k = 1, · · · ,K. These
parts constitute the bootstrap ODS sample, we calculate one
bootstrap replicate β̂∗ using the proposed restricted-MM al-
gorithm. By independently repeating this process B times,

we obtain B bootstrap replicates of
{
β̂∗(1), · · · , β̂∗(B)

}
.

Therefore, the standard error of the jth component of the
constrained estimator β̂ can be estimated by the following
sample standard deviation:

ŜE(β̂j) =

√√√√ 1

B − 1

B∑
b=1

{
β̂∗
j (b)−

1

B

B∑
b=1

β̂∗
j (b)

}2

,

j = 1, · · · , p.

We then construct the (1 − α)100% bootstrap confi-

dence interval of βj as
[
β̂j,L, β̂j,R

]
, where β̂j,L and

β̂j,R are the 100(α/2) and 100(1 − α/2) percentiles of{
β̂∗
j (1), · · · , β̂∗

j (B)
}
, respectively.

5. SIMULATION STUDIES

We conducted simulation studies to assess the finite-
sample properties of the proposed methods. We considered
the proportional hazards model as follows:

λ(t|Z1, Z2, Z3) = λ0(t) exp {β1Z1 + β2Z2 + β3Z3} .

We generated the covariate vector (Z1, Z2, Z3)
T from a 3-

dimensional normal distribution with mean 0 and variance
matrix Σ = (σij)3×3 where σij = 1 if i = j, and 0.5
otherwise, i, j = 1, 2, 3. We set β1 = 0.2, β2 = 0.3 and
β3 = 0.6. The baseline hazard function λ0(t) was set to

be 1. Then, the failure time T̃ was correspondingly gen-
erated from an exponential distribution with hazard rate
exp {β1Z1 + β2Z2 + β3Z3}. The censoring time C was gen-
erated from a uniform distribution over [0, c], where c was
chosen to yield a desired censoring rate, ρ = 90% or 95%.
For the constraints on the parameters β1, β2 and β3, we
considered three scenarios: (I) β1 ≥ 0, β2 ≥ 0, β3 ≥ 0;
(II) β2 ≤ β3; (III) β1 ≥ 0, β2 ≤ β3.

Under the failure-time ODS design, we first randomly
selected an SRS sample of size n0 from the entire cohort
of size 8000. We then partitioned all the failure mem-
bers into three strata according to the sample quantiles
q1 and q2 of the observed failure times. We selected the
supplemental samples of n1 and n3 from the bottom and
top stratum, respectively. We chose two pairs of quantiles
(q1, q2) = (0.3, 0.7) and (0.2, 0.8) to be the cutpoints. We
set (n0, n1, n3) = (370, 15, 15) and (360, 20, 20) to detect the
impact of different allocations of the SRS and supplemental
components among the ODS sample.

Under each configuration, we compared the proposed
constrained estimator (ODS-CMM), calculated by the

restricted-MM algorithm, with three competing estimators:
SRS-UNR, the partial likelihood estimator without con-
straints based on a simple random sample of the same size
as the ODS sample, obtained via the Newton-Raphson algo-
rithm; SRS-CMM, the constrained estimator under a ran-
dom sampling design, calculated by a modified MM algo-
rithm (Ding et al., 2015); and ODS-UNR, the unconstrained
weighted estimator, implemented via the Newton-Raphson
algorithm (Yu et al., 2016). The estimated standard errors
are calculated by the nonparametric bootstrap approach
suggested in Section 4, and the bootstrap sampling times
are set to be B = 100 for the sake of computation time.
The simulation results are conducted on 1000 replications
and summarized in Tables 1-4. The tables report the mean
of the estimates (Mean), the sample standard deviation of
the estimates (SD), the mean of the estimated standard er-
rors (SE), the 95% empirical coverage probability (CP), and
the estimated efficiency relative to the SRS-UNR estimator
(RE).

Under all the cases considered here, the four estimators
are practically unbiased. There is a good agreement between
the estimated and empirical standard errors, and the cover-
age probabilities of the 95% confidence intervals are reason-
able. Generally, the two estimators under the failure-time
ODS design are more efficient than the two corresponding
estimators under the SRS design with the same size. The es-
timators with constraints, ODS-CMM and SRS-CMM, are
more efficient than the estimators without constraints, ODS-
UNR and SRS-UNR. Among these four estimators, the pro-
posed estimator, ODS-CMM, is the most efficient one. For
example, in Scenario III when ρ = 95%, the REs of the es-
timator for β3 show that the proposed ODS-CMM estima-
tor reaches about 3 times of the efficiency of the SRS-UNR
estimator, and archives about 1.8 times of the ODS-UNR
estimator. These support our argument that consideration
of constraints into modeling process under the failure-time
ODS design will further improve the efficiency of the studies.
Furthermore, for a given total ODS sample size (n = 400),
the efficiency improves as we allocate more subjects in the
supplemental component ((n0, n1, n3) = (360, 20, 20) v.s.
(370, 15, 15). The gains of efficiency are higher when more
correct information of parameters is taken into account on
the model processing (β1 ≥ 0, β2 ≤ β3 v.s. β2 ≤ β3).

In addition, we conducted simulations when β3 = 0.4,
and compared the results with β3 = 0.6. We found that the
estimators with constraints cause larger biases than the esti-
mators without constraints. The results suggest that, in the
case of ordering constraints, when the true value of the pa-
rameters are farther from each other, the proposed method
will perform better.

