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Bayesian estimation for partially linear varying
coefficient spatial autoregressive models
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We propose a fully Bayesian estimation approach for par-
tially linear varying coefficient spatial autoregressive mod-
els on the basis of B-spline approximations of nonparametric
components. A computational efficient MCMC method that
combines the Gibbs sampler with Metropolis-Hastings algo-
rithm is implemented to simultaneously obtain the Bayesian
estimates of unknown parameters, as well as their standard
error estimates. Monte Carlo simulations are used to investi-
gate the finite sample performance of the proposed method.
Finally, a real data analysis of Boston housing data is used
to illustrate the usefulness of the proposed methodology.
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1. INTRODUCTION

Spatial regression models are important tools in dealing
with spatial dependent data which is widely available in
many fields such as spatial econometrics, regional science
economics, finance, biology and so on. Among them, the spa-
tial autoregressive models (SARMs) proposed by Cliff and
Ord (1973) are powerful and useful approaches for discov-
ering structural dependence in data. Partially because that
SARMs have prominent advantages such as high precision,
the quite direct physical interpretation, the desiring predic-
tion capability and the easy accessible inference procedures
that are implemented in existing procedures in statistic soft-
ware. Therefore, in recent years, SARMs have received much
attention and have become an important research topic in
econometrics and statistics. However, parametric spatial au-
toregressive models are highly sensitive to model misspeci-
fication, so they may not be adequate in many complex sit-
uations. To capture the underlying nonlinear relationships
between the dependent variables and their associated co-
variates, some nonparametric and semiparametric spatial
autoregressive models have recently been proposed and sys-
tematically analyzed in a frequentist setting. For example,
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Su and Jin (2010) developed a profile quasi-maximum like-
lihood estimation approach for partially linear spatial au-
toregressive model, and studied the asymptotic properties of
the proposed estimators. Sun (2016) studied a spatial vary-
ing coefficient models with nonparametric spatial weights.
Wei et al. (2017) proposed a semiparametric partially lin-
ear varying coefficient spatial autoregressive model, where
a profile quasi-maximum likelihood approach based on the
local-linear method was introduced. Du et al. (2018) de-
veloped the partially linear additive spatial autoregressive
models, and proposed the estimation method via combin-
ing the spline approximations with instrumental variables
estimation method. Under mild conditions, they established
the asymptotic normality for the finite parametric vector
and the optimal convergence rate for nonparametric func-
tions. Sun et al. (2019) proposed a series-based two-stage
least square estimating method and established the asymp-
totic theories of the proposed estimates.

In addition, with the fast development of Markov chain
Monte Carlo (MCMC) methods and the Bayesian method
has some good properties such that (i) it considers the use
of prior information in obtaining better results; (ii) it can
give more reliable results even though under small sample
sizes; and (iii) it presents the conditional distributions of
the parameters of interest, from which some quantities such
as parameter of interest and its variance can be estimated,
so that Bayesian inference for various statistical models has
been receiving a lot of attention in recent years. For example,
Tang and Duan (2012) developed a semiparametric Bayesian
method for the generalized partial linear mixed models with
longitudinal data. Combining the variance modelling tech-
nique with spline approximation, Xu and Zhang (2013) in-
troduced Bayesian inference for the partially linear model
with variance modelling. Tang et al. (2018) introduced a
semiparametric Bayesian approach to make Bayesian infer-
ence on the transformation linear mixed models. Pfarrhofer
and Piribauer (2019) proposed two shrinkage priors to make
Bayesian variable selection for high-dimensional spatial au-
toregressive models. Hardouin (2019) proposed a variational
bayesian method to estimate the logistic spatial regression.
Wang and Tang (2020) considered Bayesian inference on a
quantile regression model in the presence of nonignorable
missing covariates. However, to the best of our knowledge,
there is little work done for Bayesian analysis of partially
linear varying coefficient spatial autoregressive models. To
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end this gap, we propose a hybrid algorithm to simultane-
ously estimate the parametric component and nonparamet-
ric coefficient functions via combining the Gibbs sampler
with Metropolis-Hastings algorithm in this paper.

The outline of the paper is as follows. In Section 2, we
introduce the partially linear varying coefficient spatial au-
toregressive models. A Bayesian procedure based on a data
augmentation scheme for obtaining estimates is developed
in Section 3. The full conditional distributions for imple-
menting the sampling-based methods are also derived. To
illustrate the proposed methodology, results obtained from
a simulation study are presented in Section 4. As an applica-
tion example, the Boston house price data are analyzed by
the proposed method in Section 5. The paper is concluded
with a brief discussion in Section 6.

