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The Cox proportional hazards model has been widely
used for modeling response-time data in educational and
psychological research. However, based on the Kaplan-Meier
(KM) plots in an empirical example, we find that the pro-
portionality of the hazard ratios does not seem to be an ap-
propriate assumption, and there are considerable differences
in survival rates among different items. To overcome such
a problem, we consider a class of flexible nonproportional
hazards models known as the generalized odds-rate hazards
class of regression models. This class is general enough to
include several commonly used models, including the pro-
portional hazards model and the proportional odds model,
as special cases. A fully Bayesian method is developed for
parameter estimation and the deviance information crite-
rion (DIC) and the logarithm of the pseudomarginal like-
lihood (LPML) are employed for model comparison. Simu-
lation studies are conducted and a detailed analysis of the
Programme for International Student Assessment (PISA)
science data is carried out to further illustrate the proposed
methodology.

Keywords and phrases: Cox model, DIC, GORH mod-
els, Item response theory (IRT), LPML, MCMC.

1. INTRODUCTION

In the computer-based testing, response-time data are of-
ten collected as a byproduct. The importance of response-
time has attracted the attention of education psychologists.
Response-time is useful since it can be an important source
of information about the performance of subjects [20, 39].
The new research directions of inquiry have been opened
up in order to analyze the response-time data, which in-
clude identifying test takers with aberrant response behavior
[35, 38, 22, 46], selecting items adaptively in computerized
testing [37, 45], controlling test administration time [42, 40],
and assembling tests [41]. However, one of the premises to
explore these applications of response-time is how an appro-
priate psychometric model can be built and what valuable
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psychological phenomena can be obtained to guide the prac-
tice.

There are a variety of distributions for the response-
time proposed in the literature. The log-normal distribu-
tion, one of the most important parametric models, pro-
posed by Furneaux [13] for the first time in the literature,
is frequently used to model the response-time data in psy-
chometrics [34, 39, 38, 12, 21]. The other parametrical mod-
els such as the Box-Cox normal model [18] and the shifted
Weibull distribution [30] have been proposed. Although the
parametric models have the advantage of conciseness [45],
the distributional assumptions under these models may not
hold for response-time data from real applications. Over the
last two decades, the semi-parametric proportional hazards
(PH) model [25, 26, 27, 19, 45] has played a dominant role
in modeling response-time data. The flexibility of the model
has been widely accepted by education psychologists com-
pared to the distributional assumption being limited to a
specific parametric model [45, 10, 48, 19, 17]. However, a
drawback of the PH model is that for a given item, the
hazard ratio for two examinees is constant over time. The
hazard ratios of the two groups of examinees who have the
same ability level are often different between the initial and
later stages to respond the item with some limitations, for
example, a limit maximum time. It is obviously not practical
to assume the constant hazard ratio.

In this paper, we propose a class of flexible and item-
specific nonproportional hazards models, namely, general-
ized odds-rate hazards models (GORH), which is an exten-
sion of the model presented in Range and Kuhn [25, 28].
The generalized odds-rate class of regression models is not
new, which has been widely used to fit the survival data
[3, 6, 24, 5, 32, 2]. GORH overcomes the limitations of the
proportional hazards model and more flexible than the PH
model. The class of GORH’s is governed by a set of non-
proportionality parameters, which are general enough to in-
clude the PH model and the proportional odds (PO) model
as the special cases. GORH reduces to the model considered
in Ranger and Kuhn [28] by setting the non-proportionality
parameters to be the same across all items. In addition, the
item-specific GORH model allows us to fit a different model
for a different item. If γj approaches to 0, GORH reduces
to the PH model, and if γj = 1, GORH reduces to the PO
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model for the jth item. Thus, the proposed item-specified
GORH model provides a great flexibility to fit the response-
time data from real applications. GORH can also be viewed
as a mixture model of PH with a gamma frailty, the con-
nection between GORH and the frailty model immediately
leads us to develop a modeling strategy for the “baseline”
hazard function, and to facilitate an easy implementation of
an efficient computational algorithm to carry out Bayesian
inference. Furthermore, when we construct the item-specific
GORH with a piecewise constant baseline hazard function,
the joint models of the response and response-time are not
identifiable due to the trade off relationships between the
speed parameter, time intensity parameter, time discrim-
ination parameter and the baseline function. In this arti-
cle, we carefully characterize this non-identifiability issue
and then provide an easy solution to resolve this issue. We
empirically show that the proportional hazards assumption
does not hold for the Programme for International Student
Assessment (PISA) science data. PISA is the Organization
for Economic Cooperation and Development (OECD) Pro-
gramme for International Student Assessment, which mea-
sures the 15-year-old subject’s ability to use his/her reading,
mathematics and science knowledge and skills to meet real-
life challenges. More details can be found at http://www.
oecd.org/pisa/. Thus, GORH is more desirable to fit the
PISA data.

The rest of the article is organized as follows. Section 2
introduces commonly used PH and PO models and presents
the detailed development and the properties of a new flex-
ible and item-specific GORH model. Section 3 presents the
IRT model, the hierarchical model framework, and the joint
likelihood of the responses and response-time. Section 4 is
devoted to the specification of priors, the construction and
computation of Bayesian model comparison criteria. In Sec-
tion 5, three simulation studies are conducted to examine
the empirical performance of the Bayesian model selection
criteria and the parameter recovery. An in-depth analysis of
the PISA science data is carried out in Section 6. Section 7
concludes the article with a brief discussion.

2. IRT MODEL AND A GENERALIZED
SEMI-PARAMETRIC RESPONSE-TIME

MODEL

2.1 Item response theory model

Let yij denote the response of individual i answering item
j. We assume a two parameter logistic model (2PLM) [43]
for yij given by
(1)

pij ≡ Pj(θ
∗
i ) = P (yij = 1 |θ∗i , aj , bj ) =

exp {aj(θ∗i − bj)}
1 + exp {aj(θ∗i − bj)}

for i = 1, ..., N and j = 1, ..., J . In (1), the correct response
probability is represented by pij , θ

∗
i denotes the ability of

individual i, and aj and bj indicate discrimination and diffi-
culty parameters for item j, respectively. The discrimination
parameters distinguish the subjects with different abilities
in answering the items correctly while the difficulty param-
eters describe the extent of easiness for subjects to respond
the items correctly.

