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In this paper we study a new stochastic diffusion process
based on the Goel-Okumoto curve. Such a process can be
considered as an extension of the nonhomogeneous lognor-
mal diffusion process. From the corresponding Itô’s stochas-
tic differential equation (SDE), firstly we establish the prob-
abilistic characteristics of the studied process, such as the
solution to the SDE, the probability transition density func-
tion and their distribution, the moments function, in par-
ticular the conditional and non-conditional trend functions.
Secondly, we treat the parameters estimation problem by us-
ing the maximum likelihood method in basis of the discrete
sampling, thus we obtain nonlinear equations that can be
solved by numerical methods. Finally, the proposed model
is applied to the data of the broad money (% GDP) of Mo-
rocco.
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1. INTRODUCTION

In particular, with the introduction of real-time systems
such as satellite and shuttle control, telecommunications and
banking systems, questions about software reliability have
grown over time. These systems need to be fully evaluated
before deployment. Even though one cannot prevent failure
from happening, It is important to predict the reliability.
Various Software Reliability Growth Models (SRGMs) have
been developed in the literature [20]; [4]; [26]; [38]; [10] to
estimate the error content and error detection rate per error
in a software. Some of them represent exponential growth,
while others exhibit S-shaped growth during testing, based
on the type of the growth phenomena. If the growth is uni-
form, exponential models are commonly used and for non-
uniform growth S-shaped models have been developed.
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In this work we define a new diffusion process as a non-
homogeneous lognormal process, based on Goel-Okumoto
curve [11]:

(1) y(t) = b0(1− e−bt).

The curve proposed by Goel and Okumoto is a software
reliability growth model which plays an important role in
measuring improvements, achieving efficient and effective
scheduling of evaluations/debugs during software develop-
ment project, establishing when to release a product or es-
timating the number of service releases needed after release
to reach a reliability goal.

While going through literature on diffusion models, it has
been observed that similar growth curves exist for tumor
growth [31], population growth [34], fish recruitment [25]
and option valuation [18].

Several models have been developed which may account
for variability in the growth curves. Hence, it becomes rel-
evant to see the interface between the two approaches. In
other words, it is important to investigate how one field of
activity can improve the other and vice-versa.

Many stochastic diffusion processes have been studied
and successfully applied to fitting and forecasting real phe-
nomena, these model include homogeneous case such as
Gompertz diffusion process [8], Logistic diffusion process [9]
Bass diffusion process [32], in the other hand there is non-
homegeneous cases such us Lognormal [16], Gamma [13] and
Weibull [27], hubbert [24]. When an appropriate diffusion is
used, its probabilistic characteristics are defined and statis-
tical results can be obtained to estimate the parameters of
the model.

In certain cases, the transition probability density func-
tion (tpdf) of the diffusion process is known explicitly, and
statistical inference is then viable using maximum likelihood
principle.

The available techniques for computing the likelihood
function require either obtaining a numerical solution to the
Kolmogorov partial differential equation [23] or simulating
a large number of sample paths [29]. Otherwise, there are
estimation methods that are not direct and are intended
to approximate the density function or the maximum likeli-
hood function of the process. Such as: Pseudo-likelihood [7]
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(i.e. the Kessler method [21], Brandt end Santa Clara [5]).
In addition, there are other estimation methods such as:
Bayesian estimation [30], estimation functions of the mar-
tingale [3] and the generalized method of moments [17].