2. PARTIALLY LINEAR VARYING
COEFFICIENT SPATIAL

AUTOREGRESSIVE MODELS

By accounting for spatial dependence among responses in
partially linear varying coefficient models (Fan and Huang,
2005), we build the following partially linear varying coeffi-
cient spatial autoregressive models:

Yi = ρ
n∑

j �=i

wijYj+XT
i β+ZT

i α(Ui)+εi, i = 1, 2, · · · , n, (1)

where Yi is a dependent variable corresponding to the ith
observation, Xi is a vector of explanatory variables and Ui

is a univariate observed covariate; |ρ| ≤ 1 is an unknown
parameter reflecting spatial autocorrelation between neigh-
bors, W = (wij), 1 ≤ i, j ≤ n is a specified n × n exoge-
nously spatial weight matrix with zero diagonal elements;
β = (β1, · · · , βp)

T is a p × 1 vector of unknown regression
coefficients and α(Ui) = (α1(Ui), · · · , αd(Ui))

T is a d × 1
vector of unknown smooth functions in the model; Zi is
the observation of explanatory variables associated with the
nonparametric components. In addition, the superscript T
denotes the transposed of a vector (or matrix). In this paper,
we only consider univariate Ui, without loss of generality, it
is assumed to be in the unit interval [0, 1].

Let us work with the matrix notation. Denote
Y = (Y1, Y2, · · · , Yn)

T , X = (X1, X2, · · · , Xn)
T ,

Z = (Z1, Z2, · · · , Zn)
T , ε = (ε1, ε2, · · · , εn)T , F =

(ZT
1 α(U1), Z

T
2 α(U2), · · · , ZT

n α(Un))
T . Then model (1) can

be written as

Y = ρWY +Xβ + F + ε, (2)

where we suppose the random errors ε ∼ N(0, σ2In), and
In is a n× n identity matrix.

Based on model (2), we can obtain the following likeli-
hood function

L(β, α(·), σ2, ρ|Y,X,Z)

∝ |A|(σ2)−
n
2 exp

{
− 1

2σ2
‖AY −Xβ − F‖2

}
, (3)

where A = In − ρW . Due to α(·) consists of nonpara-
metric functions, (3) is not directly ready for optimization.
Then, similar to He et al.(2005), we approximate the un-
known smooth functions α(·) in (3) by its B spline basis
function. More specifically, let B(u) = (B1(u), · · · , BL(u))

T

be B-spline basis functions with the order of M , where
L = kn + M , and kn is the number of interior knots. We
use the B-spline basis functions because they have bounded
support and are numerically stable. Selection of knots is
generally an important aspect of spline smoothing. In this
paper, similar to He et al. (2005), the number of internal
knots is taken to be the integer part of n1/5. Then, αk(u)
can be approximated by

αk(u) ≈ B(u)T γk, k = 1, · · · , d.

Substituting this into (3), we can obtain

�(β, γ, σ2, ρ|Y,X,Z)

∝ |A|(σ2)−
n
2 exp

{
− 1

2σ2
‖AY −Xβ − Ωγ‖2

}
, (4)

where γ = (γT
1 , · · · , γT

d )
T and ωi = Id ⊗ B(Ui) · Zi,Ω =

(ω1, ω2, · · · , ωn)
T .

3. BAYESIAN ESTIMATION OF PARTIALLY
LINEAR VARYING COEFFICIENT

SPATIAL AUTOREGRESSIVE MODELS

3.1 Prior density of parameters

To implement a Bayesian approach to estimate the pa-
rameters of the models, we need to specify a prior distribu-
tion for the parameters of the models. For simplicity, normal
priors are chosen as β ∼ N(β0, bβ), γ ∼ N(γ0, τ

2IK)(K =
dL), where the hyperparameters β0, γ0 and bβ are assumed
to be known vectors or matrix. In addition, τ2 is taken to
be Inverse Gamma IG(aτ , bτ ) with density function given
by

p(τ2|aτ , bτ ) ∝ (τ2)−aτ−1 exp

(
−bτ
τ2

)
,

and similarly σ2 is taken to be IG(c0, d0), where aτ , bτ and
c0, d0 are known positive numbers. For ρ we take a normal
prior ρ ∼ N(0, c), where c may be chosen dependent on
the prior belief of the researcher regarding the strength of
spatial association in the data.
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3.2 Gibbs sampling and full conditional
distributions

Let θ = (β, γ, σ2, ρ, τ2). Based on (4), we can sample from
joint posterior distribution p(θ|Y,X,Z) by Gibbs sampling
as following process.

Step 1. Setting initial values of parameters as θ(0) =
(β(0), γ(0), σ2(0), ρ(0), τ2(0)).

Step 2. Based on θ(l) = (β(l), γ(l), σ2(l), ρ(l), τ2(l)), com-
pute A(l) = In − ρ(l)W and Σ(l) = σ2(l)In.