2.2 A generalized semi-parametric
response-time model

The response-time, as discussed in the literature, depend
on the impact of two factors. On the one hand, the response-
time may depend on individual’s response speed, that is, the
individual who answers quickly needs less time to complete
the item. On the other hand, the response-time may depend
on the difficulty level of the item, i.e., the more difficult
item may require longer time to answer. Next, two most
commonly used response time models in survival analysis,
i.e., PH and PO, will be introduced. Moreover, our GORH
and its properties will also be discussed.

2.2.1 Proportional hazards models

In the proportional hazards model, the hazard rate λ(t)
is used to characterize the response-time distribution, which
denotes the probability that an event will occur in the next
instant given that the event has not yet occurred. Let T be
the random variable representing the response-time. Also let
f(t) be the probability density function of the response-time
T and let F (t) be the corresponding cumulative distribution
function. Therefore, the survival function is defined as the
probability that the response-time exceeds t, that is, S(t) =
P (T > t) for t > 0. The hazards rate can be defined as

λ(t) = lim
Δt→0

P (t ≤ T < t+Δt |T ≥ t )

Δt
= −dS(t)/dt

S(t)
.

Let τ∗i be the latent speed parameter for individual i, and
also let ς∗j and φj represent the time intensity and the dis-
criminating parameter of item j, respectively. Then, the haz-
ard rate is given by

(2) λ(t; τ∗i , φj , ς
∗
j ) = λ∗

0(t) exp
{
φj(τ

∗
i − ς∗j )

}
,

where λ∗
0(t) is the baseline hazard rate. The individual and

item characteristics that affect the response-time into the
exponent are introduced to make the parameter part more
fully explaining the change of response-time. Given the indi-
vidual speed parameter τ∗i and the positive time discrimina-
tion parameter φj , the survival probability increases as the
time intensity ς∗j gets higher. Similarly, given the time in-
tensity parameter ς∗j and time discrimination parameter φj ,
the survival probability decreases as τ∗i increases. In terms of
the survival function S(t; τ∗i , φj , ς

∗
j ), PH can be equivalently

written as

(3) log[− log
{
S(t; τ∗i , φj , ς

∗
j )
}
] = ϕ0(t) + φj(τ

∗
i − ς∗j ),
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where ϕ0(t) = log
{∫ t

0
λ∗
0(u)du

}
and λ∗

0(t) is defined in (2).

Note that the linear predictor, ϕ0(t) + φj(τ
∗
i − ς∗j ), is con-

nected to the survival function via the log-log link.

2.2.2 Proportional odds model

An alternative formulation of the survival function is

(4) − logit
{
S(t; τ∗i , φj , ς

∗
j )
}
= ϕ0(t) + φj(τ

∗
i − ς∗j ),

which gives a widely used proportional odds regression
model in survival analysis. The large sample properties of
the estimates of the regression coefficients under this pro-
portional odds regression model are examined in [6] and [49]
in the simple two sample case.

2.2.3 Generalized odds-rate hazard model

We now derive a generalized form of the preceding
response-time models. A natural generalization of (3) and
(4) is

link
{
S(t; τ∗i , φj , ς

∗
j )
}
= ϕ0(t) + φj(τ

∗
i − ς∗j ),

where link(·) is a decreasing function, ϕ0(t) is a completely
unspecified nondecreasing and differentiable function, which
maps the positive half-line to the whole real line, so that
lim
t→0

ϕ0(t) = −∞ and lim
t→∞

ϕ0(t) = ∞. By taking

link−1 {wij(t)} = [1 + γj exp {wij(t)}]−γ−1
j ,

where wij(t) = ϕ0(t) + φj(τ
∗
i − ς∗j ) and γj > 0, we obtain

the following survival function
(5)

S(t; τ∗i , φj , ς
∗
j , γj) =

[
1 + γj exp

{
ϕ0(t) + φj(τ

∗
i − ς∗j )

}]−γ−1
j

and the corresponding probability density function

f(t; τ∗i , φj , ς
∗
j , γj) =

exp{ϕ0(t) + φj(τ
∗
i − ς∗j )}ϕ

′

0(t)[
1 + γj exp{ϕ0(t) + φj(τ∗i − ς∗j )}

]1+γ−1
j

for t > 0. Equation (5) defines a class of GORHs governed by
an item-specific nonproportionality parameter γj . The PH
and PO models can be obtained by taking γj → 0 and γj =
1, respectively. In (5), ϕ0(t) controls the form of the baseline
hazard type of function. The model in (5) belongs to a class
of frailty transformation models considered in [50, 9]. The
following propositions summarize the relationships between
GORH and PH as well as between GORH and PO.
Proposition 1 Suppose Sij(t; τ

∗
i , φj , ς

∗
j , γj) is given by (5).

Then, we have the following results:
(1) The hazard rate is given by

λ
(
t; τ∗i , φj , ς

∗
j , γj

)
=

ϕ
′
0(t) exp{ϕ0(t)+φj(τ

∗
i −ς∗j )}

[1+γj exp{ϕ0(t)+φj(τ∗
i −ς∗j )}]

for t > 0, γj > 0, where ϕ
′

0(t) =
d
dtϕ0(t) > 0.

(2) As γj → 0,

λ(t; τ∗i , φj , ς
∗
j , γj) → ϕ

′

0(t) exp
{
ϕ0(t) + φj(τ

∗
i − ς∗j )

}
giving PH.

(3) If γj = 1, then

1− Sij(t; τ
∗
i , φj , ς

∗
j , γj)

Sij(t; τ∗i , φj , ς∗j , γj)
= exp

{
ϕ0(t) + φj(τ

∗
i − ς∗j )

}
giving PO.
Proposition 2 GORH can also be considered as a general-
ized proportional odds model. The class of models given by
(5) implies

1− Sγj (t; τ∗i , φj , ς
∗
j , γj)

Sγj (t; τ∗i , φj , ς∗j , γj)
= γj exp

{
ϕ0(t) + φj(τ

∗
i − ς∗j )

}
for t > 0, γj > 0.