Thus, we estimate the parameters of the process by the
maximum likelihood method from the explicitly known tran-
sition density. Since the very applied character of Goel-
Okumoto curve makes the estimation of its parameters a
particularly interesting issue, to estimate the parameters,
we must obtain the solution of a nonlinear equations. Never-
theless, the resulting nonlinear equations are rather complex
and require the use of optimization methods like Newton-
Raphson and simulated annealing. Much of the reported
work has been motivated by the need to solve particular
types of problems, primarily optimization methods for the
problems of the parameter estimation of SDE, for which
specific methods are required even more than in the deter-
ministic context. In doing so, we have selected special works
and many recent results to illustrate these ideas, to highlight
potential developments and to stimulate their interest to
contribute to the subject such as: a global simulated anneal-
ing heuristic for the three-parameter lognormal model [35],
Newton-Raphson for the Gompertz diffusion process with
threshold parameter [15], Newton-Raphson and simulated
annealing method for the Weibull diffusion process [27], also
a homotopy analysis method has been applied to many non-
linear equations in science and engineering [37].

In some practical circumstances, it has been demon-
strated that the trend of some economic factors appears
deviations, in certain time intervals, in relation to the expo-
nential shape of the trend of lognormal process. The current
paper consider the broad money as a macroeconomic vari-
able importantly suitable for the implementation of mon-
etary policy, since a number of studies have already been
undertaken to model this indicator of monetary aggregate
especially in the case of the United Kingdom using nonlin-
ear error correction method [33]; another study has exam-
ined Japan’s broad money using cointegration and error-
correction procedures [1]; in addition a paper treated the
demand for broad money in China using the autoregressive
distributed lag (ARDL) cointegration framework [2].

Therefore, we study the capability of applying the
stochastic diffusion process based on Goel-Okumoto curve
as a new approach to describe the evolution of the broad
moeny (%GDP) in Morocco to predict future trends, by us-
ing the statistical inference in fitting and forecasting, from
observed data.

The main purpose of this article is to introduce a new
stochastic diffusion process whose trend function is propor-
tional to the Goel-Okumoto curve. Section 2, contains the
definition of the model and its characteristics, where we ob-
tain the distribution of the process. In Section 3, an inferen-
tial study of the parameters of the process is conducted (par-
ticularly their maximum likelihood estimation) on the basis
of discrete sampling. Furthermore, regarding the numeri-
cal problems faced with solving the likelihood equations,

we estimate the parameters by using computational meth-
ods such a Newton Raphson (NR) and Simulated Annealing
(SA) methods. In Section 4, numerical experiments based on
simulated data are performed to show the efficiency of the
numerical methods. Finally, it is interesting to note that the
stochastic growth model related to Goel-Okumoto curve is
clearly well suited to describe the evolution of broad money
(% GDP) in Morocco as a macroeconomic variable in the
short-term.

2. THE PROPOSED MODEL AND
PROBABILISTICS CHARECTERISTICS

2.1 Model and assumptions

The new diffusion process can be defined by the following
nonlinear SDE of the first order:

(2) dx(t) =
b

ebt − 1
x(t)dt+ σx(t)dw(t),

where σ > 0, b is a real parameter, w(t) is a one di-
mensional standard Wiener process and xt1 > 0 is almost
surely a constant. In this section, we define the diffusion
model and set out the basic assumptions, which are suit-
able for our purpose, to ensure its properties. The one-
dimensional diffusion process related to Goel-Okumoto’s
curve, is a Markov process {x(t); t ∈ [t1;T ]; t1 > 0}, with
almost-certainly continuous trajectories and with a distri-
bution function for the process transition that is given by:
P (y, t|x, s) = P (x(t) ≤ y|x(s) = x), for x > 0 and y > 0.

Then by assuming the following conditions:

• lim
h→0

1
h

∫
|y−x|>ε

P (dy, t+ h | x, t) = 0,

• lim
h→0

1
h

∫
|y−x|≤ε

(y − x)P (dy, t + h | x, t) = A1(t, x) =

b
ebt−1

x,

• lim
h→0

1
h

∫
|y−x|≤ε

(y − x)2P (dy, t + h | x, t) = A2(t, x) =

σ2x2 > 0,
• the higher-order infinitesimal moments are null,

where the infinitesimal moments of the process are:

A1(t, x) =
b

ebt − 1
x,

A2(t, x) =σ2x2.