Step 3. Based on θ(l) = (β(l), γ(l), σ2(l), ρ(l), τ2(l)), sam-
ple θ(l+1) = (β(l+1), γ(l+1), σ2(l+1), ρ(l+1), τ2(l+1)) as follows:

• Sampling τ2(l+1)|· ∼ Inverse Gamma IG(cτ , dτ ), where

cτ =
K

2
+ aτ and dτ =

(γ(l) − γ0)
T (γ(l) − γ0)

2
+ bτ .

• Sampling γ(l+1)|· ∼ normal distribution N(μ̃γ , Σ̃γ),
where

μ̃γ = Σ̃γ(τ
−2(l+1)IKγ0 +ΩTΣ(l)−1

(A(l)Y −Xβ(l))),

and Σ̃γ = (τ−2(l+1)IK +ΩTΣ(l)−1
Ω)−1.

• Sampling β(l+1)|· ∼ normal distribution N(μ̃β , Σ̃β),
where

μ̃β = Σ̃β(b
−1
β β0 +XTΣ(l)−1

(A(l)Y − Ωγ(l+1))),

and Σ̃β = (b−1
β +XTΣ(l)−1

X)−1.

• Sampling σ2(l+1)|· ∼ Inverse Gamma IG(cσ, dσ), where

cσ =
n

2
+ c0, dσ = eT (ρ(l), l + 1)e(ρ(l), l + 1)/2 + d0,

and e(ρ(l), l + 1) = A(l)Y −Xβ(l+1) − Ωγ(l+1).

• Sampling ρ(l+1)|· ∼: The full conditional distribution of
ρ is

p(ρ|Y,X,Z, β(l+1), γ(l+1), σ2(l+1)) ∝ |A| exp{−1

2
eT (ρ, l + 1)

Σ(l+1)−1
e(ρ, l + 1)− ρ2

2c
}.

Step 4. Repeating Steps 2 and 3.
Consequently, we can obtain sample series

(β(l), γ(l), σ2(l), ρ(l), τ2(l)), l = 1, 2, · · · from the above
the proposed algorithm. It is easy to show that the full
conditional distributions of τ2, γ, β and σ2 are some
familiar distributions, such as the Inverse Gamma and
normal distributions. Therefore, it is fast and convenient
to sample random variables from these standard distri-
butions. Unfortunately, the full conditional distribution

p(ρ|Y,X,Z, β(l+1), γ(l+1), σ2(l+1)) is a non-standard distri-
bution and rather complicated, thus drawing observations
from this full conditional distribution is rather difficult.
Hence, we use the well known Metropolis-within-Gibbs
algorithm to sample observations from this full conditional
distribution, for more details see Pfarrhofer and Piribauer
(2019).

3.3 Bayesian estimation

We could generate the observations from the above pro-
posed algorithm to obtain Bayesian estimators of the un-
known parameters (β, γ, σ2, ρ) and their corresponding stan-
dard errors.

Let {(β(j), γ(j), σ2(j), ρ(j)) : j = 1, 2, · · · , J} be the ob-
servations of (β, γ, σ2, ρ) generated from the joint full con-
ditional distribution p(β, γ, σ2, ρ|Y,X,Z) via the proposed
hybrid algorithm. The Bayesian estimates of (β, γ, σ2, ρ) are
defined as:

β̂ =
1

J

J∑
j=1

β(j), γ̂ =
1

J

J∑
j=1

γ(j), σ̂2 =
1

J

J∑
j=1

σ(2j),

ρ̂ =
1

J

J∑
j=1

ρ(j).

As is shown by Geyer (1992), (β̂, γ̂, σ̂2, ρ̂) are consistent es-
timates of their corresponding posterior means. Similarly,
the consistent estimates of the posterior covariance matri-
ces Var(β|θβ− , Y,X, Z),Var(γ|θγ− , Y,X, Z),Var(σ2|θσ2− , Y,
X, Z) and Var(ρ|θρ− , Y,X, Z) can be obtained via
the sample covariance matrices of the observations
{(β(j), γ(j), σ2(j), ρ(j)) : j = 1, 2, · · · , J}, where θβ− denotes
the parameter θ excluding β. For example,

V̂ar(β|θβ− , Y,X, Z) = (J − 1)−1
J∑

j=1

(β(j) − β̂)(β(j) − β̂)T .

Thus, standard errors can be obtained from the diagonal
elements of these matrices.