The proofs of Propositions 1 and 2 are straightforward.
Let Λ0(t) = exp {ϕ0(t)}, which can be viewed as the
baseline cumulative hazard type of function. We rewrite

Λ0(t) =
t∫
0

λ∗
0(u)du, where λ

∗
0(t) is a nonnegative function so

that
∞∫
0

λ∗
0(u)du = ∞. The corresponding probability density

function can be rewritten as
(6)

fij(t) = −S
′

ij(t) =
exp

{
φj(τ

∗
i − ς∗j )

}
λ∗
0(t)[

1 + γj exp
{
φj(τ∗i − ς∗j )

}
Λ0(t)

]1+γ−1
j

.

We now discuss an identifiability issue between the base-
line hazard type of function λ∗

0(t) and the item time inten-
sity parameters ς∗j ’s. To see this, we consider the following
reparametrization:
(7)

λ0(t) = λ∗
0(t)/c0,Λ

∗
0(t) =

∫ t

0

λ0(u)du, ςj = ς∗j − log(c0)

φj
,

for any c0 > 0. Then (6) is equivalent to

(8) fij(t) =
exp {φj(τ

∗
i − ςj)}λ0(t)

[1 + γj exp {φj(τ∗i − ςj)}Λ∗
0(t)]

1+γ−1
j

.

Therefore, the baseline hazard type of function λ∗
0(t) in (6)

is not identifiable as the form of the density in (8) is identical
to (6) after the reparametrization (7). In other words, λ∗

0(t)
is identifiable up to a constant multiplier c0 > 0.

We consider a piecewise constant baseline hazard type of
function for λ0(t). Specifically, we construct a finite partition
of the time axis, 0 = s0 < s1 < s2 < ... < sV , with sV > tij
for all individuals and items. We then assume that λ0(t) =
λv when t ∈ (sv−1, sv] for v = 1, ..., V . To ensure model
identifiability, we assume λ1 = 1. This assumption implies
that we take c0 = λ∗

1 when λ∗
0(t) = λ∗

v, t ∈ (sv−1, sv], for
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v = 1, ..., V . We may also view λv as a relative baseline
hazard rate over the baseline hazard rate defined on the
first interval (0, s1] for v = 2, . . . , V . We use this modeling
strategy for the GORH models as well as the PH and PO
models.

3. HIERARCHICAL MODEL FRAMEWORK
AND LIKELIHOOD

3.1 Hierarchical model framework

It has been widely recognized that the response-time
should be modeled with item responses associated with the
item response theory model. Based on the existing response-
time models [34, 44, 47, 11, 36, 39, 23], we employ the hi-
erarchical modeling method to construct the higher level
model, where the responses and response-times are modeled
in the first level, respectively, and then assume the multi-
variate normal distribution to capture the relation between
the participant’s parameters.

The individual parameters Ui = (θ∗i , τ
∗
i )

′ are assumed to
follow a bivariate normal distribution, that is,

Ui ∼ MVN(μP ,ΣP )

with mean vector and covariance matrix as follow, respec-
tively,

μP = (μθ, μτ )
′
,ΣP =

(
σ2
θ ησθστ

ησθστ σ2
τ

)
.

To ensure identifiability, the following constraints are im-
posed. The locations and scales of θ∗i and τ∗i are fixed as
μθ = 0, σ2

θ = 1, μτ = 0, and σ2
τ = 1, where the first

two constraints are standard in the IRT parameter esti-

mation and the latter two constraints fix the location and
the scale of τ∗i . In order to give a more clear interpreta-
tion and facilitate Bayesian computation, a reparameteriza-
tion is adopted. To be specific, (θ∗i , τ

∗
i )

′
= Γ (θi, τi)

′
with

Γ =

(
1 0
sinϕ cosϕ

)
. Then θi and τi are independent to

each other and each follows a standard normal distribution
N(0, 1). Let η = sinϕ, which describes the correlation be-
tween the untransformed ability θ∗i and speediness τ∗i .

3.2 Joint likelihood of response and
response-time

Let tij denote the response-time of individual i answering
item j. Write Y = (yij ; i = 1, . . . , N, j = 1, . . . , J) and
T = (tij ; i = 1, . . . , N , j = 1, . . . , J). For any tij , there exists
vij such that tij belongs to the interval

(
svij−1, svij

]
. Hence,

the baseline hazard type of rate at tij is λ0(tij) = λvij . Then,

the joint likelihood function can be written as
(9)

L(Y ,T |Ω)

=
N∏
i=1

J∏
j=1

(
λvij exp {φj(θi sinϕ+ τi cosϕ− ςj)}

×
[
1 + γj

{
λvij (tij − svij−1) +

vij−1∑
g=1

λg(sg − sg−1)

}

exp {φj(θi sinϕ+ τi cosϕ− ςj)}
]−1−γ−1

j

exp{yijaj(θi−bj)}
1+exp{aj(θi−bj)}

)
,

where Ω = (θ,a, b, τ ,φ, ς,λ,γ, ϕ), θ = (θ1, . . . , θN )′,
a = (a1, . . . , aJ)

′, b = (b1, . . . , bJ)
′, τ = (τ1, . . . , τN )′,

φ = (φ1, . . . , φJ)
′, ς = (ς1, . . . , ςJ)

′, and λ = (λ2, . . . , λV )
′

as λ1 = 1.

4. BAYESIAN INFERENCE

In this section, we present the specification of the pri-
ors, the formulation and computation of the posterior dis-
tribution, and the development of the Bayesian model as-
sessment measures for carrying out Bayesian inference un-
der the proposed item-specific GORH model. Compared to
the maximum likelihood based inference [26], the Baysian
inference has several advantages. First, due to the recent
advance in Bayesian computation, especially the develop-
ment of Markov chain Monte Carlo (MCMC) sampling, it
becomes computationally feasible to sample from the analyt-
ically intractable posterior distribution with the potentially
high-dimensional latent ability and speed parameters. Sec-
ond, MCMC sampling enables us to make exact inference
without sorting to asymptotic calculations. In particular,
under the maximum likelihood based approach, the variance
estimates require asymptotic arguments and complicated
derivations while the posterior standard deviations as well
Bayesian credible intervals are the byproducts of MCMC
sampling. Third, the Bayesian model assessment measures
such as the deviance information criterion (DIC) [33] and the
logarithm of the pseudomarginal likelihood (LPML) [14, 16]
can be conveniently computed via MCMC sampling while
the computation of the Akaike’s information criterion (AIC)
[1] is quite challenging in the presence of high-dimensional
latent ability and speed parameters.