6. REAL DATA ANALYSIS

The National Wilms Tumor Study Group (NWTSG) has
conducted a series of studies on Wilms tumor, a rare kidney
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Table 1. Simulation results on estimation of β1, β2 and β3 with the cutpoints (0.3, 0.7) and n0 = 370, n1 = n3 = 15

̂β1
̂β2

̂β3

Constraints � Method Mean SD SE CP RE Mean SD SE CP RE Mean SD SE CP RE

β1 ≥ 0, β2 ≥ 0, β3 ≥ 0 90% SRS-UNR 0.209 0.204 0.208 93.3 1.00 0.303 0.208 0.207 91.6 1.00 0.605 0.208 0.212 93.1 1.00

SRS-CMM 0.210 0.173 0.159 93.1 1.71 0.310 0.191 0.178 92.6 1.36 0.609 0.209 0.199 92.5 1.13

ODS-UNR 0.203 0.191 0.192 92.7 1.17 0.303 0.204 0.194 90.9 1.15 0.621 0.199 0.197 92.4 1.15

ODS-CMM 0.210 0.164 0.152 93.6 1.86 0.314 0.187 0.167 92.0 1.54 0.601 0.187 0.186 92.8 1.29

95% SRS-UNR 0.204 0.301 0.300 90.4 1.00 0.303 0.287 0.299 92.8 1.00 0.615 0.295 0.307 92.0 1.00

SRS-CMM 0.233 0.228 0.210 91.8 2.04 0.318 0.253 0.227 93.6 1.74 0.601 0.292 0.269 91.6 1.30

ODS-UNR 0.208 0.243 0.238 92.5 1.58 0.309 0.241 0.238 92.4 1.59 0.621 0.232 0.239 92.8 1.65

ODS-CMM 0.219 0.200 0.175 92.4 2.91 0.314 0.217 0.194 91.7 2.39 0.594 0.230 0.220 91.9 1.94

β2 ≤ β3 90% SRS-UNR 0.202 0.199 0.207 94.3 1.00 0.305 0.197 0.209 93.8 1.00 0.614 0.202 0.213 93.3 1.00

SRS-CMM 0.202 0.199 0.204 92.7 1.03 0.297 0.179 0.175 92.3 1.43 0.613 0.181 0.165 92.8 1.66

ODS-UNR 0.219 0.198 0.193 91.2 1.15 0.305 0.192 0.194 91.0 1.16 0.608 0.193 0.196 92.7 1.17

ODS-CMM 0.210 0.194 0.191 93.0 1.16 0.287 0.180 0.165 91.5 1.60 0.616 0.176 0.158 91.8 1.81

95% SRS-UNR 0.214 0.293 0.307 93.1 1.00 0.318 0.308 0.308 91.4 1.00 0.618 0.308 0.309 91.0 1.00

SRS-CMM 0.214 0.276 0.290 92.3 1.12 0.278 0.251 0.240 92.7 1.64 0.620 0.214 0.216 94.6 2.04

ODS-UNR 0.227 0.240 0.236 91.3 1.69 0.300 0.240 0.235 91.3 1.71 0.605 0.245 0.239 92.4 1.66

ODS-CMM 0.210 0.230 0.228 92.3 1.81 0.288 0.206 0.192 92.3 2.57 0.618 0.194 0.179 93.4 2.99

β1 ≥ 0, β2 ≤ β3 90% SRS-UNR 0.208 0.196 0.208 93.6 1.00 0.308 0.204 0.207 92.6 1.00 0.601 0.212 0.210 92.2 1.00

SRS-CMM 0.209 0.173 0.161 92.5 1.65 0.290 0.174 0.170 92.9 1.48 0.622 0.179 0.161 91.9 1.69

ODS-UNR 0.205 0.197 0.192 91.1 1.17 0.297 0.193 0.194 91.9 1.14 0.624 0.202 0.197 92.0 1.13

ODS-CMM 0.214 0.169 0.154 92.3 1.81 0.295 0.173 0.159 93.1 1.70 0.608 0.165 0.153 93.5 1.88

95% SRS-UNR 0.213 0.294 0.305 91.6 1.00 0.305 0.301 0.304 90.9 1.00 0.620 0.308 0.314 91.1 1.00

SRS-CMM 0.238 0.235 0.213 91.2 2.05 0.256 0.249 0.228 88.6 1.77 0.619 0.228 0.208 93.3 2.28

ODS-UNR 0.204 0.240 0.232 91.9 1.72 0.315 0.243 0.236 92.1 1.67 0.610 0.237 0.239 92.9 1.73

ODS-CMM 0.222 0.202 0.176 91.6 3.01 0.274 0.204 0.188 91.3 2.62 0.615 0.193 0.176 92.7 3.20

Note: p̃ = 4.625%, r̃1 = r̃3 ≈ 6.6% for � = 90% and p̃ = 4.625%, r̃1 = r̃3 ≈ 13.0% for � = 95%.