And the Kolmogorov backward and forward equations
considered are

∂f

∂s
+

b

ebt − 1
x
∂f

∂x
+

σ2

2
x2 ∂

2f2

∂x2
= 0,(3)

−∂f

∂t
− b

ebt − 1

∂(yf)

∂y
+

σ2

2

∂2(y2f)

∂y2
= 0,(4)

where f is the transition probability density function (tpdf),
f(y, t|x, s), corresponding to the transition distribution
P (y, t|x, s). With the initial condition lims→t f(y, t | x, s) =
δ(y − x) where δ(.) is the Dirac delta function on R.
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2.2 The analytical expression of the
proposed model and its distribution

We now describe the main characteristics of the process,
especially for forecasting purposes. From the SDE (2) we
proceed with the transformation y(t) = log(x(t)), apply the
Itô’s formula and we obtain the SDE:

dy(t) =

(
b

ebt − 1
− σ2

2

)
dt+ σdw(t);

y(t0) = log(xt0).

Then, we have after integration for s < t:

y(t) = ys + log

(
1− e−b1t

1− e−b1s

)
− σ2

2
(t− s) + σ (w(t)− w(s)).

(5)

By substituting, we have the explicit expression of the solu-
tion:

x(t) = xs

(
1− e−b1t

1− e−b1s

)
(6)

× exp

(
−σ2

2
(t− s) + σ (w(t)− w(s))

)
, t > s ≥ 0.

Since for s < t, the variable y(t) | y(s) =
ys ∼ N1[g(s, t, xs), σ

2(t− s)], consequently,

x(t) | x(s) = xs ∼ Λ1[g(s, t, xs), σ
2(t− s)],

with g(s, t, xs) = log(xs) + log

(
1− e−b1t

1− e−b1s

)
− σ2

2
(t− s).

Then, tdpf of the process is:

(7)

f(x, t | y, s) = 1

x
√

2πσ2(t− s)

× exp

⎛
⎜⎝−

[
log(xy )− log

(
1−e−bt

1−e−bs

)
+ σ2

2 (t− s)
]2

2σ2(t− s)

⎞
⎟⎠ .

2.3 Moments of the process

By using the propreties of the lognormal distribution, the
r-th conditional moment of the process is expressed by

E [xr(t)|x(s) = xs] = exp

(
rg(s, t, xs) +

r2σ2

2
(t− s)

)
,

=xr
s

(
1− e−bt

1− e−bs

)r

e−
r
2 (1−r)σ2(t−s).

(8)

In short, by considering the case r = 1, the conditional trend
function (CTF) of the process is given by:

(9) E[x(t)|x(s) = xs] = xs
1− e−bt

1− e−bs
.

In addition, taking into account the initial condition
P [x(t1) = xt1 ] = 1, the trend function (TF) of the process
is given by:

(10) E[x(t)] =
xt0

1− e−bt0

(
1− e−bt

)
.

Remark.
– In absence of white noise (i.e. σ = 0), by a simple inte-

gration, the solution of the ordinary differential equa-
tion (ODE) associated to the SDE Eq. (2) is x(t) =
K(1−e−bt), which is proportional to the Goel-Okumoto
curve Eq. (1).

– Otherwise, the TF given in Eq. (10) is proportional to the
Goel-Okumoto curve.

In addition we can obtain the quantile function where zα
is the α-quantile of a standard normal.

Pα(t) = x0
1− e−bt

1− e−bt0
exp

{
−σ2

2
(t− t0) + zασ

√
t− t0

}
.