4.1 The prior and posterior distributions

For each of the discrimination parameter aj and the
time discrimination parameter φj , we assume a log-normal
distribution, i.e., log aj ∼ N(0, 1) and log φj ∼ N(0, 1)
for item j. The prior distribution for γj is assumed to
be an inverse Gamma distribution IG(υ1, ω1) with density

π(γj) ∝ γ
−(υ1+1)
j exp(−ω1/γj), where υ1 = ω1 = 1. A hier-

archical normal prior N(μb, σ
2
b ) is specified for the item dif-

ficulty parameter bj , where μb ∼ N(0, 10σ2
b ) and σ2

b follows
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an inverse gamma distribution IG(0.01, 0.01). A normal dis-
tribution N(0, 100) is assumed for ςj . In addition, the hyper-
parameters σ2

θ and σ2
τ are set to 1 to ensure identifiability.

For the correlation term ϕ, we specify a uniform distribu-
tion, which is U(−π/2, π/2). For the piecewise constant λv,
we assume an inver-gamma distribution, i.e. IG(.01, .01).
These priors are denoted by p(θi), p(τi), p(aj), p(bj |μb, σ

2
b ),

p(φj), p(ςj), p(γj), p(λv), p(ϕ), and p
(
μb, σ

2
b

)
. Then, the

posterior distribution can be written as

(10)

p(Ω |Y ,T ) ∝ L(Y ,T |Ω )
N∏
i=1

p(θi)p(τi)

×
J∏

j=1

p(bj |μb, σ
2
b )p(ςj)p(aj)p(φj)p(γj)

V∏
v=2

p(λv)

×p(ϕ)p
(
μb, σ

2
b

)
,

where the likelihood function L(Y ,T |Ω ) is defined in (9).

We develop the codes using an R package NIMBLE [7, 8]
to sample from the posterior distribution given in (10).
The key NIMBLE codes used in the simulation studies and
the real data analysis are given in Section S.1 of the Sup-
plementary Materials, http://intlpress.com/site/pub/files/
supp/sii/2022/0015/0001/SII-2022-0015-0001-s002.pdf.

4.2 Bayesian model assessment

We consider DIC and LPML to compare different mod-
els. These two criteria are based on the log-likelihood
functions evaluated at the posterior samples of model pa-
rameters. Therefore, DIC and LPML can be easily com-

puted. Let
{
Ω(1), ...,Ω(R)

}
, whereΩ(r) = {(Ω(r)

ij , ϕ(r)); i =

1, ..., N, j = 1, ..., J}, Ω
(r)
ij =

(
θ
(r)
i , a

(r)
j , b

(r)
j , τ

(r)
i ,

φ
(r)
j , ς

(r)
j , λ

(r)
vij , γ

(r)
j

)′
for r = 1, ..., R, denote an MCMC sam-

ple from the posterior distribution in (10). Define

(11) Devij(Ω) = −2 log f(yij , tij |Ω ).

The log-likelihood, log f(yij , tij |Ω ), is readily available from
MCMC sampling outputs. The deviance information crite-
rion is defined as

DIC = Dev(Ω̂) + 2PD,

where Ω̂ denotes the posterior means of Ω, Dev(Ω) =
N∑
i=1

J∑
j=1

Devij(Ω) is the deviance function, and PD =

E
[
Dev(Ω) |Y ,T

]
− Dev(Ω̂) is the effective number of

model parameters. The model with a smaller DIC has a
better fit to the data. For the ith subject and the jth
item, we define DICij = Devij(Ω̂) + 2PDij , where PDij

is defined in a similar fashion as PD. Letting Uij,max =

max
1≤r≤R

{
− log f(yij , tij

∣∣∣Ω(r)
ij )

}
, a Monte Carlo estimate of

the conditional predictive ordinate [15, 4] is given by

log ̂(CPOij) = −Uij,max

− log

[
1

R

R∑
r=1

exp
{
− log p(yij , tij

∣∣∣Ω(r)
ij )− Uij,max

}]
.

(12)

Note that the maximum value adjustment used in

log ̂(CPOij) plays an important role in numerical stabiliza-

tion in computing exp
{
− log p(yij , tij

∣∣∣Ω(r)
ij )− Uij,max

}
in

(12). A summary statistic of the ̂CPOij is the sum of their
logarithms, which is called the LPML and given by

LPML =

N∑
i=1

J∑
j=1

log ̂(CPOij).

The model with a larger LPML has a better fit to the data.

5. SIMULATION STUDY

Two factors are considered in the simulation design. The
first factor is the number of individuals, which is varied in
two levels (N =500, 1000), and the second factor is the
number of items, which is varied in two levels (J = 20,
40). The 2PLM and GORH with different γj ’s for different
items and a constant baseline type of hazard function (i.e.,
λ1 = 1 and V = 1) are used, respectively, to generate the
response and response-time data. Four different levels (0.25,
0.75, 1.25, 1.75) are selected for γj , and each of these values
accounts for 25% of the items. Three response time models,
PH, GORH with same γ for all items (GORHS), and GORH
with different γj ’s, are used to fit the simulated data.

The true values for the discrimination parameters aj ’s
is generated from a uniform distribution U(0.5, 1.5) and the
time discrimination parameters φj ’s is generated from a uni-
form distribution U(0.7, 1.3) for item j. The latent ability
parameter θi and the speed parameter τi are generated from
N(0, 1) for individual i, respectively. Further, let the correla-
tion related parameter ϕ be 0.5. In addition, the true values
of the difficulty parameter bj and the time intensity param-
eter ςj are also generated from N(0, 0.5). To implement the
MCMC sampling algorithm, chains of length 10000 with a
burn-in period of 2000 are chosen. There are 500 replications
for each simulation condition.