Table 2. Simulation results on estimation of β1, β2 and β3 with the cutpoints (0.3, 0.7) and n0 = 360, n1 = n3 = 20

̂β1
̂β2

̂β3

Constraints � Method Mean SD SE CP RE Mean SD SE CP RE Mean SD SE CP RE

β1 ≥ 0, β2 ≥ 0, β3 ≥ 0 90% SRS-UNR 0.218 0.214 0.207 91.2 1.00 0.304 0.213 0.210 92.3 1.00 0.600 0.211 0.213 92.2 1.00

SRS-CMM 0.208 0.168 0.160 94.4 1.67 0.313 0.182 0.178 94.9 1.39 0.598 0.195 0.199 94.0 1.14

ODS-UNR 0.193 0.181 0.187 93.0 1.23 0.315 0.186 0.187 91.8 1.26 0.617 0.191 0.188 91.0 1.28

ODS-CMM 0.213 0.158 0.149 93.8 1.93 0.316 0.175 0.164 92.9 1.64 0.600 0.174 0.179 93.7 1.41

95% SRS-UNR 0.206 0.293 0.299 92.4 1.00 0.323 0.287 0.305 92.5 1.00 0.605 0.286 0.307 93.7 1.00

SRS-CMM 0.231 0.229 0.206 92.1 2.10 0.314 0.256 0.226 92.7 1.82 0.604 0.274 0.269 93.0 1.30

ODS-UNR 0.218 0.233 0.229 91.8 1.71 0.314 0.230 0.228 91.3 1.78 0.609 0.237 0.234 91.8 1.72

ODS-CMM 0.227 0.197 0.173 92.5 2.98 0.314 0.211 0.189 92.3 2.61 0.605 0.229 0.215 93.0 2.03

β2 ≤ β3 90% SRS-UNR 0.197 0.206 0.208 92.9 1.00 0.307 0.212 0.208 92.2 1.00 0.611 0.204 0.212 92.8 1.00

SRS-CMM 0.201 0.204 0.204 92.0 1.04 0.290 0.186 0.175 90.8 1.40 0.615 0.176 0.166 93.8 1.62

ODS-UNR 0.198 0.177 0.186 93.0 1.25 0.315 0.189 0.186 92.3 1.24 0.615 0.188 0.190 92.7 1.25

ODS-CMM 0.199 0.190 0.182 91.8 1.30 0.302 0.169 0.158 92.1 1.73 0.617 0.162 0.152 93.5 1.94

95% SRS-UNR 0.196 0.299 0.301 92.0 1.00 0.318 0.293 0.302 93.2 1.00 0.615 0.299 0.309 91.7 1.00

SRS-CMM 0.210 0.286 0.285 90.4 1.11 0.284 0.249 0.235 90.7 1.65 0.605 0.222 0.212 93.2 2.13

ODS-UNR 0.201 0.227 0.229 92.3 1.73 0.318 0.237 0.229 91.4 1.73 0.621 0.235 0.231 92.7 1.80

ODS-CMM 0.219 0.228 0.224 92.5 1.80 0.288 0.200 0.188 91.3 2.57 0.604 0.196 0.172 91.3 3.22

β1 ≥ 0, β2 ≤ β3 90% SRS-UNR 0.219 0.193 0.206 94.9 1.00 0.297 0.206 0.206 92.9 1.00 0.603 0.214 0.210 92.6 1.00

SRS-CMM 0.216 0.171 0.163 93.5 1.59 0.284 0.179 0.171 92.8 1.46 0.620 0.175 0.163 94.3 1.66

ODS-UNR 0.199 0.181 0.184 93.3 1.25 0.310 0.186 0.186 92.5 1.23 0.608 0.187 0.189 91.3 1.24

ODS-CMM 0.210 0.167 0.148 92.1 1.94 0.297 0.164 0.154 92.2 1.78 0.613 0.162 0.149 93.3 2.00

95% SRS-UNR 0.214 0.290 0.301 91.5 1.00 0.320 0.283 0.302 93.0 1.00 0.606 0.301 0.308 92.3 1.00

SRS-CMM 0.228 0.224 0.210 92.3 2.05 0.264 0.230 0.230 93.6 1.72 0.600 0.222 0.207 94.0 2.21

ODS-UNR 0.198 0.242 0.229 90.6 1.74 0.310 0.227 0.229 92.8 1.74 0.623 0.238 0.232 91.1 1.77

ODS-CMM 0.224 0.195 0.174 92.2 3.00 0.288 0.191 0.181 91.5 2.78 0.605 0.195 0.168 91.9 3.35

Note: p̃ = 4.5%, r̃1 = r̃3 ≈ 8.7% for � = 90% and p̃ = 4.5%, r̃1 = r̃3 ≈ 17.4% for � = 95%.
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Table 3. Simulation results on estimation of β1, β2 and β3 with the cutpoints (0.2, 0.8) and n0 = 370, n1 = n3 = 15

̂β1
̂β2

̂β3

Constraints � Method Mean SD SE CP RE Mean SD SE CP RE Mean SD SE CP RE

β1 ≥ 0, β2 ≥ 0, β3 ≥ 0 90% SRS-UNR 0.202 0.199 0.208 92.9 1.00 0.311 0.206 0.207 93.5 1.00 0.610 0.213 0.212 91.5 1.00

