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In many biomedical studies, such as high-throughput
microarray or RNA-sequencing (RNA-seq) gene expression
analyses, it is of practical interest to link gene expression
profiles to censored survival phenotypes, for example, time
to cancer recurrence or time to death. With the number of
genes greatly exceeding the sample size and the nuances of
survival data such as right censoring, regularized methods
that combine the rank-based loss function and the penalty
are often used to identify relevant prognostic biomarkers
and yield parsimonious prediction models for event times.
Existing penalization methods for survival data often use
�1 penalty to approximate the sparsity, yielding numerical
convenience for its convexity. In practice, however, the �1 ap-
proximation also leads to an inflated model size to achieve
a desired cross-validated prediction error when compared to
the ideal sparsity-restricted method. In this paper, we con-
sider sparsity-restricted estimation in the accelerated failure
time (AFT) model for censored survival data. An efficient
and fast two-stage procedure that uses a convex regularized
Gehan rank regression and a simple hard-thresholding es-
timation is proposed for its numerical implementation. The
effectiveness of the proposed method is demonstrated by ex-
tensive simulation studies and real-data applications.

Keywords and phrases: AFT model, LASSO, Penalty,
Prediction, Sparsity, Survival data.

1. INTRODUCTION

With the fast development of high-throughput profiling
technologies, enormous amounts of genomic data have been
generated to delineate disease-gene associations and improve
existing metrics for disease risk prediction and clinical de-
cision making. With the increasing number of genomic fea-
tures, there is a good chance that some features are not rele-
vant. With the assumed sparsity on relevant features, in the
past decade, penalized or regularized methods, which can
reduce the dimensionality effectively and allow simultane-
ous coefficient estimation and feature selection, have gained
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increasing popularity. For example, see LASSO (Tibshirani,
1996), adaptive LASSO (Zou, 2006), smoothly clipped ab-
solute deviation (SCAD, Fan and Li, 2001), and minimax
concave penalty (MCP, Zhang, 2010). In many biomedi-
cal applications, the response variable of interest is often
an event time subject to right censoring. For such cen-
sored data, regularized methods have also been extended to
survival models including Cox’s proportional hazards (PH)
model, the accelerated failure time (AFT) model, and the
additive hazards model. For Cox’s PH model, various penal-
ties such as LASSO (Tibshirani, 1997; Huang et al., 2013)
and adaptive LASSO (Zhang and Lu, 2007) have been pro-
posed. For the AFT model, SCAD, LASSO, and bridge
penalties have been proposed by Johnson (2008), Cai et al.
(2009), and Huang and Ma (2010), respectively. For the
AFT model with high-dimensional covariates, Chung et al.
(2013) further extended the penalized rank-based approach
of Cai et al. (2009) and Hu and Chai (2013) to the MCP
penalized weighted least squares approach. In these ap-
proaches, LASSO, SCAD, and MCP penalties are used to
approximate the sparsity. On one hand, they are numeri-
cally appealing, and the resulting regularized estimation is
easy to implement. On the other hand, approximation of
the sparsity using the penalty such as LASSO often leads to
two problems, one is overshrinking the nonzero coefficients,
and the other is obtaining an inflated model size (Cai et al.,
2009; Chung et al., 2013). For genomic data analysis, such
an �1 regularization approach may underestimate the in-
fluence of some useful biomarkers or include many irrele-
vant features in the resulting risk calibration and prediction
model.

To circumvent these difficulties, we consider sparsity-
restricted estimation for the accelerated failure time (AFT)
model with high-dimensional covariates. The proposed
sparsity-restricted estimator can be regarded as an efficient
approximation for the �0 regularized estimator, and thus
has less shrinkage of the coefficients and selects fewer ir-
relevant covariates compared to the �1 regularization ap-
proach. By relating the logarithm of the failure time linearly
to the covariates, the AFT model provides an attractive al-
ternative to the popular Cox PH model, owing to its direct
physical interpretation and fast computation (Tsiatis, 1990;
Ying, 1993; Jin et al., 2003). With the error distribution be-
ing completely unspecified, the rank-based method can be
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utilized to yield inferences that are robust to the outliers
(Jin et al., 2003) and enable robust risk prediction under
model misspecification (Cai et al., 2009).

The rest of the paper is organized as follows. In Section 2,
we describe the proposed sparsity-restricted rank-based es-
timation approach. In Section 3, by decomposing the opti-
mization into augmentation and penalization, we develop a
two-stage procedure for its numerical implementation. Sec-
tion 4 uses simulation studies to assess the performance of
the proposed approach. In Section 5, two real-data applica-
tions are provided to illustrate its practical use.

2. SPARSITY-RESTRICTED ESTIMATION

The AFT model is formulated as

log Ti = XT
i β0 + εi, i = 1, 2, . . . , n,

where Ti is the survival time,Xi is a p-dimensional covariate,
β0 is a p-vector of unknown regression parameters, and εi’s
are independent error terms with an unspecified distribu-
tion. It is common in survival analysis that data are subject
to right censoring and we denote the censoring time as Ci.
Under right censoring, the observed data are (T̃i,Δi, Xi),
i = 1, 2, . . . , n, where T̃i = min(Ti, Ci) is the observed time,
and Δi = 1{Ti≤Ci} is the censoring indicator.

Write ei(β) = log T̃i −XT
i β, Ni(β; t) = Δi1{ei(β)≤t} and

Yi(β; t) = 1{ei(β)≥t}, where Ni and Yi are the counting pro-
cess and at-risk process on the time scale of the residual.
Define

S(0)(β; t) = n−1
n∑

i=1

Yi(β; t),

and S(1)(β; t) = n−1
n∑

i=1

Yi(β; t)Xi.

Then the weighted log-rank estimating function for β0 takes
the form

Uφ(β) =

n∑
i=1

Δiφ{β; ei(β)}[Xi − X̄{β; ei(β)}],

where X̄(β; t) = S(1)(β; t)/S(0)(β; t), and φ is a possibly
data-dependent weight function. The choice of φ = S(0)

leads to the Gehan statistics given by

UG(β) =

n∑
i=1

ΔiS
(0){β; ei(β)}[Xi − X̄{β; ei(β)}]

=n−1
n∑

i=1

n∑
j=1

Δi(Xi −Xj)1{ei(β)≤ej(β)},

which is the gradient of the convex function

LG(β) = n−1
n∑

i=1

n∑
j=1

Δi{ei(β)− ej(β)}−,

for |a|− = |a|1{a<0}.
In the presence of a high-dimensional vector of covari-

ates and assuming that only a sparse number of covariates
are relevant to the survival outcome, Cai et al. (2009) and
Xu et al. (2010) proposed the �1 regularized Gehan estima-
tor defined as

β̂�1 = argmin
β

⎧⎨⎩n−1LG(β) +

p∑
j=1

λnj |βj |

⎫⎬⎭ ,

and showed its oracle properties when the tuning parame-
ters λnj are chosen appropriately for the right amount of
shrinkage. The �1 regularized estimator has two main prob-
lems affecting its performance of handling high-dimensional
data when the number of covariates p is greater or even
much larger than the sample size n. First, similar to other
�1 regularized estimators in the linear regression problem,
β̂1 is biased and tends to select too many false positive co-
variates when p is much larger than n. Second, the regu-
larized loss function is approximated by an �1 regularized
quantile regression and is proposed to be carried out by
interior-point method, which is known to be unstable for
high-dimensional situations. Nonconvex regularizers such as
SCAD (Fan and Li, 2001) and MCP (Zhang, 2010) might al-
leviate the first problem, but make computation more chal-
lenging as the optimization problem is nonsmooth and non-
convex.