4. SIMULATION STUDY

In this section, we investigate the finite sample properties
of the proposed estimation method. The data are generated
from the following model

Yi = ρ
n∑

j �=i

wijYj+XT
i β+ZT

i α(Ui)+εi, i = 1, 2, · · · , n, (5)

where Xi is generated from multivariate normal distribution
with zero mean vector and covariance matrix being Σ̃ =
0.5|k−j|(k = 1, 2, 3, j = 1, 2, 3), Zi is also generated from
multivariate normal distribution with zero mean vector and
covariance matrix being Σ̃ = 0.5|k−j|(k = 1, 2, j = 1, 2), Ui

follows a uniform distribution U(0, 1). We set β = (1, 1, 1)T ,
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and α(ui) = (α1(ui), α2(ui))
T , where α1(ui) = sin(2πui)

and α2(ui) = 8ui(1 − u2
i ). For comparison, three different

values σ2 = 0.1, 0.5 and 1, which represent strong and weak
signal-to-noise ratios, are considered in this section. In ad-
dition, let the spatial parameter ρ = −0.5, 0, 0.5, which rep-
resents different spatial dependencies. Similar to Xie et al.
(2020), the weight matrix is set to be W = IR ⊗Hm, Hm =
(lmlTm − Im)/(m− 1), where lm is an m-dimensional vector
with all elements being 1,“⊗” means Kronecker product,
n = R ×m. We choose R to be 25, 40 and m to be 4, 8 in
this simulation.

In the simulation, we consider the noninformative prior
information type of hyperparameter values for unknown
parameters β, γ, σ2, ρ, τ2: β0 = (0, 0, 0)T , bβ = 100 × I3,
γ0 = (0, 0, 0)T , c0 = d0 = 0.01, aτ = bτ = 1, c = 10.

Based on the above settings and the generated data set,
the preceding proposed hybrid algorithm is used to evaluate
the Bayesian estimates of unknown parameters based on 100
replications. To investigate the convergence of the proposed
hybrid algorithm, the estimated potential scale reduction
(EPSR) values (Gelman, 1996) are computed for a number
of test runs on the base of three parallel chains of observa-
tions via three different starting values. We observe that in
all test runs, the EPSR values are close to 1 and less than
1.2 after 3000 iterations. Therefore, we can collect the obser-
vations after 3000 iterations with J = 2000 in producing the
Bayesian estimates for each replication and posterior sum-
mary of the parameters is presented in Tables 1-3. In order
to evaluate the performance of estimator α̂1(u) and α̂2(u),
we use the square root of average square errors to assess,
which is defined as follow: (RASE),

RASE(α̂k(u)) = E

{
1

n

n∑
i=1

[α̂k(ui)− αk(ui)]
2

} 1
2

, k = 1, 2.

The simulation results are reported in Table 4. Moreover,
to see accuracy of estimate of functions α1(u) and α2(u)
directly, we plot the true value of functions α1(u) and α2(u)
against its estimate under different cases. To save space,
we only list some nonparametric curve fitting results under
different spatial parameters in Figures 1-6.

In Tables 1-3, “Bias” denotes the absolute difference be-
tween the true value and the average of the Bayesian es-
timates of the parameters based on 100 replications, “SD”
denotes standard deviation of the Bayesian estimates and
“RMS” is the root mean square between the estimates based
on 100 replications and its true value. We can draw the fol-
lowing observations from Tables 1-3. (i) Bayesian estimates
are reasonably accurate under all the considered settings in
the sense that their Bias values and RMS values are reason-
able small, where the RMS values are close to their corre-
sponding SD values;(ii) Based on different spatial parame-
ters, the results of Bayesian estimation are similar; (iii) As
the variance σ2 becomes smaller and smaller, the Bayesian
estimation method behaves better and better. Examination

Table 1. Bayesian estimates of unknown parameters under
different cases when ρ = 0.5

σ2 R Para.
m = 4 m = 8

Bias SD RMS Bias SD RMS

1

25

β1 0.0210 0.1077 0.1098 0.0045 0.0829 0.0831
β2 0.0211 0.1441 0.1456 0.0143 0.1000 0.1010
β3 0.0023 0.1315 0.1315 0.0170 0.0920 0.0936
σ2 0.0117 0.1540 0.1544 0.0187 0.0998 0.1015
ρ 0.0023 0.0328 0.0329 0.0022 0.0304 0.0305

40

β1 0.0047 0.1024 0.1025 0.0082 0.0583 0.0589
β2 0.0027 0.1113 0.1114 0.0041 0.0634 0.0635
β3 0.0157 0.0970 0.0982 0.0009 0.0658 0.0658
σ2 0.0142 0.1281 0.1289 0.0026 0.0786 0.0786
ρ 0.0064 0.0266 0.0274 0.0001 0.0252 0.0252

0.5

25

β1 0.0007 0.0928 0.0928 0.0112 0.0674 0.0683
β2 0.0048 0.1039 0.1040 0.0087 0.0681 0.0686
β3 0.0075 0.0895 0.0898 0.0021 0.0628 0.0629
σ2 0.0152 0.0784 0.0799 0.0027 0.0524 0.0524
ρ 0.0019 0.0216 0.0217 0.0039 0.0248 0.0251