SRS-CMM 0.226 0.176 0.163 93.4 1.63 0.310 0.189 0.178 94.1 1.36 0.601 0.190 0.201 93.5 1.11

ODS-UNR 0.198 0.196 0.191 91.5 1.19 0.304 0.191 0.191 91.8 1.17 0.620 0.202 0.196 91.0 1.16

ODS-CMM 0.211 0.165 0.151 93.5 1.89 0.307 0.187 0.165 90.9 1.57 0.605 0.183 0.185 93.3 1.31

95% SRS-UNR 0.202 0.290 0.301 92.2 1.00 0.306 0.298 0.300 92.2 1.00 0.609 0.293 0.306 92.5 1.00

SRS-CMM 0.216 0.231 0.203 92.3 2.18 0.325 0.251 0.232 92.4 1.68 0.605 0.273 0.269 92.9 1.29

ODS-UNR 0.218 0.252 0.248 92.2 1.47 0.311 0.246 0.249 93.2 1.45 0.608 0.250 0.252 92.3 1.48

ODS-CMM 0.221 0.204 0.181 92.1 2.77 0.308 0.224 0.198 91.6 2.29 0.598 0.240 0.233 92.7 1.73

β2 ≤ β3 90% SRS-UNR 0.194 0.201 0.206 93.7 1.00 0.313 0.206 0.209 93.7 1.00 0.605 0.206 0.212 93.3 1.00

SRS-CMM 0.201 0.202 0.204 92.3 1.03 0.300 0.178 0.176 92.6 1.40 0.613 0.173 0.165 94.4 1.66

ODS-UNR 0.193 0.186 0.190 92.5 1.18 0.309 0.193 0.192 91.9 1.18 0.624 0.194 0.194 91.7 1.20

ODS-CMM 0.211 0.188 0.189 93.2 1.19 0.295 0.169 0.163 92.7 1.63 0.624 0.175 0.156 91.2 1.85

95% SRS-UNR 0.211 0.300 0.304 91.6 1.00 0.304 0.282 0.303 93.2 1.00 0.610 0.301 0.312 92.5 1.00

SRS-CMM 0.198 0.281 0.287 91.2 1.12 0.276 0.249 0.240 90.0 1.60 0.610 0.225 0.217 93.8 2.08

ODS-UNR 0.210 0.252 0.249 92.0 1.49 0.314 0.255 0.251 92.6 1.46 0.604 0.258 0.254 91.0 1.52

ODS-CMM 0.213 0.251 0.246 91.2 1.53 0.286 0.219 0.206 93.1 2.17 0.609 0.195 0.189 94.8 2.74

β1 ≥ 0, β2 ≤ β3 90% SRS-UNR 0.202 0.203 0.206 92.5 1.00 0.302 0.197 0.207 93.3 1.00 0.606 0.207 0.211 93.2 1.00

SRS-CMM 0.214 0.172 0.163 92.4 1.60 0.293 0.178 0.169 94.3 1.50 0.609 0.179 0.161 91.4 1.71

ODS-UNR 0.201 0.192 0.191 92.7 1.16 0.304 0.186 0.190 94.8 1.19 0.605 0.188 0.196 93.2 1.16

ODS-CMM 0.223 0.170 0.155 91.7 1.77 0.297 0.174 0.159 92.5 1.70 0.608 0.168 0.152 92.9 1.91

95% SRS-UNR 0.207 0.287 0.301 92.5 1.00 0.307 0.303 0.303 91.5 1.00 0.610 0.287 0.311 93.5 1.00

SRS-CMM 0.236 0.227 0.216 93.4 1.95 0.260 0.240 0.230 91.3 1.74 0.599 0.216 0.207 95.3 2.25

ODS-UNR 0.200 0.260 0.251 92.0 1.44 0.306 0.266 0.249 91.3 1.47 0.626 0.262 0.255 91.3 1.48

ODS-CMM 0.226 0.205 0.184 90.6 2.69 0.282 0.206 0.196 92.9 2.40 0.617 0.203 0.184 93.9 2.86

Note: p̃ = 4.625%, r̃1 = r̃3 ≈ 9.8% for � = 90% and p̃ = 4.625%, r̃1 = r̃3 ≈ 19.6% for � = 95%.

Table 4. Simulation results on estimation of β1, β2 and β3 with the cutpoints (0.2, 0.8) and n0 = 360, n1 = n3 = 20

̂β1
̂β2

̂β3

Constraints � Method Mean SD SE CP RE Mean SD SE CP RE Mean SD SE CP RE

β1 ≥ 0, β2 ≥ 0, β3 ≥ 0 90% SRS-UNR 0.212 0.204 0.207 92.7 1.00 0.302 0.205 0.207 92.4 1.00 0.606 0.209 0.213 92.5 1.00

SRS-CMM 0.215 0.171 0.161 94.2 1.65 0.303 0.191 0.176 91.2 1.39 0.604 0.204 0.200 92.8 1.13

ODS-UNR 0.201 0.184 0.189 93.8 1.21 0.313 0.186 0.188 92.3 1.21 0.600 0.189 0.193 94.1 1.22

ODS-CMM 0.213 0.162 0.151 92.7 1.88 0.303 0.183 0.162 90.9 1.62 0.607 0.182 0.183 92.7 1.36

95% SRS-UNR 0.198 0.289 0.302 93.4 1.00 0.302 0.303 0.303 90.8 1.00 0.622 0.310 0.310 91.9 1.00

SRS-CMM 0.229 0.228 0.209 92.7 2.09 0.315 0.246 0.228 91.3 1.76 0.606 0.272 0.272 93.6 1.30

ODS-UNR 0.206 0.260 0.250 91.3 1.46 0.312 0.257 0.248 91.5 1.49 0.604 0.262 0.253 92.4 1.50

ODS-CMM 0.228 0.210 0.182 91.8 2.76 0.319 0.226 0.203 92.2 2.24 0.597 0.243 0.233 93.3 1.77

β2 ≤ β3 90% SRS-UNR 0.206 0.205 0.207 92.5 1.00 0.300 0.205 0.208 92.2 1.00 0.608 0.210 0.213 92.5 1.00