Ideally, the sparsity-restricted estimator or the best-
subset estimator are preferred than the �1 regularized es-
timator because it directly controls the size of the chosen
model. The sparsity-restricted estimator or �0 regularized
estimator is defined as

β̂�0 = argmin
β

⎧⎨⎩n−1LG(β) + ρ

p∑
j=1

‖βj‖0

⎫⎬⎭ ,

where ‖a‖0 = 1{a �=0}. However, without knowing the true
sparsity of β0, the �0 regularized estimator is computation-
ally infeasible and is a non-deterministic polynomial-time
(NP) hard problem. By presetting the sparsity level
via prior knowledge, Xu and Chen (2014) proposed a
joint screening procedure for generalized linear models.
Yang et al. (2016), Liu et al. (2019), and Chen et al.
(2019) respectively extended the joint screening method
to the Cox model, AFT model, and additive hazards
model with survival data. However, the joint screening
method serves mainly as a selection method instead of an
estimation method. In order to perform the computation
for sparsity-restricted estimation, some effective algorithms
can be considered. As was discussed in Boyd et al. (2011),
the alternating direction method of multipliers (ADMM)
separates a complicated optimization problem into several
computationally tractable subproblems, and has been
successfully applied to the high-dimensional penalized
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regression problems. Following the augmented penalized
minimization-�0 (APM-�0) estimation approach proposed
by Li et al. (2018), with a surrogate parameter θ for β, we
define the augmented penalized function as

L(β, θ) = n−1LG(β) + ρ

p∑
i=1

‖θi‖0,

such that

p∑
j=1

φj(|βj − θj |) ≤ M,

(1)

where M ≥ 0, and φj(·) is a convex function satisfying
φj(0) = 0 and φj(a) > 0 for any a > 0. When M equals
zero, (1) is equivalent to the �0 regularized estimator.
Instead of prespecifying a constant M , we choose M using
a data-driven approach, and write (1) into the augmented
Lagrangian form with a parameter λ corresponding to M ,
that is,

Lλ(β, θ)

=n−1LG(β) + ρ

p∑
i=1

‖θi‖0 + λ

p∑
j=1

φj(|βj − θj |),
(2)

which can be solved by an iterative approach using

β̂(t+1) = argmin

⎧⎨⎩n−1LG(β) + λ

p∑
j=1

φj(|βj − θ̂
(t)
j |)

⎫⎬⎭ ,

θ̂(t+1) = argmin

⎧⎨⎩ρ

p∑
i=1

‖θi‖0 + λ

p∑
j=1

φj(|β̂(t+1)
j − θj |)

⎫⎬⎭ .

When the number of iterations increases, the estima-
tion and variable selection performance of the iterative
method only changes slightly but the computational costs
increases substantially. For simplicity and computational
convenience, we propose a two-step APM-�0 estimation
procedure with θ̂(0) = 0:

Step 1: β̂λ = argmin
β

⎧⎨⎩n−1LG(β) + λ

p∑
j=1

φj(|βj |)

⎫⎬⎭ ,

Step 2: β̂λ,ρ = argmin
β

⎧⎨⎩ρ‖β‖0 + λ

p∑
j=1

φj(|(β̂λ)j − βj |)

⎫⎬⎭ .

The APM-�0 estimator β̂λ,ρ is closely related to the �0
regularized estimator β̂�0 as the two-step procedure can be
regarded as an early-stop approximation of the augmented
Lagrangian form of �0 regularized estimation in (2).

Compared to the iterative estimation procedure for the
sparsity-restricted estimation, the two-step APM-�0 estima-
tion can be done in a more computationally efficient man-
ner. If we choose φj to be a sparsity-inducing penalty such

as �1 norm, adaptive LASSO or other structured regulariz-
ers, the APM-�0 estimation consists of two steps for variable
selection. In the first step, similar to the LASSO regularized
Gehan estimator in Cai et al. (2009) and Xu et al. (2010),
φj induces a sparse initial value. The convexity of φj allows
us to apply a number of convex optimization algorithms
to solve it. In the second step, some variables are further
removed by the �0 norm regularization. Because the objec-
tive function is separated into a sum of entry-wise compo-
nents, the second step has an explicit solution and can be
easily solved by hard-thresholding. In the �1 or other con-
vex penalty regularized estimator, a larger tuning parame-
ter leads to fewer variables but also brings more bias to the
estimation. However, in the two-step approach, with appro-
priate selection of tuning parameters, we achieve a better
balance between shrinkage of coefficients and number of se-
lected covariates than the convex regularizers. Consequently,
the proposed APM-�0 estimation often leads to smaller bi-
ases and fewer false positive selections.

3. COMPUTATION AND
IMPLEMENTATION

3.1 First step

As was pointed out in Jin et al. (2003), the minimization
problem of the first step can be transformed to a penalized
median regression problem and is equivalent to the mini-
mization of

1

n2

n∑
i=1

n∑
j=1

Δi|ei(β)− ej(β)|+
1

n2

∣∣∣∣∣M
−
(

n∑
k=1

n∑
l=1

Δk(Xl −Xk)
T

)
β

∣∣∣∣∣+ λ

p∑
j=1

φj(|βj |)

=
1

n2

∑
i∈C

n∑
j=1

|(log T̃i − log T̃j)− (Xi −Xj)
Tβ|

+
1

n2

∣∣∣∣∣M −
(∑

k∈C

n∑
l=1

(Xl −Xk)
T

)
β

∣∣∣∣∣+ λ

p∑
j=1

φj(|βj |),

(3)

where C is the index set for uncensored sample, and M
is a large constant. In Xu et al. (2010), the minimization
problem is proposed to be carried out by linear program-
ming optimization for quantile regression. For computing
quantile regression, Koenker and d’Orey (1987) proposed
the simplex method, and Portnoy and Koenker (1997) de-
scribed the interior point method. However, both methods
are not stable in the high-dimensional setting when p is
greater than n.

Coordinate descent algorithm for penalized quan-
tile regression was discussed by Wu and Lange (2008),
Peng and Wang (2015), and Yi and Huang (2017). In
Wu and Lange (2008), coordinate descent algorithm was

Sparsity-restricted estimation for the accelerated failure time model 3



used for least absolute deviation (LAD) regression
with LASSO penalty. Hunter and Lange (2000) proposed
majorization-minimization (MM) algorithm for quantile re-
gression. In the high-dimensional application, ADMM algo-
rithm has achieved great success. Yu and Lin (2017) pro-
posed a fast and parallel ADMM algorithm for quantile re-
gression (QR-ADMM) with various penalties including non-
convex penalties in large-scale data. Gu et al. (2018) pro-
posed a proximal ADMM (pADMM) algorithm and a sparse
coordinate descent ADMM (scdADMM) algorithm for quan-
tile regression with different penalties.

In this paper, we use the coordinate descent algorithm
to perform efficient computation in the first step. Detailed
algorithm is stated in Wu and Lange (2008). We apply the
greedy coordinate descent approach, which can greatly ac-
celerate the descent process. The effectiveness of coordi-
nate descent algorithm can be observed by comparing its
computational times with various algorithms. Compared to
ADMM, our approach is a two-step procedure with the time
consuming part mainly coming from the optimization step,
while ADMM adopts iterative updates which might be com-
putationally less efficient.

3.2 Second step

In the second step, we obtain the APM-�0 estimator β̂λ,ρ

given in Section 2 by simultaneously choosing λ and ρ. This
is achieved by performing a hard-thresholding on each el-
ement of β̂λ obtained in the first step. Alternatively but
equivalently, one can sort the elements of β̂λ according to
their absolute value in descending order, and keep the first
κ elements. Here κ can take value from zero to the total
number of nonzero coefficients in β̂λ. We select the tuning
parameters λ and κ simultaneously using cross validation.

In the presence of censoring and the absence of a like-
lihood function in the AFT model, neither least-squares
prediction error nor prediction likelihood can be used for
cross validation. Here we adopt the technique proposed in
van Houwelingen et al. (2006) for conducting K-fold cross
validation using the loss function LG defined in Section 2
to gauge the predictive performance of a trained model for
the test data. We first split the data into K parts. Then the
goodness of fit estimate for a given part i and λ is defined
as follows:

ĈVi(λ) = LG(β
(−i)
λ )− L

(−i)
G (β

(−i)
λ ),

where L
(−i)
G (·) is the partial loss function excluding part i of

the data, and β
(−i)
λ is the optimal coefficient estimator for

non-left-out data computed by minimizing L
(−i)
G (β)+λ‖β‖1.