(11)

3. ESTIMATION AND COMPUTATIONAL
ASPECTS

3.1 Likelihood estimation

Since we have the explicit expression of the tpdf, we can
estimate the parameters b and σ2 by employing the maxi-
mum likelihood method. Let us consider a discrete sampling
of the process xt1 , xt2 , . . . , xtn at the instants t1, t2, . . . , tn.
In addition, we assume that ti − ti−1 = h, for i = 2, . . . , n
with h > 0, and the abbreviation xti = xi. Then, by assum-
ing the initial condition P[x(t1) = x1] = 1, the associated
likelihood function is obtained, from Eq. (7) as follows:

L(x1, x2, . . . , xn; b, σ
2) =

n∏
i=2

f(xi, ti | xi−1, ti−1) =
n∏

i=2

[
2πσ2h

]−1/2
x−1
i exp

(
− 1

2σ2h

[
log

(
xi

xi−1

)
− log

(
1− e−bti

1− e−bti−1

)
+

σ2

2
h

]2)
.

To simplify the computational aspect of the above function,
we use the log-likelihood function:

log
[
L(x1, x2, . . . , xn; b, σ

2)
]
=

− n− 1

2
log(2πh)− n− 1

2
log(σ2)−

n∑
i=2

log(xi)

− 1

2hσ2

n∑
i=2

[
log

(
xi

xi−1

)
− log

(
1− e−bti

1− e−bti−1

)
+

σ2

2
h

]2
.
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By differentiating this function with respect to b and σ2,
and applying the maximum likelihood principle,

∂ log(Lx(b, σ
2))

∂b
=

n∑
i=2

[
Bi(b) +

σ2

2
h

]

×
[
ti−1e

−bti−1

1− e−bti−1
− tie

−bti

1− e−bti

]
= 0,

(12)

∂ log(Lx(b, σ
2))

∂σ2
= −n− 1

2σ2
+

1

2hσ4

n∑
i=2

[
Bi(b) +

σ2

2
h

]2(13)

− 1

2σ2

n∑
i=2

[
Bi(b) +

σ2

2
h

]
= 0,

with Bi(b) = log
(

xi

xi−1

)
− log

(
1−e−bti

1−e−bti−1

)
; for i = 2, . . . , n.

After some calculations from Eq. (13), we obtain the es-
timator of σ̂2

(14) σ̂2 =
2

h

[(
1 +

1

n− 1

n∑
i=2

B2
i (b)

) 1
2

− 1

]
.

For the estimator of b we need to solve the equation γ(b) = 0
with:

(15)

γ(b) =

n∑
i=2

⎡
⎣Bi(b) +

(
1 +

1

n− 1

n∑
i=2

B2
i (b)

) 1
2

− 1

⎤
⎦

×
[
ti−1e

−bti−1

1− e−bti−1
− tie

−bti

1− e−bti

]
.

Clearly, the estimation of the parameters requires the so-
lution of a nonlinear equation, which can be difficult to
achieve in our process. We suggest two methods to resolve
this problem: the commonly used Newton Raphson (NR)
method [19], and also simulated annealing (SA) [22], which
is being increasingly implemented. On an example with sim-
ulated data, both methods were applied, corresponding to
the process with known parameters.

3.2 Newton-Raphson method

The method of solving numerical equations was initiated
by Isaac Newton on numerical examples but the formulation
was tedious. Ten years later, Joseph Raphson highlights a
formula of recurrence. A century later, Mouraille and La-
grange study the convergence of successive approximations
as a function of initial conditions by a geometrical approach.
Fifty years later, Fourier and Cauchy treat the speed of con-
vergence [28].

3.2.1 Conditions of application

• The function f must be determined in each of the points
considered. In practice the function must be differen-
tiable in an interval centered at α containing x0.

• The derivative must not be equal to 0 on this interval.

For the sequence (xn) to be convergent, in practice, it
is necessary to take a x0 rather close to the value α which
cancels the function. It is determined by the intermediate
value theorem.

3.3 Simulated annealing

Simulated annealing (SA) is a combinatorial optimiza-
tion which means finding the minimum of a given func-
tion depending on many parameters. It was initially pro-
posed in [22], illustrating a detailed analogy with annealing
in solids that provides a framework for optimization of the
properties of very large and complex systems. Our purpose
is to escape from the trapping local optima, thereby making
it possible to move towards higher-cost solutions, doing so
under the guidance of a control parameter.