SRS-CMM 0.203 0.201 0.205 92.8 1.02 0.297 0.186 0.177 91.8 1.38 0.613 0.177 0.166 92.3 1.63

ODS-UNR 0.208 0.181 0.189 93.4 1.19 0.299 0.188 0.190 93.9 1.19 0.619 0.196 0.192 90.2 1.22

ODS-CMM 0.207 0.193 0.186 91.7 1.23 0.295 0.176 0.162 92.8 1.65 0.613 0.172 0.156 90.7 1.85

95% SRS-UNR 0.201 0.285 0.302 93.1 1.00 0.315 0.300 0.301 92.0 1.00 0.596 0.301 0.307 92.6 1.00

SRS-CMM 0.202 0.293 0.289 90.8 1.09 0.264 0.253 0.239 90.3 1.58 0.618 0.234 0.217 93.5 2.00

ODS-UNR 0.213 0.239 0.248 93.2 1.47 0.305 0.250 0.250 92.6 1.45 0.619 0.251 0.257 93.1 1.43

ODS-CMM 0.205 0.247 0.244 92.1 1.53 0.296 0.213 0.201 92.3 2.24 0.617 0.207 0.185 92.4 2.73

β1 ≥ 0, β2 ≤ β3 90% SRS-UNR 0.203 0.202 0.208 93.2 1.00 0.300 0.202 0.209 93.7 1.00 0.611 0.216 0.211 91.4 1.00

SRS-CMM 0.218 0.174 0.164 92.4 1.61 0.285 0.177 0.172 92.2 1.47 0.622 0.174 0.164 93.5 1.66

ODS-UNR 0.202 0.183 0.188 92.9 1.22 0.307 0.185 0.189 92.0 1.22 0.609 0.198 0.192 90.5 1.21

ODS-CMM 0.213 0.165 0.151 92.1 1.89 0.293 0.169 0.158 92.4 1.74 0.616 0.165 0.151 92.3 1.95

95% SRS-UNR 0.199 0.292 0.305 92.5 1.00 0.307 0.289 0.304 92.6 1.00 0.629 0.298 0.309 91.3 1.00

SRS-CMM 0.224 0.216 0.211 91.9 2.09 0.273 0.247 0.229 90.6 1.77 0.611 0.220 0.209 94.7 2.19

ODS-UNR 0.196 0.249 0.246 91.7 1.54 0.313 0.249 0.247 92.4 1.51 0.614 0.250 0.250 91.2 1.52

ODS-CMM 0.224 0.206 0.187 92.0 2.66 0.284 0.206 0.196 92.5 2.42 0.617 0.203 0.182 92.8 2.88

Note: p̃ = 4.5%, r̃1 = r̃3 ≈ 13.1% for � = 90% and p̃ = 4.5%, r̃1 = r̃3 ≈ 26.0% for � = 95%.
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cancer in young children, to assess the association between
treatment and tumor histology for children diagnosed with
Wilms tumor. Patients’ histological type of the tumor is the
most important exposure variable. Each patient was initially
diagnosed for the tumor histology by a local pathologist on
duty at the time of treatment, and then was made a defini-
tive histological diagnosis by an experienced pathologist in
the NWTSG Pathology Center. The latter is much more ac-
curate but more expensive and time-consuming. Therefore,
Breslow and Chatterjee (1999) proposed a case-cohort de-
sign for the third and fourth clinical trials. Specifically, a
subcohort of 668 children was drawn from the entire 4028
patients. The case-cohort sample consisted of the subco-
hort and all children outside the subcohort who relapsed
or died during the study. Previous studies (Zeng and Lin,
2014; Deng et al., 2018) have focused on the analysis under
the case-cohort design.

To illustrate the proposed constrained estimator under
the failure-time ODS design, we considered the time-to-
relapse as the outcome of interest, which was right-censored
with the censoring rate of about 85.8%. We implemented
the failure-time ODS design by treating the subcohort in
the data set as the SRS sample. Using the 0.3 and 0.7 quan-
tiles of the observations of relapse time as the cutpoints, we
divided all the failures into three strata and drew the sup-
plemental samples of sizes n1 and n3 from the bottom and
top, respectively.

For the analysis, we considered the following potential
confounders. The histological type (Z1) was classified as two
types: “unfavorable histology” (Z1 = 1) if patients’ tumors
were composed of one of the rare cell types; “favorable histol-
ogy” (Z1 = 0), otherwise. The stage of disease (Z2) was clas-
sified as four stages: localized to the kidney and completely
resected (Z2 = 1), spread beyond the kidney but completely
resected (Z2 = 2), residual tumor in the abdomen or tumor
in the lymph nodes (Z2 = 3), and metastatic to the lung or
liver (Z2 = 4). The age at diagnosis (Z3) was recorded in
months.

We considered the following Cox Model:

(15) λ(t|Z) = λ0(t) exp {β1Z1 + β2Z2 + β3Z3} .

Some previous studies (Beckwith and Palmer, 1978; Zeng
and Lin 2014; Deng et al., 2018) revealed that patients with
tumors of “unfavorable histology” are much more likely to
relapse or die than patients with tumors of “favorable histol-
ogy”, and patients with higher stage of disease have higher
risk of relapse or death. Therefore, we assumed that β1 and
β2 in model (15) are subject to the constraints:

(16) β1 ≥ 0, β2 ≥ 0.