Based on the full estimator β
(−i)
λ , we keep the first κ largest

absolute value components and set other elements to zero as

β
(−i)
λ,κ . We then re-calculate ĈVi(λ) to obtain ĈVi(λ, κ) for

comparison. The total goodness of fit estimate is then given

by

ĈV (λ, κ) =

K∑
i=1

ĈVi(λ, κ).

We choose the values of λ and κ which minimizes
ĈV (λ, κ). Apart from cross validation, various criteria can
be used for the selection of tuning parameters. For exam-
ple, in linear regression, information criteria such as the
Bayesian Information Criterion (BIC) or Akaike Informa-
tion Criterion (AIC) were proposed in the literature. For
high-dimensional data, Wang et al. (2009) proposed modi-
fied BIC handling diverging p and n but with p less than
n; Zhang and Shen (2010) proposed corrected risk informa-
tion criteria (cRIC) for the case of p greater than n; and
Chen and Chen (2008) proposed extended BIC (EBIC) un-
der the same setting. For quantile regression, Wu and Zen
(1999) proposed the Bayesian information criterion (BIC)
in low-dimensional setting; and Lee et al. (2014) stated the
BIC in high-dimensional setting. For the sparsity-restricted
estimation in the AFT model, we also conduct simula-
tion experiments to compare the performance of the cross-
validation approach with those using information criteria.
The results show that the cross-validation approach per-
forms well in various cases.

4. SIMULATIONS

4.1 Design and setting

The following design is adopted for our simulation study.
We consider the AFT model with p covariates and n sam-
ples. The design matrix X is randomly generated with nor-
mal entries in two scenarios. In the first scenario, each row of
X has independent and identically distributed (iid) entries
following standard normal distribution (Case I), while in the
second scenario, covariates are allowed to have significant
correlation, which often appears in real biomedical studies.
For the correlated design, the first 15 or 30 covariates are
considered to be correlated, and the correlated covariates
follow multivariate normal distribution with three different
covariances (Case II, Case III, Case IV). In all cases, the
number of covariates are set to be p = 500; 2,000; 10,000.

For both scenarios, the coefficient vector β has 15 nonzero
values, where βj = (−1)j × 2 exp[−(j − 1)/15] for j =
1, 2, . . . , 15, and others are zeros. The errors are iid stan-
dard normal variables. The total censoring rates are chosen
to be 25%, 50%, and 75%, with the censoring status uni-
formly distributed.

Under the above settings, we consider LASSO for φj(|βj |)
in our APM-�0 estimator, and select the tuning parameters
λ and ρ simultaneously by cross-validation. A competing
method is LASSO-regularized AFT model with tuning pa-
rameter selection by cross-validation.

The simulation for each combination of n and p was re-
peated 100 times. We consider λ path to have the length
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Table 1. Simulation results for AFT model based on APM-�0 and LASSO

δ
1

n p
CV-error2 SSE3 TP4 FP5

apm-�0 lasso apm-�0 lasso apm-�0 lasso apm-�0 lasso

25 100 500 187.55 255.43 17.84 14.55 4.97 11.06 1.02 69.77
25 100 2,000 217.28 322.77 24.31 22.37 1.72 7.95 0.5 116.85
25 100 10,000 231.76 356.3 26.55 31.41 0.79 3.96 0.59 169.37
25 200 500 101.5 169.94 7.45 7.86 12.05 12.18 0.41 63.07
25 200 2,000 131.89 205.35 9.07 10.34 11.58 11.47 1.19 112.4
25 200 10,000 254.41 358.68 11.46 10.1 9.5 11.74 1.69 218.59
25 300 500 134.09 230.66 5.02 4.46 13.08 13.8 0.28 77.92
25 300 2,000 143.72 244.97 8.28 5.47 12.35 13.3 0.2 132.9
25 300 10,000 150.73 251.33 7.3 9.07 12.38 11.64 0.36 238.74

50 100 500 143.31 202.86 23.95 22.23 1.96 8.79 0.83 55.66
50 100 2,000 162.04 237.13 26.41 30.35 0.88 5.51 0.57 91.18
50 100 10,000 164.4 240.42 28.26 38.65 0.44 2.23 1.01 126.23
50 200 500 129.32 180.27 9.09 9.63 11.39 12 1.63 52.52
50 200 2,000 232.88 315.85 15.09 13.21 6.72 10.62 1.24 96.97
50 200 10,000 287.58 427.8 22.92 22.05 2.24 8.21 0.53 162.8
50 300 500 98.24 166.39 7.06 7.2 12.36 12.44 0.39 66.58
50 300 2,000 144.53 247.77 7.63 8.12 12.13 11.92 0.27 132.68
50 300 10,000 230.16 321.35 10.36 11.58 10.39 10.88 2.14 155.95

75 100 500 60.72 64.16 23.50 23.24 3.40 4.30 3.40 12.50
75 100 2,000 64.14 65.94 26.96 26.43 1.00 1.40 1.90 6.00
75 100 10,000 66.31 67.61 28.14 27.62 0.40 0.40 1.90 3.70
75 200 500 85.18 97.93 6.58 7.54 11.80 13.90 4.60 61.40
75 200 2,000 111.63 120.13 15.01 17.05 7.00 8.60 4.40 27.40
75 200 10,000 125.63 135.57 20.91 22.80 4.10 4.60 4.10 30.90
75 300 500 102.67 116.16 2.84 4.19 13.90 14.80 3.00 50.30
75 300 2,000 122.84 146.86 5.22 6.49 12.70 14.40 4.40 118.60
75 300 10,000 156.15 172.33 11.78 15.54 8.50 9.90 4.30 50.30
1 δ: Censoring proportion in percentage (%);
2 CV-error: Estimated cross validation error;
3 SSE: Sum of squared error;
4 TP: Number of true positive covariates;
5 FP: Number of false positive covariates.

of 50 for each simulated dataset, ranging from 0.01 to 0.5.
Ten-fold cross validation was conducted for tuning parame-
ter selection.

4.2 Results

4.2.1 Case I: independent design

In this case, we let X have iid entries. To evaluate the
estimation and variable selection performance, we compare
the estimation error of the whole β and the first fifteen en-
tries of β as well as the number of true positive and false
positive covariates selected for each estimator. We take the
sample size n = 100, 200, 300. The simulation results are
summarized in Table 1.

We see from Table 1 that the sample size, the censoring
proportion and the number of covariates all affect the per-
formance of both estimation and variable selection to some
extent. In general, when the sample size is moderately large
(n = 200 or 300) with varying p from 500 to 10,000, the
numbers of true positive selected by APM-�0 and LASSO

are both satisfactory and roughly about the same, but APM-
�0 selects much fewer false positive covariates than LASSO
does, demonstrating its favorable performance. Better selec-
tion and estimation results can be obtained for larger sample
size or smaller censoring proportion. With sample size equal
to 300, the results are more stable, especially with less cen-
sored observations. Larger number of covariates may result
in much heavier noise for LASSO, thus might greatly blur
the view for true relevant features. By using our approach,
we can achieve a much clearer vision.