40

β1 0.0034 0.0685 0.0685 0.0038 0.0467 0.0469
β2 0.0003 0.0858 0.0858 0.0026 0.0504 0.0505
β3 0.0041 0.0741 0.0742 0.0109 0.0421 0.0435
σ2 0.0191 0.0617 0.0646 0.0032 0.0384 0.0385
ρ 0.0016 0.0166 0.0167 0.0003 0.0187 0.0187

0.1

25

β1 0.0053 0.0411 0.0415 0.0034 0.0281 0.0283
β2 0.0052 0.0468 0.0471 0.0024 0.0258 0.0259
β3 0.0018 0.0371 0.0371 0.0047 0.0250 0.0254
σ2 0.0039 0.0145 0.0151 0.0004 0.0102 0.0103
ρ 0.0017 0.0111 0.0112 0.0006 0.0103 0.0104

40

β1 0.0016 0.0304 0.0305 0.0006 0.0187 0.0187
β2 0.0027 0.0382 0.0383 0.0033 0.0224 0.0227
β3 0.0000 0.0342 0.0342 0.0028 0.0215 0.0217
σ2 0.0044 0.0125 0.0133 0.0004 0.0087 0.0087
ρ 0.0009 0.0080 0.0081 0.0021 0.0073 0.0076

Figure 1. The estimated function versus true value of α1(u)
with different ρ’s(from left to right responding to
ρ = −0.5, 0, 0.5) when m = 4, R = 25, σ2 = 1.

of Figures 1-6 shows that the shapes of the estimated non-
parametric function are very close to the corresponding true
line under all the considered settings, which agrees with
what was discovered from Table 4. All in all, all the above
findings show that the preceding proposed estimation proce-
dure can well recover the true information in partially linear
varying coefficient spatial autoregressive models.
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Table 2. Bayesian estimates of unknown parameters under
different cases when ρ = 0

σ2 R Para.
m = 4 m = 8

Bias SD RMS Bias SD RMS

1

25

β1 0.0123 0.1074 0.1081 0.0116 0.0863 0.0871
β2 0.0002 0.1349 0.1349 0.0048 0.0821 0.0822
β3 0.0057 0.1145 0.1146 0.0166 0.0772 0.0790
σ2 0.0014 0.1493 0.1493 0.0081 0.1009 0.1012
ρ 0.0018 0.0512 0.0513 0.0073 0.0532 0.0537

40

β1 0.0039 0.1049 0.1050 0.0078 0.0728 0.0732
β2 0.0165 0.1188 0.1199 0.0005 0.0863 0.0863
β3 0.0057 0.1035 0.1036 0.0076 0.0779 0.0783
σ2 0.0055 0.1121 0.1122 0.0026 0.0770 0.0770
ρ 0.0021 0.0421 0.0422 0.0039 0.0404 0.0406

0.5

25

β1 0.0094 0.0762 0.0767 0.0079 0.0619 0.0624
β2 0.0002 0.0959 0.0959 0.0053 0.0573 0.0576
β3 0.0039 0.0811 0.0812 0.0108 0.0555 0.0565
σ2 0.0017 0.0747 0.0748 0.0037 0.0509 0.0510
ρ 0.0000 0.0390 0.0390 0.0035 0.0408 0.0409

40

β1 0.0030 0.0653 0.0654 0.0080 0.0494 0.0500
β2 0.0033 0.0841 0.0841 0.0048 0.0581 0.0583
β3 0.0131 0.0759 0.0770 0.0013 0.0530 0.0530
σ2 0.0077 0.0540 0.0546 0.0023 0.0413 0.0414
ρ 0.0081 0.0267 0.0279 0.0032 0.0290 0.0292

0.1

25

β1 0.0024 0.0347 0.0348 0.0034 0.0280 0.0282
β2 0.0018 0.0437 0.0437 0.0023 0.0257 0.0258
β3 0.0025 0.0383 0.0384 0.0048 0.0249 0.0254
σ2 0.0015 0.0157 0.0158 0.0004 0.0102 0.0102
ρ 0.0012 0.0179 0.0179 0.0009 0.0193 0.0193

40

β1 0.0029 0.0320 0.0321 0.0036 0.0221 0.0223
β2 0.0014 0.0354 0.0355 0.0023 0.0261 0.0262
β3 0.0040 0.0326 0.0329 0.0005 0.0237 0.0237
σ2 0.0015 0.0119 0.0120 0.0007 0.0083 0.0083
ρ 0.0007 0.0136 0.0137 0.0012 0.0135 0.0136

Figure 2. The estimated function versus true value of α2(u)
with different ρ’s(from left to right responding to
ρ = −0.5, 0, 0.5) when m = 4, R = 25, σ2 = 1.