5.1 Simulation 1

This simulation aims to evaluate whether PH for the
response-time is appropriate to fit the simulation data un-
der the condition of four different sample sizes. The results
of Bayesian model assessment for the DIC and LPML dif-
ferences between the fitted model and the true model are
shown in Table 1, where Q1 and Q3 denote the respective
25% and 75% quantiles of the DIC and LPML differences
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Figure 1. The boxplots of the DIC differences between PH and GORH (a), the DIC differences between GORHS and GORH
(b), the LPML differences between PH and GORH (c), and the LPML differences between GORHS and GORH (d) in

Simulation 1.

across simulation replicates. The corresponding boxplots are
showed in Figure 1. Both Table 1 and Figure 1 show the PH
model is the worst fitting model and the GORH model is
the best fitting model. The above results indicate that tra-
ditional PH is not appropriate in fitting such simulated data
compared with GORH and GORHS. Moreover, GORH can
tailor each item to a different distribution rather than a rigid
assumption that all items have the same non-proportional
parameter, yielding a better fit than GORHS. In applica-
tion, it may be necessary to introduce a new response-time
model so that the model is more flexible by adjusting the
non-proportional parameter. Our GORH just fills the gap.

As a part of this simulation study, for the simulated data
with 500 subjects and 20 items from the GORH with differ-
ent γj ’s, we also fit the GORH models with different piece-
wise constant baseline hazard type of functions. Specifically,
we consider V = 1, V = 10, and V = 20 for the piecewise

constant hazard type of function. Our goal is to examine
the empirical performance of DIC and LPML in selecting
the true model with V = 1. Among the 500 replicates,
the counts for selecting the GORH models with V =1, 10,
and 20 pieces are 434, 59 and 7, respectively, according to
the DIC; and 479, 19 and 2, respectively, according to the
LPML. These results indicate the good empirical perfor-
mance of the DIC and LPML in selecting the true baseline
hazard type of function under the GORH model. We note
that the LPML slightly outperforms the DIC since the cor-
rect rate for selecting the true model by the LPML is 95.8%,
which is higher than 86.8% by the DIC.

5.2 Simulation 2

This simulation study is conducted to evaluate the re-
covery performance of the posterior estimates under GORH
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Table 1. The results of Bayesian model assessment in Simulation 1

DIC Difference LPML Difference
Fitting Model Sample Size Median Q1 Q3 Median Q1 Q3

PH 500× 20 12022.09 11646.16 12496.44 −7491.49 −7771.33 −7275.88
500× 40 32010.78 31112.01 32877.80 −18592.48 −19053.43 −18066.62
1000× 20 24391.94 23758.87 25079.43 −15135.10 −15526.83 −14775.41
1000× 40 65175.29 64000.73 66340.55 −37647.55 −38321.68 −36995.35

GORHS 500× 20 760.34 727.14 796.06 −370.47 −387.70 −353.27
500× 40 1510.95 1464.81 1569.15 −745.82 −776.59 −722.04
1000× 20 1540.87 1486.77 1595.93 −749.67 −777.43 −722.89
1000× 40 3072.91 2995.07 3140.44 −1518.84 −1552.58 −1479.10

model. Five indexes are used to assess the accuracy of
the parameter estimates. Let ϑ be the parameter of inter-
est. We generate M = 500 data sets. Also, let ϑ̂(m) and
SD(m) denote the posterior mean and the posterior stan-
dard deviation of ϑ obtained from the mth simulated data
set for m = 1, ...,M . The bias and the mean squared er-

ror (MSE) are defined as Bias = 1
M

M∑
m=1

(ϑ̂(m) − ϑ) and

MSE = 1
M

M∑
m=1

(ϑ̂(m) − ϑ)2. The simulation standard error

(SE) is the square root of the sample variance of the pos-
terior estimates over different simulated data sets, which

is given by SE =

√
1
M

∑M
m=1

(
ϑ̂(m) − 1

M

∑M
	=1 ϑ̂

(	)
)2

, and

the average of the posterior standard deviations is defined

as SD = 1
M

M∑
m=1

SD(m). The coverage probability (CP) is

computed as CP = 1
M (the number of 95% HPD intervals

containing ϑ in M simulated datasets). The true value, aver-
age absolute Bias, MSE, SE, SD and CP for the parameters
of interest across items or subjects are reported in Table 2.
The following conclusions are drawn. (i) The values of Bias
and MSE for the item parameters decrease as the number
of individuals increases from 500 to 1000 when J = 40. In
most cases, the values of Bias and MSE for the item pa-
rameters are close to 0. Moreover, for the non-proportional
parameters γj ’s that regulate the shape of the distribution,
the values of Bias and MSE also decrease when the number
of individuals increases. (ii) Based on the results of SD, we
find that the values of SD for the item parameters decrease
as the number of individuals increases from 500 to 1000,
which indicates that the estimation becomes more accurate
when the number of individuals increases. The results for
the ability and speed parameters show the same trend with
the increase of the number of items. Moreover, almost for
all of the parameters, the values of SD and SE are simi-
lar, which indicates that the true variability of the posterior
means across different replications is similar to the estimated
variability of the posterior mean in each replication. Conse-
quently, the values of CP are around 95% for almost all of
the parameters under the four simulated conditions. All of
the recovery results for all different settings are good. The

Figure 2. The boxplots in Simulation 3.

detailed recovery results including the true values for the

item parameters under 500× 20 are given in Tables S.1 and

S.2 of the Supplementary Materials.

5.3 Simulation 3

This simulation focuses on the model performance of the

PH, GORH and GORHS model when the data are gener-

ated from the PH model. We set N = 500 and J = 20,

and fit the PH, GORH and GORHS models to examine the

empirical performance of DIC and LPML and the posterior

estimates under the PH model. Figure 2 shows the boxplots

for the DIC and LPML differences between the fitted model

and the PH model. The values of the median, Q1 and Q3

of the DIC differences are 257.13, 247.78, and 265.35, re-

spectively, for comparing GORH to PH; and 67.08, 64.53,

and 70.31, respectively, for comparing GORHS to PH. The

values of the median, Q1 and Q3 of the LPML differences

are −81.54, −88.37, and −75.20, respectively, for comparing

GORH to PH; and −12.23, −14.93, and −9.35, respectively,

for comparing GORHS to PH. These results show that the

difference between the PH and GORH models is small, and

there is almost no difference between the PH and GORHS

models. Table 3 presents the recovery results of the param-

eters under the PH model, indicating good recovery results.
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Table 2. The results of the posterior estimates under the GORH model in Simulation 2