The selected true positive and false positive covariates
are obtained through minimizing the estimated cross vali-
dation error. It is important to note that there is a trade-
off between the number of true positive covariates and the
number of false positive covariates when we adjust the tun-
ing parameter. When the number of selected false positive
covariates is allowed to be a bit larger, we can increase
the number of selected true positive. In our experiments,
this approach leads to more favorable results than LASSO
does.
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Table 2. Simulation results for AFT model based on APM-�0 and LASSO

δ
1

n p
CV-error2 SSE3 TP4 FP5

apm-�0 lasso apm-�0 lasso apm-�0 lasso apm-�0 lasso

25 200 500 110.92 184.07 10.88 11.65 10.66 10.36 0.79 63.92
25 200 2,000 185.32 272.8 12.4 10.94 9.62 11.33 1.53 145.4
25 200 10,000 298.29 429.72 17.17 16.68 6.03 9.16 1.98 198.88
25 400 500 177.82 330.15 8.01 11.47 11.76 10.18 0.05 55.78
25 400 2,000 187.1 322.21 9.47 10.37 11.12 10.65 0.1 155.67
25 400 10,000 199.12 341.12 7.46 8.92 12.05 11.77 0.24 300.36

50 200 500 154.03 207.49 12.49 10.92 9.2 11.35 1.81 66.35
50 200 2,000 236.41 341.79 21.05 17.59 3.54 9.23 0.97 116.75
50 200 10,000 263.02 406.73 25.06 25.96 1.35 5.91 0.46 146.1
50 400 500 179.85 330.5 8.76 10.78 11.4 10.58 0.14 40.78
50 400 2,000 189.73 329.01 10.09 10.74 10.81 10.63 0.11 188.09
50 400 10,000 198.61 341.08 5.78 11.68 12.77 10.36 0.21 232.18

75 200 500 92.79 105.90 9.44 11.52 9.63 11.85 2.88 51.93
75 200 2,000 112.85 119.34 20.16 21.45 4.32 5.82 4.17 22.71
75 200 10,000 123.18 128.90 24.04 25.84 2.20 1.65 3.10 12.95
75 400 500 132.48 152.51 1.99 4.38 14.18 14.79 1.75 34.83
75 400 2,000 148.88 172.13 4.63 5.85 12.80 14.74 2.58 98.86
75 400 10,000 185.22 217.84 9.35 15.91 10.15 9.78 2.41 104.58
1 δ: Censoring proportion in percentage (%);
2 CV-error: Estimated cross validation error;
3 SSE: Sum of squared error;
4 TP: Number of true positive covariates;
5 FP: Number of false positive covariates.

4.2.2 Case II: correlated design

In this case, the covariance for the first 15 covariates is
set to be 0.2, and the rest of the covariates are assumed to
be iid. We take the sample size n = 200, 400. Results are
shown in Table 2.

We see from Table 2 that under the correlated design,
the number of false positive covariates selected by APM-�0
is amazingly less than that selected by LASSO, while the
numbers of true positive selected by the two methods are
more or less the same. Moreover, when sample size increases
to 400, the number of true positive selected by APM-�0 is
generally bigger than that selected by LASSO. With higher
dimension say p = 10,000, the number of false positive se-
lected by LASSO can be over 300, which brings a significant
amount of noise to the result. However, APM-�0 obtains al-
most 0 false positive when the censoring rates are 25% and
50%, and thus shows great performance in eliminating noisy
features.

As for prediction power, we provide an illustrative ex-
ample with n = 300 and p = 1,000 in Figure 1. The
in-sample c-index shows the prediction results for train-
ing sets. Thus, the c-index values of both methods tend
to one. However, the prediction performance of APM-�0 is
always better than LASSO. The out-sample c-index is ob-
tained through validation sets. Both methods can achieve
out-sample c-index values greater than 0.55 with the highest
value around 0.85, indicating notable predictability. How-
ever, we can see that with reasonable number of selected

covariates (in this example, total number of selected covari-
ates ranging from 1 to 60), APM-�0 has stronger prediction
power than LASSO.

4.2.3 Case III: correlated design

In this case, we set the covariance for the first 15 covari-
ates to be 0.4, covariance for the first 16 to 30 covariates to
be 0.2, and others to be zero. Similar to Case II, we take
the sample size n = 200, 400. This setting suggests that the
nonzero-value parameters can have certain correlation with
the zero-value parameters. This phenomenon is possible in
practice. Table 3 shows the results in this setting.

In Table 3, we see that the results are similar to those
in Case II in terms of the false positive covariates selection.
APM-�0 still greatly outperforms LASSO. Due to the corre-
lation of nonzero-value parameters with zero-value param-
eters, the number of true positive selected dropped slightly
for both APM-�0 and LASSO. However, when the sample
size is 400, APM-�0 selects more true positive covariates
than LASSO does in general. This suggests that APM-
�0 is strongly capable of controlling false positive selec-
tion.

Figure 2 illustrates the in-sample and out-sample c-index
values with n = 400 and p = 10,000. We obtain prediction
results similar to those in Case II over a reasonable range of
total number of selected covariates. Also, we see that APM-
�0 does a better job in out-sample prediction.

6 X. Zhang et al.



Figure 1. C-index for correlated simulation results with n = 300, p = 1,000.

Table 3. Simulation results for AFT model based on APM-�0 and LASSO

δ
1

n p
CV-error2 SSE3 TP4 FP5

apm-�0 lasso apm-�0 lasso apm-�0 lasso apm-�0 lasso

25 200 500 100.96 180.9 9.13 14.83 11.08 8.64 0.6 31.15
25 200 2,000 250.1 360.47 16.2 16.04 6.88 9.22 1.92 153.62
25 200 10,000 305.03 464.63 22.48 21.93 2.91 6.17 1.32 218.4
25 400 500 183 340.94 9.94 11.48 10.86 10.33 0.06 76.45
25 400 2,000 198.73 341.99 10.09 11.69 10.62 10.32 0.09 197.46
25 400 10,000 219.84 380.43 9.59 13.45 11.22 9.48 0.42 245.65

50 200 500 171.05 235.79 15.86 15.14 6.78 9.46 1.7 71.03
50 200 2,000 221.93 336.02 23.32 23.22 2.24 7.14 0.71 147.21
50 200 10,000 233.77 371.62 25.7 27.85 1.02 4.02 0.51 157.65
50 400 500 183.45 337.93 10.38 12.34 10.63 9.73 0.11 67.29
50 400 2,000 201.27 350.87 10.29 12.14 10.56 9.78 0.21 172.25
50 400 10,000 269.97 437.7 15.83 17.69 6.85 8.01 0.51 276.96

75 200 500 94.95 104.35 15.55 19.64 6.70 6.90 4.50 33.00
75 200 2,000 107.84 112.11 24.65 25.34 2.10 2.70 3.10 13.20
75 200 10,000 112.41 116.10 25.99 26.89 1.20 1.00 2.90 5.10
75 400 500 139.24 163.04 3.55 7.94 13.30 13.80 2.50 36.10
75 400 2,000 166.41 184.82 9.73 10.48 10.30 13.00 4.30 96.10
75 400 10,000 194.75 217.07 16.22 22.50 6.10 5.10 2.90 38.40
1 δ: Censoring proportion in percentage (%);
2 CV-error: Estimated cross validation error;
3 SSE: Sum of squared error;
4 TP: Number of true positive covariates;
5 FP: Number of false positive covariates.
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Figure 2. C-index for correlated simulation results with n = 400, p = 10,000.

4.2.4 Case IV: correlated design

In this case, the covariance for the first 15 covariates is
0.6; covariance for the first 16 to 30 covariates is 0.4, and
the rest is set to be zero. Again, the sample size is set to be
n = 200, 400. We would like to see the outcome for stronger
correlation between nonzero-value and zero-value parame-
ters. In practice, we might have close connection between
true and false covariates. For example, the gene expression
features responsible for lung cancer classification may have
strong correlation with features that do not meet the crite-
ria for consideration. The outcome for this correlated design
is summarized in Table 4.

As we can see from the table, the results are consis-
tent with Case II and Case III. APM-�0 excels in select-
ing much fewer false positive covariates as before. However,
with stronger correlation between nonzero-value and zero-
value parameters, we need a larger sample size to have more
true positive covariates selected as the dimension increases.
For sample size of 400, APM-�0 can still have a better true
positive selection while keeping the false positive selection
to a much lower rate.

In-sample and out-sample c-index values performances
with n = 200 and p = 400 are shown in Figure 3. The
pattern of out-sample c-index is similar to those in Case II
and Case III, whereas better prediction power of APM-�0
is observed within a reasonable range of total number of
selected covariates.

4.2.5 Running time comparison

Table 5 presents the running time comparison for a sin-
gle replication between our method with coordinate descent
algorithm, and other algorithms. The proposed method is
carried out using C++ code on an Intel i5-8250U 3.4GHz
processor, along with 4G RAM. For sample size of 100, our
approach uses less than 0.5 seconds. With sample size of
200 and number of covariates 5,000, the running time for
another two algorithms using R packages ‘quantreg’ and
‘rqPen’ takes more than an hour. As for sample size of 300
and number of covariates 10,000, the R packages cannot deal
with the input simulated data since it is larger than 4G.
However, our method can process the data with less than
23 seconds. Clearly, our approach is much more efficient.