The following pseudocode [6] presents the simulated an-
nealing heuristic:

function SimulatedAnnealingMin()
T ← Tmax

best ← INIT()
while T > Tmin do

next ← NEIGHBOUR(T, best)
ΔE ← ENERGY(next) − ENERGY(best)
if ΔE < 0 then

best ← next
else if random() < ACCEPT(T,ΔE) then

best ← next
T ← COOLING(T, best)

return best

In our case, we wish to maximise the log likelihood function
Eq. (12), the function of parameters b, σ2 is given by:

Z(b, σ2) = −n− 1

2
log(σ2)− 1

2hσ2

×
n∑

i=2

[
log

(
xi

xi−1

)
− log

(
1− e−bti

1− e−bti−1

)
+

σ2

2
h

]2
.

3.3.1 Estimated TF and estimated CTF

From Zenha’s theorem [39], by replacing the parameters
by their estimators in Eq. (9) and Eq. (10), the estimated
conditional trend (ECTF) function can be obtained from:

(16) Ê[x(t)|x(s) = xs] = xs
1− e−b̂t

1− e−b̂s
,

and the estimated trend function (ETF) is given by:

(17) Ê[x(t)] =
xt0

1− e−b̂t0

(
1− e−b̂t

)
.

Furthermore, the estimated quantile is obtained by re-
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placing the parameters by their estimators in Eq. (11).

P̂α(t) = x0
1− e−b̂t

1− e−b̂t0
exp

{
− σ̂2

2
(t− t0) + zασ̂

√
t− t0

}
.

(18)

4. SIMULATION STUDIES

This section will complete the inference study of the pa-
rameters of the model, with the specifications and improve-
ment previously mentioned, to obtain the maximum likeli-
hood estimations for parameters b, and σ2.

4.1 Simulated trajectories of the process

The trajectory of the model are obtained by simulat-
ing the exact solution of the SDE (2). Taking into account
that the random variable σ(w(t) − w(t1)), from Eq. (6),
is distributed as a one-dimensional normal distribution
N1

(
0, σ2(t− t1)

)
. Therefore, the simulated trajectories of

the process are obtained from the following discretizing time
interval [t1, T ]: ti = t1 + (i− 1)h, for i = 2, . . . , N where N
is an integer and h = T−t1

N > 0 is the discretization step.
Figure 1 represents 20 sample paths of the model simulated
with t0 = 0.05, x0 = 2, b = 0.8, σ = 0.05 and N = 100.

Figure 1. Simulated sample path and TF.

4.2 Parameter estimation

For each combination of parameter values and sample
sizes, M data set are simulated. The parameter estimation
methods discussed in Section 3 will be used. Because the
true parameter values of the different data sets are known,
the mean and standard deviation values of the estimated
parameters can be computed using M repetitions. Once the
empirical mean, standard deviation, and coefficient of vari-
ation have been computed, the different methods can be
compared for accuracy.

To estimate the parameters, Eq. (6) was simulated 20
times, under the assumptions detailed in Section 4.1. The
accuracy for these values was tested with small, moderate
and large data sets (N = 500, 1000, 1500, and 2500, respec-
tively).

Table 1. Comparaison of b and σ2 obtained by NR and SA
methods

N b std(b) CV(b) σ2 std(σ2) CV(σ2)

500 NR 4.0514 0.5743 0.1418 0.0408 0.0022 0.0527
SA 4.0224 0.5288 0.1315 0.0409 0.0021 0.0524

1000 NR 4.2112 0.7941 0.1886 0.0397 0.0020 0.0505
SA 4.1105 0.6851 0.1667 0.0398 0.0020 0.0499

1500 NR 3.9631 0.8109 0.2046 0.0401 0.0014 0.0345
SA 3.8608 0.6423 0.1664 0.0400 0.0014 0.0347

2500 NR 4.2519 0.6660 0.1566 0.0399 0.0014 0.0349
SA 4.0302 0.5434 0.1348 0.0399 0.0014 0.0362

The results obtained are summarised in Table 1, which
shows for each of the above data sets the empirical mean,
the standard deviation (std) and the coefficient of variation
(CV ) obtained for b and σ2 defined as

b =
1

M

M∑
i=1

bi, std(b) =

√√√√ 1

M − 1

M∑
i=1

(bi − b)2.