In addition, to investigate the sensitivity of the Bayesian
estimate for α(ui) to the selection of the number of in-
ternal knots, we consider the other two choices of K, i.e.
K1 = �K0/1.5	 and K2 = �1.5K0	, where K0 is the opti-
mal number of interior knots and �s	 denotes the largest
integer not greater than s. Here, we only present the results
of Bayesian estimates in Table 5 and list some curves of

Table 3. Bayesian estimates of unknown parameters under
different cases when ρ = −0.5

σ2 R Para.
m = 4 m = 8

Bias SD RMS Bias SD RMS

1

25

β1 0.0123 0.1092 0.1099 0.0015 0.0783 0.0783
β2 0.0102 0.1373 0.1376 0.0022 0.0861 0.0861
β3 0.0070 0.1190 0.1192 0.0063 0.0882 0.0884
σ2 0.0058 0.1581 0.1582 0.0046 0.1101 0.1102
ρ 0.0002 0.0637 0.0637 0.0024 0.0786 0.0786

40

β1 0.0021 0.0926 0.0927 0.0116 0.0706 0.0715
β2 0.0029 0.1176 0.1176 0.0063 0.0816 0.0818
β3 0.0198 0.1074 0.1093 0.0018 0.0748 0.0749
σ2 0.0110 0.1100 0.1105 0.0029 0.0830 0.0830
ρ 0.0116 0.0446 0.0461 0.0052 0.0548 0.0550

0.5

25

β1 0.0061 0.0759 0.0761 0.0081 0.0619 0.0624
β2 0.0016 0.0968 0.0968 0.0051 0.0572 0.0574
β3 0.0065 0.0816 0.0819 0.0110 0.0555 0.0566
σ2 0.0027 0.0760 0.0761 0.0040 0.0508 0.0510
ρ 0.0016 0.0484 0.0484 0.0039 0.0568 0.0569

40

β1 0.0019 0.0657 0.0658 0.0082 0.0499 0.0506
β2 0.0020 0.0833 0.0833 0.0046 0.0579 0.0581
β3 0.0142 0.0763 0.0776 0.0012 0.0530 0.0530
σ2 0.0067 0.0549 0.0553 0.0021 0.0414 0.0415
ρ 0.0087 0.0333 0.0344 0.0037 0.0402 0.0404

0.1

25

β1 0.0043 0.0350 0.0352 0.0035 0.0280 0.0282
β2 0.0013 0.0450 0.0450 0.0023 0.0256 0.0257
β3 0.0025 0.0371 0.0372 0.0048 0.0249 0.0254
σ2 0.0015 0.0157 0.0157 0.0005 0.0102 0.0102
ρ 0.0029 0.0235 0.0237 0.0011 0.0269 0.0270

40

β1 0.0025 0.0311 0.0312 0.0037 0.0223 0.0226
β2 0.0037 0.0343 0.0345 0.0022 0.0260 0.0261
β3 0.0087 0.0302 0.0315 0.0004 0.0237 0.0237
σ2 0.0038 0.0117 0.0123 0.0007 0.0083 0.0083
ρ 0.0005 0.0168 0.0168 0.0016 0.0188 0.0189

Figure 3. The estimated function versus true value of α1(u)
with different ρ’s(from left to right responding to
ρ = −0.5, 0, 0.5) when m = 4, R = 25, σ2 = 0.5.

nonparametric estimation in Figures 7-8 when ρ = 0.5 and
σ2 = 0.5 under different choices of K.

By viewing Table 5 and comparing it with Table 1, we can
see that the Bayesian estimates are reasonably accurate re-
gardless of the values ofK in the sense of their SD values and
RMS values. The results of the simulation studies show the
proposed estimation method performs well in K1 and K2. In
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Table 4. The estimate for the nonparametric
components(α̂1(u) and α̂2(u)) under different cases

ρ σ2 R
m = 4 m = 8

RASE(α̂1(u))RASE(α̂2(u))RASE(α̂1(u))RASE(α̂2(u))

0.5

1
25 0.0635 0.0747 0.0335 0.0453
40 0.0528 0.0455 0.0203 0.0263

0.5
25 0.0527 0.0459 0.0287 0.0239
40 0.0440 0.0350 0.0172 0.0187

0.1
25 0.0188 0.0256 0.0111 0.0071
40 0.0178 0.0121 0.0102 0.0071

0

1
25 0.0576 0.0716 0.0421 0.0392
40 0.0496 0.0501 0.0351 0.0333

0.5
25 0.0360 0.0408 0.0262 0.0246
40 0.0314 0.0344 0.0210 0.0191

0.1
25 0.0153 0.0087 0.0111 0.0072
40 0.0126 0.0080 0.0107 0.0057

-0.5

1
25 0.0637 0.0593 0.0465 0.0375
40 0.0514 0.0552 0.0322 0.0335

0.5
25 0.0375 0.0399 0.0263 0.0249
40 0.0319 0.0353 0.0210 0.0194

0.1
25 0.0173 0.0101 0.0111 0.0072
40 0.0160 0.0108 0.0107 0.0059

Figure 4. The estimated function versus true value of α2(u)
with different ρ’s(from left to right responding to
ρ = −0.5, 0, 0.5) when m = 4, R = 25, σ2 = 0.5.