In sparsity-restricted estimation for the AFT model, the
penalized median regression problem is equivalent to the
minimization of (3). With large p, the increase in sample
size n greatly slow down the estimation. A computationally
efficient algorithm is therefore needed for practical use. Our
proposed algorithm employs the efficient coordinate descent
as the first step which is also the most time-consuming step.
As a result, it requires a much shorter total running time
than other competing methods do.

The code used to implement replications can be found
on our github link. One can download and run the code for
simulation according to the instructions.

8 X. Zhang et al.
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Table 4. Simulation results for AFT model based on APM-�0 and LASSO

δ
1

n p
CV-error2 SSE3 TP4 FP5

apm-�0 lasso apm-�0 lasso apm-�0 lasso apm-�0 lasso

25 200 500 197.61 295.6 14.8 15.31 7.6 9.41 1.56 99.02
25 200 2,000 265.44 414.74 23.73 22.86 2.19 6.29 1.03 181.44
25 200 10,000 274.25 445.25 24.47 26.58 1.5 3.02 0.45 233.47
25 400 500 190.02 353.98 12.59 16.05 9.38 7.82 0.41 44.93
25 400 2,000 231.02 396.02 10.36 15.69 10.76 8.22 0.89 173.33
25 400 10,000 324.89 517.46 13.45 17.28 8.85 8.12 2.21 357.1

50 200 500 173.93 258.09 22.63 20.51 2.87 7.73 1.25 76.17
50 200 2,000 191.26 304.98 25.56 26.49 1.23 4.19 0.6 138.91
50 200 10,000 193.78 315.64 26.05 29.23 0.93 2.64 0.28 178.7
50 400 500 192.51 354.45 14.7 13.52 8.32 9.08 0.42 86.79
50 400 2,000 235.86 403.18 12.96 13.73 9.47 9.53 1.34 194.77
50 400 10,000 319.76 509.55 12.77 16.38 9.55 9 2.39 363.36

75 200 500 91.20 95.96 23.41 25.14 2.50 2.70 3.50 12.10
75 200 2,000 95.93 99.52 25.91 26.35 1.20 1.70 2.40 7.90
75 200 10,000 98.03 101.51 26.37 26.79 1.00 1.10 2.50 5.20
75 400 500 149.84 174.29 7.23 15.68 10.80 9.70 2.00 34.10
75 400 2,000 175.41 188.31 18.71 21.57 5.10 5.40 3.30 40.50
75 400 10,000 188.81 194.72 23.65 25.41 2.30 2.60 3.20 13.40
1 δ: Censoring proportion in percentage (%);
2 CV-error: Estimated cross validation error;
3 SSE: Sum of squared error;
4 TP: Number of true positive covariates;
5 FP: Number of false positive covariates.

Figure 3. C-index for correlated simulation results with n = 200, p = 400.
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Table 5. Running time comparison with R
packages

n p CD1 quantreg2 rqPen3

100 200 0.09s 0.3s 1.64s

100 1,000 0.26s 15.64s 81.60s

200 1,000 3.16s 56.74s 219.55s

200 5,000 6.23s >1h >1h

300 10,000 22.75s NA NA
1 CD: Coordinate descent done with C++ code;
2 quantreg: R package ‘quantreg’;
3 rqPen: R package ‘rqPen’.

5. REAL DATA ANALYSIS

5.1 Lung adenocarcinoma dataset

Lung adenocarcinoma is a type of lung cancer, and is the
major subtype of nonsmall cell lung cancer at present. It
is of interest to develop predictive models for the survival
time among patients in early-stage of lung adenocarcino-
mas. The data used here are extracted from the study of
University of Michigan on gene-expression profiling of lung
adenocarcinoma. One can obtain the data from R pack-
age ‘lungExpression’. For details, see Beer et al. (2002) and
Parmigiani et al. (2004). This data set contains information
of 86 patients with 24 of them uncensored. A total of 3,171
gene-expression features are considered.

The dataset is randomly partitioned into four groups for
cross validation. Here 70 values are included in the path
of tuning parameter λ. Figure 4 shows the in-sample and
out-sample c-index values for the two selection procedures.
In consistent with the simulation results, c-index values of
APM-�0 are in general higher than those of LASSO for
both in-sample and out-sample groups. The c-index values
for out-sample data are mostly above 0.55 with the highest
value around 0.65. This suggests a commendable prediction
performance.

With the minimized cross validation error, Figure 5 shows
the gene-expression features selected by APM-�0, and Fig-
ure 6 shows the features selected by LASSO. We can see that
APM-�0 selected 11 features in total, and LASSO selected
48. In Figure 6, the light blue stripes indicate the first 10 fea-
tures selected by APM-�0, which is a subset of the LASSO
selection. The gene-expression features are coded in Gen-
Bank accession number. Corresponding names and symbols
of the genes selected by APM-�0 and LASSO are shown in
Table 11 in the Appendix.

The estimated coefficients are presented in Tables 6 and 9
in the Appendix. Negative coefficients correspond to gene-
expressions with poor effect on survival time, and positive
coefficients indicate those in favor of survival time. Together
with Table 11, we can see that LASSO selected some of the
genes which were also selected by Beer et al. (2002) (KRT7,
BMP2, ADM, CYPs, KIAA0005, etc.). Among these co-
incided genes, KRT7, BMP2 and ADM were considered

Figure 4. The concordance index of lung adenocarcinoma dataset.
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Figure 5. Gene-expression features selected by APM-�0 (lung dataset).

to have poor effects on survival time in both results. The
three genes are partly responsible for cell adhesion, prolif-
eration and signaling. In the study of Subramanian et al.
(2005) including 3 lung adenocarcinoma datasets (“Michi-
gan”: Beer et al. (2002), “Harvard”: Bhattacharjee et al.
(2001), and “Stanford”: Garber et al. (2001)), only KRT7
remains the overlapping gene in the single-gene analysis of
the three datasets. Thus focusing on the coincided genes se-
lected by previous methods may not provide enough insight.
However, APM-�0 selected genes are not overlapping with
Beer et al. (2002). The selected genes are: SLC2A1, UBE3A,
ARC, ALDH3B2, SEPHS1, MPP3, SPRR1B, ACTR1A,
TRPC1, HPIP and HLA-DOB. The proteins encoded by
these genes are: transporters on plasma membranes, protein
degradation marker, plasticity marker, enzymes and prolif-
eration promoters. We can see that this result is reasonable
and yet not restricted to previous analyses. It may provide
additional reference for further study such as gene set en-
richment analysis stated in Subramanian et al. (2005).

To summarize, the selection of APM-�0 has better pre-
diction power than LASSO as indicated by c-index. When
cross validation error is minimized, APM-�0 here basically
is a subset of the LASSO selection. Thus the APM-�0 se-
lection contains less features, and provides more reliable
single-gene analysis for further knowledge-based biological
studies.

5.2 DLBCL dataset

The most commonly seen type of lymphoma among
adults is the diffuse large-B-cell lymphoma (DLBCL). Pa-
tients can take chemotherapy in order to achieve a longer
life. We are interested in predicting the survival time of pa-
tients after chemotherapy. In this real application, the data
are extracted from Rosenwald et al. (2002). The total num-
ber of patients is 240 with 129 uncensored. Each patient
has 7,399 gene-expression data gained from biopsy samples
before chemotherapy treatment.

The in-sample and out-sample c-index values are pre-
sented in Figure 7. To calculate the out-sample c-index, we
randomly partitioned the dataset equally into training group
and predicting group. The result comes from an average of
100 repetitions on random partition. We can see that the
out-sample c-index values for both APM-�0 and LASSO are
above 0.6, indicating an appreciable prediction power for
both methods. Although the out-sample c-index values of
APM-�0 are slightly lower than those of LASSO, the high-
est values for both methods are the same. The peak values
for both methods are achieved with around three selected
parameters. This could be the consequence of the particu-
larity of the dataset. Furthermore, the corresponding gene-
expression features are shown in Figure 8 and 9. The light
blue stripes in Figure 9 indicate features selected by both

Sparsity-restricted estimation for the accelerated failure time model 11



Figure 6. Gene-expression features selected by LASSO (lung dataset).