We employed a simple graphical procedure to check the ra-
tionality of the above constraints. The Kaplan-Meier sur-
vived curves for patients from the subcohort under different

Table 5. Results for analysis of the Wilms tumor study data

Full-Cohort (N = 4028)

Unconstrained Constrained

Est. SE p-value Est. SE p-value

Z1 1.5926 0.0927 < 0.0001∗ 1.5926 0.0925 < 0.0001∗

Z2 0.3561 0.0413 < 0.0001∗ 0.3567 0.0409 < 0.0001∗

Z3 0.1808 0.0435 < 0.0001∗ 0.1806 0.0434 < 0.0001∗

Case-Cohort Design (n0 = 668, nc = 486)

Unconstrained Constrained

Est. SE p-value Est. SE p-value

Z1 1.4222 0.1506 < 0.0001∗ 1.4220 0.1504 < 0.0001∗

Z2 0.3645 0.0577 < 0.0001∗ 0.3651 0.0572 < 0.0001∗

Z3 0.1325 0.0692 0.0554 0.1323 0.0691 0.0556

Failure-time ODS Design (n0 = 668, n1 = 120, n3 = 120)

Unconstrained Constrained

Est. SE p-value Est. SE p-value

Z1 1.3213 0.1596 < 0.0001∗ 1.3211 0.1590 < 0.0001∗

Z2 0.3301 0.0706 < 0.0001∗ 0.3307 0.0698 < 0.0001∗

Z3 0.1582 0.0757 0.0365∗ 0.1581 0.0755 0.0364∗

Failure-time ODS Design (n0 = 668, n1 = 110, n3 = 130)

Unconstrained Constrained

Est. SE p-value Est. SE p-value

Z1 1.3221 0.1558 < 0.0001∗ 1.3219 0.1553 < 0.0001∗

Z2 0.3294 0.0697 < 0.0001∗ 0.3300 0.0690 < 0.0001∗

Z3 0.1592 0.0747 0.0329∗ 0.1591 0.0745 0.0329∗

NOTE: ∗ indicates significant effect at 5% level.

histological types and disease stages were plotted in Fig-
ure 1(a) and 1(b), respectively. These figures show that the
constraints in (16) are reasonable.

Under the failure-time ODS design, we applied the
proposed constrained estimator and calculated via the
restricted-MM algorithm. The estimated standard error was
obtained by the nonparametric bootstrap approach with 200
bootstrap samples. In addition, we analyzed the ODS data
without constraints by using the methods of Yu et al. (2016).
For the analysis, we independently selected the supplemen-
tal samples from the failures and repeated this procedure
1000 times. The means of the estimates, the estimated stan-
dard errors and the p-values are summarized in the columns
under Failure-Time ODS Design in Table 5. For the pur-
pose of comparison, we analyzed the original case-cohort
data with and without constraints. The results are reported
in the columns under Case-Cohort Design in Table 5.

The results from the failure-time ODS design are con-
sistent, and similar with the results from the case-cohort
design. All the results suggest that the tumor histology and
the disease stage have significant effects on time to relapse.
Patients with unfavourable type of tumor have a higher risk
to relapse than those with favourable type, and patients with
higher stage of disease tend to relapse. The methods consid-
ering the constraints perform better by providing a smaller
standard error. This demonstrates that careful consideration
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Figure 1. Estimated survival curves for patients in the Wilms tumor study: (a) under different histological types; (b) under
different stages of the disease.

of constraints on parameters in modeling and analysis may
increase the efficiency. Even with simple positive constraints
on parameters, such as in our case, the efficiency has been
improved. By the proposed method, taking more in-depth
prior information into consideration will lead to more ef-
ficient studies. We also considered both equal and unequal
sizes for the supplemental samples when the total ODS sam-
ple size remains the same. The result from the unequal case
(n1 = 110, n3 = 130) is more efficient than one from the
equal case (n1 = 120, n3 = 120). This suggests that the chil-
dren with longer time to relapse may deserve further study.
Compared with the case-cohort design, the constrained es-
timator for the two cases under the failure-time ODS design
achieves about 90% and 94% of the efficiency by only using
50% of the cases outside the subcohort, respectively.

In addition, we analyzed the full cohort dataset and re-
ported the results in Table 5. The results show that the pro-
posed estimators of β1 and β2 in the equal case under the
failure-time ODS design reaches about 33.8% and 34.3% of
the efficiency of the full-cohort estimator, respectively, by
only using about 22.5% subjects of the entire cohort. This
means the proposed estimator, using a much smaller size
of sample, performs very closely to the full-cohort estima-
tor. Therefore, the failure-time ODS design can be a cost-
effective alternative to the simple random sampling design
in cohort studies.

7. DISCUSSION

The failure-time outcome-dependent sampling design is
a sampling scheme which can reduce cost and improve the
efficiency in large cohort studies. Under the Cox model,
we consider a constrained problem with some equality and
inequality constraints on model parameters. We propose

a constrained estimation by constructing an optimization
problem on a working likelihood function derived from an
inverse probability weighted idea and establish the asymp-
totic properties of the proposed estimator by the Karush-
Kuhn-Tucker (KKT) approach in mathematical program-
ming theory. To overcome the difficulties brought by the ex-
istence of the constraints on the numerical calculation, we
develop a new restricted-MM algorithm to realize the calcu-
lation of the proposed estimator with some linear inequality
constraints. Simulation studies suggest that the proposed
method performs well under the finite-sample size. A real
data example from a Wilms tumor study demonstrates the
application and the easy implementation of the proposed
method in practice.