σ2 =
1

M

M∑
i=1

σ2
i , std(σ2) =

√√√√ 1

M − 1

M∑
i=1

(
σ2
i − σ2

)2
.

CV (b) =
std(b)

b
, CV (σ2) =

std(σ2)

σ2
.

The values obtained by NR and SA are close to those
expected values of the parameters (see Section 4.1). If we
observe the coefficient of variation it is always very small
and so we can deduce that the estimation of the parameters
is good. Moreover, if we consider the coefficients of variation
for each N , we make a comparison between the results given
by the NR method and that of SA, from which we deduce
that the SA method gives better results based on the fact
that his CV is practically the smallest. We place together the
results obtained for all the considered values ofN in Figure 2
for the estimation of b and Figure 3 for the estimation of σ2

5. APPLICATION TO REAL DATA

The proposed model is applied to broad money (% of
GDP) of Morocco from 2003 to 2019. Broad money is the
sum of currency outside banks; demand deposits other than
those of the central government; the time, savings, and for-
eign currency deposits of resident sectors other than the

Stochastic diffusion process based on Goel-Okumoto curve: statistical inference and application to real data 67



Figure 2. Computed results of b for various sample sizes:
N = 500, 1000, 1500, and 2500.

Figure 3. Computed results of σ2 for various sample sizes:
N = 500, 1000, 1500, and 2500.

central government; bank and traveler’s checks; and other
securities such as certificates of deposit and commercial pa-
per. In 2019, broad money (% of GDP) of Morocco around
120.032%. This records an increase from the previous num-
ber of 118.334 % for 2016. Beside narrow money, central
banks also look at broad money to decide which monetary
policies are needed at any given moment to hold the econ-
omy in check. Some benefits of broad money:

• Broad money is the most flexible method for measuring
an economy’s money supply, accounting for cash and
other assets easily converted into currency.

• The formula for calculating money supply varies from
country to country, so the term broad money is always
defined to avoid misinterpretation.

• Central banks tend to keep tabs on broad money growth
to help forecast inflation.

The data (see Table 2) were provided in World Bank’s
database. The data is categorized under Global Database’s
Morocco – Table MA.World Bank.WDI: Money supply.
Broad money [36]. The method employed is composed of
two phases:

• Data for 2003–2017 are used to estimate the process
parameters by simulated annealing method since it’s

better than Newton Raphson method and by using the
R program, the following estimated values are obtained:
b̂ = 1.8971 and σ̂2 = 0.0706.

• Data for 2018–2019 are explored to forecast the ex-
pected values of the process. The results in Table 2
resume the behaviour of the conditional and the non-
conditional trend functions and the quantile in Table 3
given respectively, by Eq. (17), Eq. (16) and Eq. (18).
The performance of the process for the short-term fore-
cast which is represented in Figures 4 and 5.