Figure 7. The concordance index of DLBCL dataset.

APM-�0 and LASSO, and the dark blue stripe indicates fea-

ture selected only by LASSO.

Tables 7 and 8 in the Appendix are estimated coefficients

of APM-�0 and LASSO, respectively. In the Appendix, Ta-

ble 10 gives the corresponding names and symbols of the

genes selected by APM-�0 and LASSO. When cross vali-

dation error is minimized, the LASSO method selected 25

genes and APM-�0 method selected 7 genes. The known

genes selected by APM-�0 are SDC4, CCL18, MNDA, JUP,

and FN1. The genes respectively take responsibility for in-
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Figure 8. Gene-expression features selected by APM-�0 (DLBCL dataset).

Figure 9. Gene-expression features selected by LASSO (DLBCL dataset).
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tracellular signaling, cell signaling, blood cell-specific re-
sponses to interferons, join adjacent cells, and cell adhesion
and migration processes. From the functions of these genes,
we can see that the APM-�0 selection can provide reason-
able analytical support to the effect of chemotherapy. Also,
in the features highlighted by APM-�0, two unknown genes
indicated by accession numbers LC 31651 and LC 24239
are present. This may bring attention to future study of the
unknown genes. In general, APM-�0 selection retains a small
feature set that may provide insights into future biological
studies.
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APPENDIX A

In this appendix, we present the detailed results in two
real data examples.

Table 6. Estimation and variable selection by APM-�0 (lung
dataset)

GenBank Accession No. Estimated Coefficient

AA443630 −0.250696
AA017132 0.226856
H58872 −0.226467
R85212 −0.214332
H86117 −0.176005

AA447684 −0.146899
AA456850 0.122207
AA158396 0.118986
W44684 −0.105259
AA486372 −0.0972437
AA074535 0.0740553

Table 7. Estimation and variable selection by APM-�0
(DLBCL dataset)

GenBank Accession No. Estimated Coefficient

AA148737 0.187917
LC 31651 0.159281
AA035637 0.145223
AA495985 −0.135886
M81750 0.0801876
LC 24239 0.0785162
R62612 0.0726228

Table 8. Estimation and variable selection by LASSO
(DLBCL dataset)

GenBank Accession No. Estimated Coefficient

AA148737 0.191609
LC 31651 0.184334
AA495985 −0.133316
LC 24239 0.0817539
AA598653 0.06962
D00244 0.0586164
M81750 0.0569517
AI364932 0.0467217
AI087063 0.0448928
AA035637 0.044785
H44867 0.0430782

AA411017 0.0407235
AA279751 −0.0307286
AA808943 0.0296483
R62612 0.0266724

AA211765 −0.0239272
AA147638 0.022512
AA287041 0.0189478
LC 26187 −0.0116018
AA729003 0.00731059
W04636 −0.00479787
AA464600 −0.00289276
T68541 0.00180213

AA774686 −0.00113857
AA029109 −0.000513023
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Table 9. Estimation and variable selection by LASSO (lung dataset)

GenBank Estimated GenBank Estimated
Accession No. Coefficient Accession No. Coefficient

H73130 0.180061 AA018979 0.0348849
H58872 −0.138836 R24974 −0.0346198
R85212 −0.11931 H15539 −0.0301174
H86117 −0.114233 AA873604 −0.0249844

AA443630 −0.104693 N67017 0.0245127
AA486372 −0.0948103 H19826 −0.024211
W44684 −0.0904142 R06263 −0.0218099
AA447684 −0.0886363 AA017132 0.0217542
AA456850 0.0876117 AA400973 −0.0181989
AA634028 0.0859165 H09076 0.0180028
AA630346 0.0773753 AA485959 −0.0146764
AA478542 −0.0650892 AA454646 −0.012692
R33642 −0.063556 AA488406 −0.0113732
W79398 0.0561313 AA424790 0.00947449
AA074535 0.0556424 AA156169 −0.00730493
AA489383 −0.0498855 AA446120 −0.00575857
AA778919 −0.0496391 W51794 0.00562838
AA946808 −0.0478993 AA458996 0.00546861
AA677340 0.0444274 AA446600 0.00483375
AA291562 0.043562 H96235 −0.00466202
AA194043 −0.0434356 AA460265 0.00169843
AA598787 −0.0407312 AA456891 0.0014481
AA055811 0.0368243 AA779457 1.23227E-08
W84867 0.0350336 H15746 1.03188E-08

Table 10. GenBank accession number and respective genes selected (DLBCL dataset)

GB Acc1 UID2 Symbol3 Name4 Method5

AA148737 Hs.252189 SDC4 syndecan 4 (amphiglycan, ryudocan) 1
LC 31651 1
AA495985 Hs.16530 CCL18 small inducible cytokine subfamily A (Cys-Cys), member 18, 1

pulmonary and activation-regulated
LC 24239 1
AA598653 Hs.136348 POSTN osteoblast specific factor 2 (fasciclin I-like) 0
D00244 Hs.77274 PLAU plasminogen activator, urokinase 0
M81750 Hs.153837 MNDA myeloid cell nuclear differentiation antigen 1
AI364932 Hs.234569 ZAP70 zeta-chain (TCR) associated protein kinase (70 kD) 0
AI087063 Hs.9754 ATF5 activating transcription factor 5 0
AA035637 Hs.2340 JUP junction plakoglobin 1
H44867 Hs.80395 MAL mal, T-cell differentiation protein 0
AA411017 Hs.198253 HLA-DQA1 major histocompatibility complex, class II, DQ alpha 1 0
AA279751 0
AA808943 Hs.73792 CR2 complement component (3d/Epstein Barr virus) receptor 2 0
R62612 Hs.287820 FN1 fibronectin 1 1
AA211765 Hs.261373 TRAF3IP3 TRAF3 interacting protein 3 0
AA147638 Hs.303157 T cell receptor beta locus 0
AA287041 Hs.96617 ESTs 0
LC 26187 0
AA729003 Hs.2484 TCL1A T-cell leukemia/lymphoma 1A 0
W04636 Hs.82318 WASF3 WAS protein family, member 3 0
AA464600 Hs.79070 MYC v-myc myelocytomatosis viral oncogene homolog (avian) 0
T68541 Hs.169294 TCF7 transcription factor 7 (T-cell specific, HMG-box) 0
AA774686 Hs.285671 BMP6 bone morphogenetic protein 6 0
AA029109 Hs.179665 CDKN1A cyclin-dependent kinase inhibitor 1A (p21, Cip1) 0
1 GB Acc: GenBank Accession Number;
2 UID: Unigene ID;
3 Symbol: Official symbol of gene;
4 Name: Name of corresponding gene;
5 Method: 1 or 2 denotes feature selected by APM-�0, 1 or 0 denotes feature selected by LASSO.
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Table 11. GenBank accession number and respective genes selected (lung dataset)

GB Acc1 UID2 Symbol3 Name4 Method5

H73130 Hs.79241 BCL2 B-cell CLL/lymphoma 2 0
H58872 Hs.169902 SLC2A1 solute carrier family 2 1

(facilitated glucose transporter), member 1
R85212 Hs.22543 UBE3A Ubiquitin protein ligase E3A 1

(human papilloma virus E6-associated protein,
Angelman syndrome)