A few comments on the practical behavior of the pro-
posed method are presented. First, the proposed estimator
can improve efficiency by taking constraints into considera-
tion compared with the unconstrained counterpart. Second,
the constrained estimator may yeild a larger bias than the
uncontrained estimator in some cases, thus, we caution users
to carefully select the constraints before using the proposed
method. In this paper, we discuss the failure-time ODS de-
sign under the proportional hazards model. Future studies
include the developments of the inference methods under
some alternative models, such as an additive risk model (Lin
and Ying, 1994), an accelerated failure time model (Lin et
al., 1998), an accelerated hazards model (Chen and Wang,
2000), and a class of semiparametric transformation mod-
els (Zeng and Lin, 2006). We adopt an inverse probability
weight which is time-invariant. It is an important and chal-
lenging issue to consider some data-driven weights, which
are possibly time-dependent. It would be an interesting and
important issue in the future to study the optimal alloca-
tion of subsamples for the failure-time ODS design with pa-
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rameter constraints under a fixed total budget. Future work
includes the development of asymptotic properties of the
cumulative hazard function.

ACKNOWLEDGEMENTS

This research is supported in part by the National Natu-
ral Science Foundation of China (11671310 to J.D., 11771366
to Y.L.).

APPENDIX: PROOFS OF THEOREMS

We impose the following regularity conditions throughout
the paper.

(C1) The parameter space C is compact and convex. The
space of covariate, Z, is compact.

(C2)
∫ τ
0
λ0(t)dt < ∞.

(C3) P(Y1(t) = 1) > 0 for t ∈ (0, τ ].
(C4) There exists a neighborhood of β0 such that

sup
β∈C, t∈[0,τ ]

∥∥∥S(d)
w (β, t)−s(d)(β, t)

∥∥∥ P−→ 0, for d = 0, 1, 2,

where s(d)(β, t) = E
[
S
(d)
w (β, t)

]
is absolutely contin-

uous of β on C uniformly in t ∈ [0, τ ]. Moreover,
s(0)(β, t) is bounded away for zero.

(C5) The matrix

Σ1(β
0) =

∫ τ

0

[
s(2)(β0, t)

s(0)(β0, t)
−
{
s(1)(β0, t)

s(0)(β0, t)

}⊗2
]

·s(0)(β0, t)λ0(t)dt,

is finite positive definite.

Proof of Theorem 1. We write the working likelihood func-
tion (6) as

�w(β) =

N∑
i=1

∫ τ

0

wi

[
βTZi − log

{
N∑
l=1

wlYl(t) exp(β
TZl)

}]
· dNi(t).(A.1)

Define

Aw(β) =
�w(β)− �w(β

0)

N

=
1

N

N∑
i=1

∫ τ

0

wi

[
(β − β0)TZi − log

{
S
(0)
w (β, t)

S
(0)
w (β0, t)

}]
· dNi(t).(A.2)

By Mi(β
0, t) = Ni(t)−

∫ t
0
Yi(u)λ0(u) exp

(
ZT
i β

0
)
du, we can

rewrite (A.2) as

Aw(β) =
1

N

N∑
i=1

∫ τ

0

wi

[
(β − β0)TZi − log

{
S
(0)
w (β, t)

S
(0)
w (β0, t)

}]

· dMi(β
0, t)

+

∫ τ

0

[
(β − β0)TS(1)

w (β0, t)

− log

{
S
(0)
w (β, t)

S
(0)
w (β0, t)

}
S(0)
w (β0, t)

]
λ0(t)dt.(A.3)

By the fact that

E

[
1

N

N∑
i=1

widMi(β
0, t)

]
= E
[
w1dM1(β

0, t)
]
= 0,

and
∑N

i=1 widMi(β
0, t) is the difference of two nondecreas-

ing processes, we have the first term of (A.3) converges to
zero in probability by Conditions (C4) and by Lemma 1 in
Lin et al. (2000), which means that Aw(β) converges to the
same limit in probability as does

A∗
w(β) =

∫ τ

0

[
(β − β0)TS(1)

w (β0, t)

− log

{
S
(0)
w (β, t)

S
(0)
w (β0, t)

}
S(0)
w (β0, t)

]
λ0(t)dt.

That is, Aw(β) uniformly converges to

a(β) =

∫ τ

0

[
(β − β0)Ts(1)(β0, t)

− log

{
s(0)(β, t)

s(0)(β0, t)

}
s(0)(β0, t)

]
λ0(t)dt.(A.4)

By (A.4), a(β) is a continuous and concave function as
β, we can evaluate the first and second derivatives of a(β)
by taking partial derivatives insides the integral, which are

∂a(β)

∂β
=

∫ τ

0

[
s(1)(β0, t)− s(0)(β0, t)

s(0)(β0, t)
s(1)(β, t)

]
λ0(t)dt,

and

∂2a(β)

∂β∂βT
= −
∫ τ

0

[
s(2)(β, t)

s(0)(β, t)
−
{
s(1)(β, t)

s(0)(β, t)

}⊗2
]

· s(0)(β0, t)λ0(t)dt,

then ∂a(β)
∂β0 = 0 and by Condition (C5), ∂2a(β)

∂β∂βT is a negative
definite matrix. We have

(A.5) a(β) ≤ a(β0),

with equality if and only if β = β0.
Assume that there is a set of positive probability such

that β̂ does not converge to β0, then there exists a subse-
quence {β̃jn} of β̂ which converges to β̃ not equal to β0. By
the fact