Sample Size Parameter True Bias MSE SD SE CP

a .888 .014 .019 .139 .135 .951
b .456 .009 .017 .145 .128 .968
φ .881 .008 .007 .086 .082 .959

500×20 ς .401 .021 .017 .132 .122 .959
γ 1.000 .012 .009 .092 .090 .946
θ .790 .183 .223 .477 .404 .950
τ .806 .199 .218 .467 .394 .948
ϕ .500 .013 .001 .051 .032 .992

a .897 .014 .016 .128 .124 .951
b .390 .017 .015 .136 .120 .968
φ .901 .019 .007 .082 .077 .952

500 × 40 ς .446 .029 .016 .129 .118 .963
γ 1.000 .011 .009 .091 .088 .948
θ .790 .102 .127 .362 .328 .951
τ .806 .118 .124 .355 .319 .949
ϕ .500 .020 .001 .044 .022 .996

a .888 .012 .009 .098 .095 .951
b .456 .012 .009 .102 .093 .964
φ .881 .011 .004 .061 .057 .956

1000 × 20 ς .401 .027 .009 .092 .085 .950
γ 1.000 .007 .005 .066 .064 .947
θ .794 .178 .220 .478 .404 .951
τ .798 .194 .215 .465 .395 .948
ϕ .500 .014 .000 .036 .024 .990

a .897 .012 .008 .090 .088 .949
b .390 .015 .008 .097 .088 .962
φ .901 .018 .004 .059 .056 .948

1000 × 40 ς .446 .029 .008 .089 .082 .953
γ 1.000 .006 .004 .064 .064 .947
θ .794 .097 .126 .362 .329 .951
τ .798 .113 .123 .353 .320 .949
ϕ .500 .016 .001 .032 .017 .996

Table 3. The results of the posterior estimates under the PH model in Simulation 3

Parameter True Bias MSE SD SE CP

a .888 .015 .018 .138 .133 .955
b .456 .029 .015 .131 .113 .965
φ .881 .002 .002 .055 .047 .974
ς .401 .033 .005 .076 .061 .972
θ .790 .176 .212 .467 .394 .950
τ .806 .143 .128 .357 .309 .946
ϕ .500 .015 .001 .047 .028 .992

6. EMPIRICAL EXAMPLE

6.1 Data description

In this example, the 2015 computer-based PISA (Pro-
gram for International Student Assessment) sciences data
are used. Among the countries that have participated in
the computer-based assessment of sciences, we choose the
United States of America (USA). The original sample size
is 658, and 110 students with Not Reached (original code
6) or Not Response (original code 9) are removed, where

the Not Reached and Not Response (omitted) are treated
as missing data. The sample size of the final data is 548
and both the responses and the response-time are avail-
able for all of these individuals. All 16 items are scored us-
ing a dichotomous scale. The descriptive statistics for this
PISA data set are shown in Table 4. We find that the
three items, DR442Q05C, DR442Q06C and CR442Q07S,
have the lowest correct rates compared to the other items,
and their values are 0.257, 0.232 and 0.285, respectively.
Moreover, the three items with the highest correct rates are,
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Figure 3. Frequency histograms of the correct rates and the
response-times for 548 individuals.

Table 4. The descriptive statistics for PISA 2015 released
computer-based sciences items

Response-Time
Item Correct rate Median IQR

CR083Q01S .542 .510 (.31,.95)
CR083Q02S .836 .700 (.52,.98)
CR083Q03S .752 .542 (.39,.81)
CR083Q04S .666 .799 (.53,1.19)
DR442Q02C .801 2.325 (1.54,3.70)
DR442Q03C .765 1.594 (.93,2.44)
DR442Q05C .257 1.379 (.94,1.96)
DR442Q06C .231 2.498 (1.66,3.73)
CR442Q07S .285 .358 (.25,.54)
CR245Q01S .538 1.608 (1.00,2.08)
CR245Q02S .600 .681 (.40,1.02)
CR101Q01S .436 .528 (.27,1.22)
CR101Q02S .876 .227 (.16,.38)
CR101Q03S .577 .377 (.27,.52)
CR101Q04S .801 .330 (.22,.68)
CR101Q05S .487 .587 (.44,.83)

Note that response-time unit is minute.

respectively, CR101Q02S (0.876), CR083Q02S (0.836) and
DR442Q02C (0.801). The three most time-consuming items
are DR442Q06C, DR442Q02C and CR245Q01S. Their me-
dian response-times are respectively 2.498 minutes, 2.325
minutes and 1.608 minutes. In addition, the frequency his-
togram of the correct rates for 548 examinees and the cor-
responding frequency histogram of the response-times are
shown in Figure 3.

6.2 Bayesian model comparison

Three models, PH, GORH and GORHS, are used to
fit the data. Moreover, the three fitted models with vari-
ous choices of the piece values (V ) are considered, where
V = 5, 15, 25, 35, 45, 55, 65, 80, 100. Following Ibrahim et al.
[16], Rizopoulos [29], and Zhang et al. [51], we use the pop-
ular equally-spaced quantile partition (ESQP) to construct
the partition of the time axis, 0 = s0 < s1 < s2 < ... < sV ,
for the piecewise constant hazard type of function. In the es-
timation procedure, the same hyper-parameter values that

are used as in Simulation are utilized to specify prior dis-
tributions for unknown parameters. In all of the Bayesian
computations, we have run 80,000 MCMC samples with a
burn-in of 30,000 iterations and thinned the MCMC sam-
ples for every 5 steps for each model to compute all posterior
estimates.

According to DIC and LPML as shown in Table 5, we find
that GORH with 65 pieces are the best fitting model com-
pared to the other models. The values of DIC and LPML
are 20210.5 and −10135.6, respectively. For the three fitted
models with the same number of pieces, PH is always the
worst, and the performance of GORH is always the best.
Moreover, the fitting results do not show that the more
pieces we use for the response-time model, the better fit
will be achieved. The model fitting becomes worse after 65
pieces. This indicates that the more dimensional penalty
kicks in as the number of pieces increases. The DIC and
LPML measures achieve a balance between the goodness-
of-fit and the model complexity. Next, we will analyze the
PISA data based on GORH.