Figure 5. The estimated function versus true value of α1(u)
with different ρ’s(from left to right responding to
ρ = −0.5, 0, 0.5) when m = 4, R = 25, σ2 = 0.1.

addition, we found that the proposed method is insensitive
to the tuning parameter K, which is chosen in the interval
[K1n,K2n], where K1n = �n1/5/1.5	 and K2n = �1.5n1/5	.
From Figures 7-8, we can obtain that the shapes of the es-

Figure 6. The estimated function versus true value of α2(u)
with different ρ’s(from left to right responding to
ρ = −0.5, 0, 0.5) when m = 4, R = 25, σ2 = 0.1.

Table 5. Bayesian estimates of unknown parameters when
ρ = 0.5 and σ2 = 0.5 under different choices of K.

K R Para.
m = 4 m = 8

Bias SD RMS Bias SD RMS

K1

25

β1 0.0041 0.0805 0.0806 0.0012 0.0606 0.0606
β2 0.0048 0.0961 0.0962 0.0002 0.0648 0.0648
β3 0.0011 0.0841 0.0842 0.0036 0.0540 0.0542
σ2 0.0166 0.0834 0.0851 0.0184 0.0534 0.0565
ρ 0.0012 0.0188 0.0188 0.0000 0.0212 0.0212

40

β1 0.0063 0.0677 0.0680 0.0008 0.0496 0.0496
β2 0.0025 0.0760 0.0761 0.0010 0.0472 0.0472
β3 0.0079 0.0637 0.0642 0.0039 0.0452 0.0454
σ2 0.0077 0.0551 0.0556 0.0057 0.0400 0.0404
ρ 0.0053 0.0186 0.0194 0.0004 0.0178 0.0178

K2

25

β1 0.0283 0.0934 0.0976 0.0163 0.0610 0.0632
β2 0.0172 0.1072 0.1086 0.0058 0.0672 0.0674
β3 0.0029 0.0898 0.0898 0.0019 0.0611 0.0612
σ2 0.0011 0.0690 0.0690 0.0042 0.0597 0.0599
ρ 0.0029 0.0240 0.0242 0.0020 0.0225 0.0225

40

β1 0.0142 0.0697 0.0711 0.0048 0.0504 0.0506
β2 0.0019 0.0726 0.0726 0.0088 0.0572 0.0578
β3 0.0045 0.0686 0.0688 0.0015 0.0520 0.0520
σ2 0.0138 0.0602 0.0618 0.0032 0.0376 0.0378
ρ 0.0019 0.0165 0.0166 0.0005 0.0159 0.0159

Table 6. The estimate for the nonparametric
components(α̂1(u) and α̂2(u)) when ρ = 0.5 and σ2 = 0.5

under different choices of K

K R
m = 4 m = 8

RASE(α̂1(u)) RASE(α̂2(u)) RASE(α̂1(u)) RASE(α̂2(u))

K1
25 0.0741 0.0520 0.0700 0.0251
40 0.0701 0.0227 0.0277 0.0198

K2
25 0.0541 0.0574 0.0247 0.0238
40 0.0368 0.0400 0.0164 0.0159

timated nonparametric function are very similar to those in
Figures 3-4, which show that the proposed method is con-
sistent.

Lastly, in order to show that nonparametric modeling is
very important if there is a nonlinear relationship between
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Figure 7. The estimated function versus true value of α1(u)
for different choices of K (from left to right responding to

K = K1,K2) when m = 4, R = 25, σ2 = 0.5.

Figure 8. The estimated function versus true value of α2(u)
for different choices of K (from left to right responding to

K = K1,K2) when m = 4, R = 25, σ2 = 0.5.

the response variables and the covariates, we compare the
proposed models (denoted as “M1”) with the classical spa-
tial autoregressive models (denoted as “M2”) using average
square error and biases, which are defined as follows:

MSEy =
1

n

n∑
i=1

(yi − y∗i )
2,Biasy =

1

n

n∑
i=1

(yi − y∗i ),

where y∗i is the fitting value. Here, we present the results
when ρ = 0.5 and σ2 = 0.5 in Table 7 under different vari-
ances σ2. Examination of Table 7 indicates that (i) The
proposed method (M1) is superior to the general spatial au-
toregressive models (M2) in the sense of their Bias values
and MSE values. (ii) As the variance σ2 becomes smaller
and smaller, the proposed Bayesian estimation method be-
haves better and better.