H86117 Hs.40888 ARC activity regulated cytoskeleton associated protein 1
AA443630 Hs.87539 ALDH3B2 aldehyde dehydrogenase 3 family member B2 1
AA486372 Hs.124027 SEPHS1 selenophosphate synthetase 1 1
W44684 Hs.396566 MPP3 membrane palmitoylated protein 3 1
AA447684 Hs.1076 SPRR1B small proline rich protein 1B 1
AA456850 Hs.153961 ACTR1A actin related protein 1A 1
AA634028 Hs.914 HLA-DPA1 major histocompatibility complex, class II, DP alpha 1 0
AA630346 Hs.224616 EDEM1 ER degradation enhancing alpha-mannosidase like protein 1 0
AA478542 Hs.788 AKAP12 A kinase (PRKA) anchor protein (gravin) 12 0
R33642 Hs.226795 GSTP1 glutathione S-transferase pi 0
W79398 Hs.301132 KIAA0195 KIAA0195 gene product 0
AA074535 Hs.8068 HPIP hematopoietic PBX-interacting protein 1
AA489383 Hs.73853 BMP2 bone morphogenetic protein 2 0
AA778919 Hs.16362 P2RY6 pyrimidinergic receptor P2Y6 0
AA946808 Hs.32949 DEFB1 defensin beta 1 0
AA677340 Hs.54941 PHKA2 phosphorylase kinase regulatory subunit alpha 2 0
AA291562 Hs.2299 CD8B1 CD8 antigen, beta polypeptide 1 (p37) 0
AA194043 Hs.525572 BDKRB2 bradykinin receptor B2 0
AA598787 Hs.74368 CKAP4 cytoskeleton associated protein 4 0
AA055811 Hs.437229 GPA33 Glycoprotein A33 (transmembrane) 0
W84867 Hs.1645 CYP4A11 cytochrome P450 family 4 subfamily A member 11 0
AA018979 Hs.487325 PRKACB protein kinase cAMP-activated catalytic subunit beta 0
R24974 Hs.118684 SDF2 stromal cell-derived factor 2 0
H15539 Hs.75671 STX1A syntaxin 1A (brain) 0
AA873604 Hs.70327 CRIP2 cysteine-rich protein 2 0
N67017 Hs.75069 SHMT2 Serine hydroxymethyltransferase 2 (mitochondrial) 0
H19826 Hs.467696 HPCAL1 Hippocalcin-like 1 0
R06263 Hs.82609 HMBS Hydroxymethylbilane synthase 0
AA017132 Hs.250687 TRPC1 Transient receptor potential cation channel, 1

subfamily C, member 1
AA400973 Hs.204238 LCN2 lipocalin 2 (oncogene 24p3) 0
H09076 Hs.152096 CYP2J2 Cytochrome P450, family 2, subfamily J, polypeptide 2 0
AA485959 Hs.411501 KRT7 Keratin 7 0
AA454646 Hs.1116 LTBR lymphotoxin beta receptor (TNFR superfamily, member 3) 0
AA488406 Hs.155981 MSLN mesothelin 0
AA424790 Hs.83765 DHFR dihydrofolate reductase 0
AA156169 Hs.387576 RPS3 Ribosomal protein S3 0
AA446120 Hs.394 ADM adrenomedullin 0
W51794 Hs.375129 MMP3 matrix metallopeptidase 3 0
AA458996 Hs.32970 SLAM signaling lymphocytic activation molecule 0
AA446600 Hs.136905 UREB1 HECT, UBA and WWE domain containing 1 0
H96235 Hs.517296 ETS2 V-ets erythroblastosis virus E26 oncogene homolog 2 (avian) 0
AA460265 Hs.43697 ETV5 ets variant gene 5 (ets-related molecule) 0
AA456891 Hs.98910 RAFTLIN Raft-linking protein 0
AA779457 Hs.296648 BMP5 Bone morphogenetic protein 5 0
H15746 Hs.257008 PLD3 Phospholipase D3 0
AA158396 Hs.1802 HLA-DOB major histocompatibility complex, class II, DO beta 2
1 GB Acc: GenBank Accession Number;
2 UID: Unigene ID;
3 Symbol: Official symbol of gene;
4 Name: Name of corresponding gene;
5 Method: 1 or 2 denotes feature selected by APM-�0, 1 or 0 denotes feature selected by LASSO.

16 X. Zhang et al.



Received 21 August 2019

REFERENCES

Beer, D. G., Kardia, S. L., Huang, C.-C., Giordano, T. J., Levin,

A. M., Misek, D. E., Lin, L., Chen, G., Gharib, T. G., Thomas,

D. G., et al. (2002). Gene-expression profiles predict survival of
patients with lung adenocarcinoma. Nature Medicine, 8(8):816–824.

Bhattacharjee, A., Richards, W. G., Staunton, J., Li, C., Monti,

S., Vasa, P., Ladd, C., Beheshti, J., Bueno, R., Gillette, M.,

et al. (2001). Classification of human lung carcinomas by mRNA
expression profiling reveals distinct adenocarcinoma subclasses. Pro-
ceedings of the National Academy of Sciences, 98(24):13790–13795.

Boyd, S., Parikh, N., Chu, E., Peleato, B., and Eckstein, J.

(2011). Distributed optimization and statistical learning via the al-
ternating direction method of multipliers. Foundations and Trends
in Machine Learning, 3(1):1–122. MR3864884

Cai, T., Huang, J., and Tian, L. (2009). Regularized estimation
for the accelerated failure time model. Biometrics, 65(2):394–404.
MR2751463

Chen, J. and Chen, Z. (2008). Extended Bayesian information criteria
for model selection with large model spaces. Biometrika, 95(3):759–
771. MR2443189

Chen, X., Liu, Y., and Wang, Q. (2019). Joint feature screening
for ultra-high-dimensional sparse additive hazards model by the
sparsity-restricted pseudo-score estimator. Annals of the Institute
of Statistical Mathematics, 71(5):1007–1031. MR3993523

Chung, M., Long, Q., and Johnson, B. A. (2013). A tutorial
on rank-based coefficient estimation for censored data in small-
and large-scale problems. Statistics and Computing, 23(5):601–614.
MR3094801

Fan, J. and Li, R. (2001). Variable selection via nonconcave penal-
ized likelihood and its oracle properties. Journal of the American
statistical Association, 96(456):1348–1360. MR1946581

Garber, M. E., Troyanskaya, O. G., Schluens, K., Petersen,

S., Thaesler, Z., Pacyna-Gengelbach, M., Van De Rijn, M.,

Rosen, G. D., Perou, C. M., Whyte, R. I., et al. (2001). Diver-
sity of gene expression in adenocarcinoma of the lung. Proceedings
of the National Academy of Sciences, 98(24):13784–13789.

Gu, Y., Fan, J., Kong, L., Ma, S., and Zou, H. (2018). ADMM for
high-dimensional sparse penalized quantile regression. Technomet-
rics, 60(3):1–13. MR3847169

Hu, J. and Chai, H. (2013). Adjusted regularized estimation in the ac-
celerated failure time model with high dimensional covariates. Jour-
nal of Multivariate Analysis, 122:96–114. MR3189310

Huang, J. and Ma, S. (2010). Variable selection in the accelerated
failure time model via the bridge method. Lifetime Data Analysis,
16(2):176–195. MR2608284

Huang, J., Sun, T., Ying, Z., Yu, Y., and Zhang, C.-H. (2013).
Oracle inequalities for the LASSO in the Cox model. Annals of
Statistics, 41(3):1142. MR3113806

Hunter, D. R. and Lange, K. (2000). Quantile regression via an
MM algorithm. Journal of Computational and Graphical Statistics,
9(1):60–77. MR1819866

Jin, Z., Lin, D. Y., Wei, L. J., and Ying, Z. (2003). Rank-based infer-
ence for the accelerated failure time model. Biometrika, 90(2):341–
353. MR1986651

Johnson, B. A. (2008). Variable selection in semiparametric linear re-
gression with censored data. Journal of the Royal Statistical Society:
Series B, 70(2):351–370. MR2424757

Koenker, R. W. and d’Orey, V. (1987). Algorithm as 229: Comput-
ing regression quantiles. Journal of the Royal Statistical Society:
Series C, 36(3):383–393. MR2268657

Lee, E. R., Noh, H., and Park, B. U. (2014). Model selection
via Bayesian information criterion for quantile regression models.
Journal of the American Statistical Association, 109(505):216–229.
MR3180558

Li, X., Xie, S., Zeng, D., and Wang, Y. (2018). Efficient �0-norm

feature selection based on augmented and penalized minimization.
Statistics in Medicine, 37(3):473–486. MR3748753

Liu, Y., Chen, X., and Li, G. (2019). A new joint screening method for
right-censored time-to-event data with ultra-high dimensional co-
variates. Statistical Methods in Medical Research. https://doi.org/
10.1177/0962280219864710. MR4106953

Parmigiani, G., Garrett-Mayer, E. S., Anbazhagan, R., and

Gabrielson, E. (2004). A cross-study comparison of gene expres-
sion studies for the molecular classification of lung cancer. Clinical
Cancer Research, 10(9):2922–2927.