6.3 Analysis of item parameters

The estimated results for the item parameters are shown
in Table 6. From Table 6, we see that the expected a pos-
teriori (EAP) estimates of the fourteen item discrimination
parameters are greater than one. This indicates that these
items can well distinguish the differences between different
abilities. In addition, the EAP estimates of the eleven dif-
ficulty parameters are less than zero, which indicates that
the eleven items are slightly easier than the other items.
The five most difficult items are items 8(DR442Q06C),
7(DR442Q05C), 9(CR442Q07S), 12(CR101Q01S) and 16
(CR101Q05S). The EAP estimates of the difficulty param-
eters for these five items are 1.029, 0.809, 0.758, 0.297 and
0.061, respectively. The corresponding correct rates for these
five items shown in Table 4 are 0.231, 0.257, 0.285, 0.436 and
0.487, respectively. The most difficult five items have the
lowest correct rates, which is consistent with our intuition.
The eleven EAP estimates of the time intensity parame-
ters are larger than two. According to the medians of the
response-times in Table 4, the three items with the longest
response-time are 8, 5 and 10, and the corresponding medi-
ans of the response-times are respectively 2.498, 2.325 and
1.608. The estimates of the time intensity parameters for
these three items are 5.011, 5.631 and 6.283, respectively.
This indicates that the factors of the items, such as the
length of item, have a great influence on the response-time.
Moreover, we find that the time intensity parameter for item
13 (CR101Q02S), ς13, has the smallest estimated value of
0.012, while the difficulty parameter, b13, also has the small
estimated value of −1.668. This may be due to the fact that
the item is so easy that the item can be answered correctly
and quickly.

Based on the sixteen non-proportional parameters, we
observe that the estimated values of all the parameters are
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Table 5. DIC and LPML with different number of pieces (V) for PISA under different models

DIC LPML

V PH GORHS GORH PH GORHS GORH

5 21678.4 21669.2 21478.3 −10995.9 −10910.6 −10739.8
15 21041.4 20813.7 20503.7 −10730.3 −10465.3 −10275.8
25 20989.0 20666.9 20362.9 -10700.7 −10387.5 −10208.4
35 20962.2 20591.8 20284.0 −10692.3 −10347.3 −10171.1
45 20962.3 20587.0 20280.1 −10691.3 −10348.0 −10170.0
65 20926.6 20524.6 20210.5 −10673.4 −10313.8 −10135.6
80 20962.2 20552.0 20230.9 −10694.2 −10329.2 −10146.1
100 20987.9 20570.0 20247.1 −10713.9 −10335.8 −10154.5

greater than zero, again confirming that the traditional PH
is not appropriate. The estimates of the non-proportional
parameters are different for different items, so it is obvi-
ously not appropriate to fit all items with the same non-
proportional parameter. According to the results of the
Monte Carlo standard error (MCSE), we see from Table 6
that the MCSEs for a, b, φ and γ are less than 0.011. This
indicates that our algorithm is convergent. Moreover, the
trace plots of the γj for some items and the correspond-
ing autocorrelation plots indicate good convergence of the
nonproportional parameters.

6.4 Analysis of individual parameters

The histograms of the posterior estimates of ability and
speed parameters are shown in Figure 4. Most of the esti-
mated ability parameters are near zero. The number of the
examinees with high ability (the estimates are between 1
and 2) is more than that of the examinees with low ability
(the estimates are between −2 and −1). The histogram of
the posterior means of the ability parameters is consistent
with the frequency histogram of the correct rates (Figure 3),
which once again verify that the results of estimation are ac-
curate. Similarly, most of the estimated values of the speed
parameters are also near zero. The number of the individ-
uals with high speed is more than that of the individuals
with slow speed, and some of them are larger than one.
This may be due to the reason that the individuals adopt a
rapid guessing strategy to answer the item, which requires
a further in-depth analysis of the item and individual.

6.5 Further model assessment

Next, we analyze the data by using Kaplan-Meier (KM)
plots. Based on the estimates of speed parameters, a subset
of the individuals who answer the sixteen items are selected
to form three groups, low speed, medium speed and high
speed. Specifically, the low speed group consists of the in-
dividuals whose τ̂∗i ’s are below 20% of all of the estimates
of the speed parameters, the middle speed group consists
of the individuals whose τ̂∗i ’s are between 40% and 60% for
all of the estimates of the speed parameters, and the high
speed group consists of the individuals whose τ̂∗i ’s are above

Figure 4. The histograms of the posterior estimates of ability
and speed parameters.

the upper 20% for all of the estimates of the speed parame-
ters. Then the KM plots of the response times stratified by
the items for the lower, middle, and high speed groups are
shown in Figures 5.

We analyze the impact of different non-proportional pa-
rameters on the survival curves for items 3, 4, 10, and 12
with γ3 = 0.516, γ4 = 0.514, γ10 = 0.616, and γ12 = 2.072,
respectively. We see from Figure 5 that (i) for the lower
speed group, the KM curves for items 10 and 12 are signifi-
cantly different with a Wilcoxon test p-value of 0.000125; (ii)
for the middle speed group, the KM curves for items 4 and
12 are significantly different with a Wilcoxon test p-value of
0.000390; (iii) for the high speed group, the KM curves for
items 3 and 12 are significantly different with a Wilcoxon
test p-value of 0.001494; and (iv) in all three plots, the two
KM curves are crossed each other. If PH would fit the data
well, the two KM curves between two items would never be
crossed each other. These results indicate that PH is not
appropriate for the PISA data, which is consistent with the
findings based on DIC, LPML, and the posterior estimates
of the non-proportional parameters.