Aw(β̃jn) ≥ Aw(β
0),
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and the uniform convergency and continuity of limit, we
obtain

a(β̃) ≥ a(β0),

for β̃ �= β0 which is a contradiction to (A.5). The conver-

gency of β̂ to β0 in probability is proved.
Given the proof of consistency, we then derive the asymp-

totic normality of β̂. Because that β̂ is a stationary point of
�w(β), by equation (7), we have

(A.6)
∂�w(β̂)

∂β̂
+ κ̂T ∂h(β̂)

∂β̂
= 0,

where κ̂ = (κ̂1, · · · , κ̂q)
T is the corresponding KKT multi-

pliers. By equations (10) and (A.6), we have

(A.7)

[
∂�w(β̂)

∂β̂

]T
H∗(β̂) = 0.

Define H∗(β) = (H∗
1 (β), · · · , H∗

p−q(β)), where H∗
i (β) (i =

1, · · · , p− q) is the ith column of H∗(β), then

(A.8)

[
∂�w(β̂)

∂β̂

]T
H∗

i (β̂) = 0.

The first-order Taylor expansion of the left-hand side
of (A.8) around β0 is

0 =

[
∂�w(β

0)

∂β

]T
H∗

i (β
0) + [H∗

i (ε)]
T ∂2�w(ε)

∂β∂βT
(β̂ − β0)

+

[
∂�w(ε)

∂β

]T
∂H∗

i (ε)

∂β
(β̂ − β0),(A.9)

where ε lies in the line between β̂ and β0. By the consistency
of β̂ to β0, the continuous property of H∗(β) and (A.9), for
i = 1, · · · , p− q, we have

[
∂�w(β

0)

∂β

]T
H∗

i (β̂)+
[
H∗

i (β
0)
]T ∂2�w(β

0)

∂β∂βT
(β̂ − β0) = oP (1).

(A.10)

Write (A.10) in a vector form, we obtain that

[
H∗(β̂)
]T ∂�w(β

0)

∂β
+
[
H∗(β0)

]T ∂2�w(β
0)

∂β∂βT
(β̂ − β0) = oP (1).

(A.11)

By Condition (C1), there exists a path connected curve
on the surface of h(β) = 0. Let ϕ(ω) : R → C be a continu-

ously differentiable map such that ϕ(0) = β0 and ϕ( 1
N ) = β̂.

Then, we have

β̂ − β0 = ϕ(
1

N
)− ϕ(0) =

1

N

∂ϕ(aN )

∂ω
, 0 < aN <

1

N
.

(A.12)

Due to h(ϕ(aN )) = 0, we have

(A.13) 0 =
∂h(ϕ(aN ))

∂w
=

∂h(ϕ(aN ))

∂ϕ(aN )

∂ϕ(aN )

∂w
.

By the definition of H∗(β), there exists bN ∈ Rp−q such
that

(A.14)
∂ϕ(aN )

∂w
= H∗(ϕ(aN )) · bN .

Based on equations (A.11), (A.12) and (A.14), we have

bN =

[
H∗(β0)T

{
− 1

N

∂2�w(β
0)

∂β∂βT

}
H∗(ϕ(aN ))

]−1

·
[
H∗(β̂)
]T ∂�w(β

0)

∂β
+ oP (1).(A.15)

By equations (A.12), (A.14) and (A.15), we can derive that

√
N(β̂ − β0)

= H∗(ϕ(aN ))

[
H∗(β0)T

{
− 1

N

∂2�w(β
0)

∂β∂βT

}
H∗(ϕ(aN ))

]−1

·
[
H∗(β̂)
]T [ 1√

N

∂�w(β
0)

∂β

]

+ oP (1).
(A.16)

Under Conditions (C2)–(C5) and similar arguments in
Yu et al. (2016), we have

− 1

N

∂2�w(β
0)

∂β∂βT

P−→ Σ1(β
0),

1√
N

∂�w(β
0)

∂β

d−→ Np(0,Σ1(β
0) + Σ2(β

0)),(A.17)

where

Σ2(β
0)

=E[(w1 − 1)2V1(β
0)⊗2]

=
1− ρ0ρV
ρ0ρV

E[(1−Δ1)V1(β
0)⊗2]

+
1− ρ0ρV
ρ0ρV

E[Δ1(1− ζ1)V
⊗2
1 (β0)]

+

K∑
k=1

{1−ρ0ρV } {πk(1−ρ0ρV )−ρkρV }
ρkρV

E[Δ1ζ1kV1(β
0)⊗2],

and

V1(β
0) =

∫ τ

0

[
Z1 −

s(1)(β0, t)

s(0)(β0, t)

]
·
{
dN1(t)− Y1(t)λ0(t) exp

(
βT
0 Z1

)
dt
}
.

Due to the continuity of the function H∗(β), we have

H∗(ϕ(aN ))
P−−→ H∗(β0), H∗(β̂)

P−−→ H∗(β0), as N → ∞.
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Based on (A.16) and (A.17) and Slutsky’s theorem, we ob-
tain that

(A.18)
√
N(β̂ − β0)

d−→ Np(0,Σ(β
0)),

where

Σ(β0) = H(β0)
{
Σ1(β

0) + Σ2(β
0)
}
H(β0),

H(β0) = H∗(β0)
[
H∗(β0)TΣ1(β

0)H∗(β0)
]−1

H∗(β0)T.
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