Table 2. Real data, ETF and ECTF

Years x(t) ETF ECTF

2003 82.5511 82.5511 82.5511
2004 84.3249 89.3493 84.7398
2005 92.0191 94.9728 92.9103
2006 99.4729 99.6245 99.2721
2007 109.0197 103.4724 105.6722
2008 111.5692 106.6553 114.4752
2009 114.3586 109.2882 116.1046
2010 113.6679 111.4662 118.1691
2011 115.7558 113.2678 116.7944
2012 117.0183 114.7581 118.3991
2013 113.9090 115.9908 119.2467
2014 117.3822 117.0106 115.7248
2015 116.2041 117.8541 118.9532
2016 118.6714 118.5518 117.5132
2017 119.3488 119.1290 119.7991
Forecast
2018 119.3167 119.6064 120.3071
2019 120.0324 120.0014 121.1245

Table 3. ETF and Quantile

Years ETF Quantile

2018 119.6064 (102.9721–139.4215)
2019 120.0014 (102.9721–140.3147)

In every case, the values fitted with forecasts in accor-
dance with the ETF are slightly better than ECTF, and to
illustrate the performance of the model, we calculate the
mean absolute percentage error (MAPE) and Symmetric
mean absolute percentage error (SMAPE), are given by:

MAPE =
1

N

N∑
i=1

|x (ti)− x̂ (ti)|
x (ti)

∗ 100,

SMAPE =
1

N

N∑
i=1

|x (ti)− x̂ (ti)|
(|x (ti) |+ |x̂ (ti) |)/2

∗ 100.

The accuracy of the forecast can be judged from the MAPE
and SMAPE results respectively 1.9% and 2%, which is less
than 10%, and so the forecast is highly accurate, see [12].
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Figure 4. Fits (2003–2017) and forecasts (2018 and 2019)
using the Estimated trend function (ETF).

Figure 5. Fits (2003–2017) and forecasts (2018 and 2019)
using the estimated conditional trend function (ECTF).

Comparison between the Goodness of Fit of
the propsed model and the Lognormal Model

Since the diffusion process based on Goel-Okumoto curve
(GODP) is an extension of the stochastic Lognormal Dif-
fusion Process (LDP), we compare, the Relative Absolute
Error (RAE), the Mean Absolute Error (MAE) of these two
models (as shown in Table 4) in order to evaluate the results
obtained using the proposed diffusion process. The results
obtained using the stochastic GODP were compared with
those obtained by the stochastic LDP, as shown in the fol-
lowing Figures 6 and 7.

These figures and the Table 4 show that the stochastic
GODP was more suitable than the stochastic LDP in terms
of fitting and predicting broad money (% of GDP) of Mo-
rocco.

Table 4. Goodness of fit of the GODP and LDP models

Measures Values of Stochastic GODP Values of LDP

RAE 0.2182 1.0461
MAE 2.0808 9.9729

Figure 6. The real data (broad money in Morocco) versus
those fitted by the Diffusion Process based on Goel-Okumoto

curve.

Figure 7. The real data (broad money in Morocco) versus
those fitted by the stochastic Lognormal Diffusion Process.

CONCLUSION

• From a theoretical point of view, we conclude that the
Goel-Okomuto process presented, which is of a non-
homogeneous nature, is such that we can explicitly
establish its probability transition density function in
terms of a lognormal distribution Eq. (7) together with
its moment functions, and in particular its trend func-
tions Eq. (9) and Eq. (10). We can also establish param-
eter estimation results using the maximum likelihood
method on the basis of discrete sampling. Concerning
the estimation problem, both the proposed methods are
giving good result of the values of estimators with ac-
cepted errors (see Table 1). Especially simulated an-
nealing method which is almost performing better than
the Newton-Raphson procedure.

• The Goel-Okumoto process is applied to real data
mainly the broad money (% GDP) of Morocco and it
shows good results for fitting and forecasting purpose.

• In order to compare the forecasting accuracy of the
two models, we calculated two measures of error RAE,
MAE. The values obtained for these measures of error
showed that the stochastic GODP was more reliable
than the stochastic LDP.

• For further research, it would be interesting to define a
stochastic Goel-Okumoto diffusion process with exoge-
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nous factors, as has been done in the case of the Gom-
pertz process with exogenous factors. In this respect,
see [14]. This would enable us to study the factors af-
fecting the evolution of the the broad money (% GDP)
of Morocco for example: inflation, GDP growth, and
prices of goods and services.
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