In addition, we also compare DICij and CPOij under the
competitive models for different speed groups. The observa-
tion with a smaller value of DICij or a larger value of CPOij

under one model supports that model over the other. The
boxplots of DICPH

ij −DICGORH
ij and DICGORHS

ij −DICGORH
ij

are shown in Figures 6 while the boxplots of log
CPOGORH

ij

CPOPH
ij
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Table 6. The estimation results of item parameters for the PISA data

PARM EAP SD MCSE HPD PARM EAP SD MCSE HPD

a1 1.462 .170 .003 [1.131, 1.793] b1 -0.166 .084 .002 [−.325, .004]
a2 1.198 .173 .004 [.873, 1.541] b2 −1.714 .201 .004 [−2.120, −1.356]
a3 1.543 .193 .004 [1.170, 1.923] b3 −1.025 .113 .002 [−1.254, −.811]
a4 1.484 .180 .003 [1.133, 1.836] b4 −.660 .096 .002 [−.845, −.472]
a5 1.274 .170 .004 [.947, 1.615] b5 −1.421 .161 .004 [−1.743, −1.120]
a6 1.788 .224 .005 [1.363, 2.232] b6 −1.010 .103 .002 [−1.204, −.806]
a7 2.433 .318 .006 [1.870, 3.091] b7 .809 .081 .002 [.649, 0.967]
a8 1.762 .221 .004 [1.340, 2.198] b8 1.029 .105 .002 [.826, 1.235]
a9 1.990 .241 .004 [1.532, 2.471] b9 .758 .087 .002 [.591, .929]
a10 .938 .128 .002 [.675, 1.175] b10 −.204 .112 .002 [−.433, .007]
a11 1.467 .171 .003 [1.141, 1.810] b11 −.394 .086 .002 [−.562, −.224]
a12 1.048 .134 .002 [.789, 1.312] b12 .297 .105 .002 [.092, .500]
a13 1.696 .242 .005 [1.241, 2.174] b13 −1.668 .161 .004 [−1.974, −1.346]
a14 1.360 .161 .003 [1.063, 1.690] b14 −.313 .090 .002 [−.483, −.132]
a15 1.682 .219 .005 [1.253, 2.110] b15 −1.221 .122 .003 [−1.465, −.991]
a16 .927 .125 .002 [.689, 1.182] b16 .061 .109 .002 [−.144, .287]

φ1 .767 .092 .003 [.590, .953] ς1 2.208 .311 .013 [1.645, 2.841]
φ2 .464 .072 .005 [.310, .592] ς2 5.934 1.000 .071 [4.243, 8.177]
φ3 .562 .070 .004 [.428, .700] ς3 3.925 .556 .034 [2.888, 4.967]
φ4 .819 .074 .004 [.673, .967] ς4 3.709 .369 .022 [3.038, 4.449]
φ5 1.034 .112 .009 [.794, 1.248] ς5 5.631 .622 .051 [4.466, 6.923]
φ6 1.292 .104 .007 [1.092, 1.495] ς6 3.642 .299 .021 [3.095, 4.260]
φ7 1.079 .089 .007 [.917, 1.262] ς7 4.250 .350 .026 [3.585, 4.941]
φ8 1.223 .123 .010 [.986, 1.463] ς8 5.011 .492 .039 [4.064, 5.954]
φ9 .680 .074 .002 [.534, .823] ς9 1.767 .253 .012 [1.297, 2.287]
φ10 .744 .104 .009 [.565, .955] ς10 6.283 .895 .076 [4.606, 7.978]
φ11 .929 .080 .004 [.776, 1.080] ς11 2.737 .277 .016 [2.229, 3.265]
φ12 1.079 .112 .003 [.858, 1.295] ς12 1.349 .184 .008 [.997, 1.709]
φ13 .628 .083 .002 [.470, .794] ς13 .012 .194 .010 [−.399, .370]
φ14 .776 .074 .002 [.632, .922] ς14 1.523 .206 .010 [1.138, 1.932]
φ15 1.013 .094 .002 [.833, 1.200] ς15 .932 .142 .007 [.651, 1.208]
φ16 .693 .075 .004 [.541, .836] ς16 3.301 .407 .024 [2.542, 4.113]

γ1 1.281 .119 .005 [1.042, 1.506] γ9 .614 .073 .003 [.473, .756]
γ2 .617 .074 .003 [.470, .762] γ10 .616 .114 .007 [.398, .845]
γ3 .516 .069 .003 [.378, .650] γ11 .535 .076 .003 [.388, .680]
γ4 .514 .072 .003 [.381, .661] γ12 2.072 .159 .007 [1.750, 2.371]
γ5 1.174 .170 .011 [.844, 1.502] γ13 1.095 .091 .003 [.918, 1.277]
γ6 .830 .120 .007 [.601, 1.069] γ14 .565 .067 .002 [.435, .694]
γ7 .487 .088 .005 [.316, .662] γ15 1.166 .114 .005 [.949, 1.391]
γ8 .926 .152 .009 [.636, 1.225] γ16 .643 .068 .003 [.520, .781]

Note: PARM denotes parameter, EAP is the expected a posteriori estimate, SD denotes the posterior standard deviation, MCSE
denotes the Monte Carlo standard error, HPD denotes the 95% highest posterior density interval.

and log
CPOGORH

ij

CPOGORHS
ij

are shown in Figure 7 for item 4. We see

from these boxplots that the GORH model fits the PISA
data consistently better than both the PH model and the
GORHS model. The similar boxplots for items 3 and 7 are
shown in Figures S.1 to S.4 of the Supplementary Materials.

7. CONCLUSION AND DISCUSSION

In this paper, we propose a novel and flexible class of
semi-parametric response-time models (GORH), which in-
clude the PH model and the PO model commonly used

in survival analysis as special cases. A joint model is con-
structed by the new response-time model associated with
the IRT model for fitting the binary item responses and the
continuous response-times. In the analysis of the PISA data,
we have empirically shown that GORH fits the data better
than PH and GORHS according to the DIC and LPML cri-
teria. Moreover, the posterior estimates of the nonpropor-
tional parameters γj ’s are not too close to 0, confirming that
GORH is preferred over PH once again.

In this article, only DIC and LPML are considered. Other
Bayesian model selection criteria such as marginal likeli-
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Figure 5. The survival curves of the response-times for the low, middle and high speed group.

Figure 6. The boxplots of DICPH
i4 −DICGORH

i4 (left) and
DICGORHS

i4 −DICGORH
i4 (right) in different Speed Groups for

Item 4.

Figure 7. The boxplots of log
CPOGORH

i4

CPOPH
i4

(left) and

log
CPOGORH

i4

CPOGORHS
i4

(right) in different Speed Groups for Item 4.

hoods may also be potentially useful for the joint frame-

work of the IRT responses and the response-times. In ad-

dition, the joint models can be easily extended to fit the

complex response-times and the item response data, for ex-

ample, including the covariates information with multilevel

structures, the polytomous test structure, and the detection

of abnormal response behaviors and so on. These extensions

are beyond the scope of this paper but they are currently

under further investigation.
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