Peng, B. and Wang, L. (2015). An iterative coordinate descent algo-
rithm for high-dimensional nonconvex penalized quantile regression.
Journal of Computational and Graphical Statistics, 24(3):676–694.
MR3397228

Portnoy, S. and Koenker, R. (1997). The Gaussian hare and the
Laplacian tortoise: computability of squared-error versus absolute-
error estimators. Statistical Science, 12(4):279–300. MR1619189

Rosenwald, A., Wright, G., Chan, W. C., Connors, J. M., Campo,

E., Fisher, R. I., Gascoyne, R. D., Muller-Hermelink, H. K.,

Smeland, E. B., Giltnane, J. M., et al. (2002). The use of molec-
ular profiling to predict survival after chemotherapy for diffuse large-
b-cell lymphoma. New England Journal of Medicine, 346(25):1937–
1947.

Subramanian, A., Tamayo, P., Mootha, V. K., Mukherjee, S.,

Ebert, B. L., Gillette, M. A., Paulovich, A., Pomeroy, S. L.,

Golub, T. R., Lander, E. S., et al. (2005). Gene set enrichment
analysis: a knowledge-based approach for interpreting genome-wide
expression profiles. Proceedings of the National Academy of Sci-
ences, 102(43):15545–15550.

Tibshirani, R. (1996). Regression shrinkage and selection via the
LASSO. Journal of the Royal Statistical Society: Series B,
58(1):267–288. MR1379242

Tibshirani, R. (1997). The LASSO method for variable selection in
the Cox model. Statistics in Medicine, 16(4):385–395.

Tsiatis, A. A. (1990). Estimating regression parameters using linear
rank tests for censored data. Annals of Statistics, 18(1):354–372.
MR1041397

van Houwelingen, H. C., Bruinsma, T., Hart, A. A., van’t Veer,

L. J., and Wessels, L. F. (2006). Cross-validated Cox regres-
sion on microarray gene expression data. Statistics in Medicine,
25(18):3201–3216. MR2252292

Wang, H., Li, B., and Leng, C. (2009). Shrinkage tuning parameter
selection with a diverging number of parameters. Journal of the
Royal Statistical Society: Series B, 71(3):671–683. MR2749913

Wu, T. T. and Lange, K. (2008). Coordinate descent algorithms
for LASSO penalized regression. The Annals of Applied Statistics,
2(1):224–244. MR2415601

Wu, Y. and Zen, M.-M. (1999). A strongly consistent information cri-
terion for linear model selection based on M-estimation. Probability
Theory and Related Fields, 113(4):599–625. MR1717532

Xu, C. and Chen, J. (2014). The sparse MLE for ultrahigh-
dimensional feature screening. Journal of the American Statistical
Association, 109(507):1257–1269. MR3265695

Xu, J., Leng, C., and Ying, Z. (2010). Rank-based variable selec-
tion with censored data. Statistics and Computing, 20(2):165–176.
MR2610770

Yang, G., Yu, Y., Li, R., and Buu, A. (2016). Feature screening
in ultrahigh dimensional Cox’s model. Statistica Sinica, 26:881.
MR3559935

Yi, C. and Huang, J. (2017). Semismooth Newton coordinate descent
algorithm for elastic-net penalized huber loss regression and quan-
tile regression. Journal of Computational and Graphical Statistics,
26(3):547–557. MR3698665

Ying, Z. (1993). A large sample study of rank estimation for censored
regression data. Annals of Statistics, 21(1):76–99. MR1212167

Yu, L. and Lin, N. (2017). ADMM for penalized quantile regres-
sion in big data. International Statistical Review, 85(3):494–518.
MR3723614

Zhang, C.-H. (2010). Nearly unbiased variable selection under

Sparsity-restricted estimation for the accelerated failure time model 17

http://www.ams.org/mathscinet-getitem?mr=3864884
http://www.ams.org/mathscinet-getitem?mr=2751463
http://www.ams.org/mathscinet-getitem?mr=2443189
http://www.ams.org/mathscinet-getitem?mr=3993523
http://www.ams.org/mathscinet-getitem?mr=3094801
http://www.ams.org/mathscinet-getitem?mr=1946581
http://www.ams.org/mathscinet-getitem?mr=3847169
http://www.ams.org/mathscinet-getitem?mr=3189310
http://www.ams.org/mathscinet-getitem?mr=2608284
http://www.ams.org/mathscinet-getitem?mr=3113806
http://www.ams.org/mathscinet-getitem?mr=1819866
http://www.ams.org/mathscinet-getitem?mr=1986651
http://www.ams.org/mathscinet-getitem?mr=2424757
http://www.ams.org/mathscinet-getitem?mr=2268657
http://www.ams.org/mathscinet-getitem?mr=3180558
http://www.ams.org/mathscinet-getitem?mr=3748753
https://doi.org/10.1177/0962280219864710
https://doi.org/10.1177/0962280219864710
http://www.ams.org/mathscinet-getitem?mr=4106953
http://www.ams.org/mathscinet-getitem?mr=3397228
http://www.ams.org/mathscinet-getitem?mr=1619189
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=1041397
http://www.ams.org/mathscinet-getitem?mr=2252292
http://www.ams.org/mathscinet-getitem?mr=2749913
http://www.ams.org/mathscinet-getitem?mr=2415601
http://www.ams.org/mathscinet-getitem?mr=1717532
http://www.ams.org/mathscinet-getitem?mr=3265695
http://www.ams.org/mathscinet-getitem?mr=2610770
http://www.ams.org/mathscinet-getitem?mr=3559935
http://www.ams.org/mathscinet-getitem?mr=3698665
http://www.ams.org/mathscinet-getitem?mr=1212167
http://www.ams.org/mathscinet-getitem?mr=3723614


minimax concave penalty. Annals of Statistics, 38(2):894–942.
MR2604701

Zhang, H. H. and Lu, W. (2007). Adaptive LASSO for Cox’s propor-
tional hazards model. Biometrika, 94(3):691–703. MR2410017

Zhang, Y. and Shen, X. (2010). Model selection procedure for high-
dimensional data. Statistical Analysis and Data Mining: The ASA
Data Science Journal, 3(5):350–358. MR2726244

Zou, H. (2006). The adaptive LASSO and its oracle properties. Jour-
nal of the American Statistical Association, 101(476):1418–1429.
MR2279469

Xiaoyu Zhang
Department of Statistics and Actuarial Science
The University of Hong Kong
Hong Kong SAR
China
E-mail address: xzhangck@connect.hku.hk

Yunpeng Zhou
Department of Statistics and Actuarial Science
The University of Hong Kong
Hong Kong SAR
China
E-mail address: u3514104@connect.hku.hk

Jinfeng Xu
Zhejiang Institute of Research and Innovation
The University of Hong Kong
Hangzhou, Zhejiang
China
Department of Statistics and Actuarial Science
The University of Hong Kong
Hong Kong SAR
China
E-mail address: xujf@hku.hk

Kam Chuen Yuen
Department of Statistics and Actuarial Science
The University of Hong Kong
Hong Kong SAR
China
E-mail address: kcyuen@hku.hk

18 X. Zhang et al.

http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=2410017
http://www.ams.org/mathscinet-getitem?mr=2726244
http://www.ams.org/mathscinet-getitem?mr=2279469
mailto:xzhangck@connect.hku.hk
mailto:u3514104@connect.hku.hk
mailto:xujf@hku.hk
mailto:kcyuen@hku.hk

	Introduction
	Sparsity-restricted estimation
	Computation and implementation
	First step
	Second step

	Simulations
	Design and setting
	Results
	Case I: independent design
	Case II: correlated design
	Case III: correlated design
	Case IV: correlated design
	Running time comparison


	Real data analysis
	Lung adenocarcinoma dataset
	DLBCL dataset

	Acknowledgment
	Appendix A
	References
	Authors' addresses