5. REAL DATA ANALYSIS

In this section, we apply the proposed method to the
Boston housing price data which contains 506 observations
in Boston Standard Metropolitan Statistical Area in 1970.
This data set has been analyzed by Pace and Gilley (1997),
Zhang et al.(2011) and Fan and Huang (2005) without con-
sidering the spatial dependence of different observations.
Similar to Fan and Huang (2005), we use partially linear
varying coefficient models with the spatial effect to fit the

Table 7. Results of comparing the two methods when ρ = 0.5
and σ2 = 0.5 under different variances σ2

σ2 R Method
m = 4 m = 8

Biasy MSEy Biasy MSEy

1
25

M1 0.0005 1.2844 0.0088 1.1315
M2 −0.0205 9.4926 0.0260 7.7129

40
M1 0.0133 1.3788 0.0033 1.2053
M2 −0.0420 9.5792 0.0036 7.7111

0.5
25

M1 −0.0103 0.6486 −0.0116 0.5713
M2 −0.0275 8.7363 0.0276 7.0942

40
M1 0.0033 0.7106 0.0024 0.6020
M2 0.0271 8.5937 0.0029 7.0653

0.1
25

M1 0.0007 0.1261 0.0016 0.1154
M2 −0.0219 8.0652 0.0036 6.2635

40
M1 0.0046 0.1370 0.0011 0.1204
M2 −0.0481 8.2443 0.0021 6.5401

data, i.e. use the following model to fit the data

Yi = ρ

n∑
j=1

wijYj +

3∑
k=1

Zikαk(Ui)+Xi1β1 +Xi2β2 + εi. (6)

Similar to Fan and Huang (2005), we take MEDV (me-
dian value of owner-occupied homes in 1,000USD) as the re-
sponse, and the following predictors as the Z-variables and
X-variables: CRIM (per capita crime rate by town, denoted
by Z1), RM(average number of rooms per dwelling, denoted
by Z2), TAX (full-value property-tax rate per 10,000 USD,
denoted by Z3), PTRATIO(pupil teacher ratio by town, de-
noted byX1), and AGE (proportion of owner-occupied units
built prior to 1940, denoted by X2). We set index variable as
U =

√
LSTAT , square root transformation on LSTAT(the

percentage of lower status of the population). In addition,
similar to Ertur and KochGrowth (2007), we consider the
following spatial weight matrix and let W = (wij), where

wij =

{
0, i = j
e−2dij/1000, otherwise,

dij is the great-circle distance between the longitude and
latitude coordinates of any two houses.

The preceding proposed hybrid algorithm is used to ob-
tain Bayesian estimates of β’s, σ2’s and ρ’s, where we use
noninformative prior information for all unknown parame-
ters. To test the convergence of the algorithm, plot of the
EPSR values for all the unknown parameters against itera-
tions is presented in Figure 9, which indicates that the algo-
rithm converges about 3000 iterations because EPSR values
of all unknown parameters are less than 1.05 about 3000 it-
erations. We calculate Bayesian estimates (EST), standard
deviation estimates (SD), and 95% credible intervals (CI)
of the Bayesian estimates of β’s, σ2’s and ρ’s. Results are
given in Table 8. Although we obtained confidence inter-
val with 95% confidence level for regression coefficient for
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Table 8. The real example: Bayesian estimates, standard
deviation estimates and 95% credible intervals.

Parameter EST SD CI

β1 −0.2982 0.0613 (−0.4188, −0.1817)
β2 0.0121 0.0092 (−0.0063, 0.0300)
σ2 16.3510 1.5197 (14.4372, 18.6093)
ρ 0.1328 0.0418 (0.0754, 0.1845)

Figure 9. EPSR values of all parameters against iterations in
the real example.

X2 which include the zero, we find the P -value is 0.0541.
Therefore, we slightly accept the null hypothesis that X2 is
insignificant. For the nonparametric components, the curves
of the estimated functions α1(u), α2(u), α3(u) and the cor-
responding 95% pointwise confidence intervals are shown in
Figure 10. From the analysis results, we can obtain the fol-
lowing conclusions. The estimation of the spatial parameter
is ρ̂ = 0.1328 with its confidence interval not concluding
zero which indicates there exists a substantial spatial rela-
tionship among the responses. The regression coefficient of
X1 is negative, which reveals that the housing price would
decrease as the pupil/teacher ratio increases. These conclu-
sions are consistent with the analysis results of Du et al.
(2018). The regression coefficient ofX2 is positive and small,
which implies that the proportion of owner-occupied units
built prior to 1940 has a relatively small positive effect on
the housing prices. From Figure 10, the variables CRIM,
RM, TAX demonstrate non-linear effects on the response,
which is consistent with the findings of Du et al.(2018) and
other literatures.

6. CONCLUSION AND DISCUSSION

In this paper, we propose a fully Bayesian estimation
approach for partially linear varying coefficient spatial au-
toregressive models on the basis of B-spline approxima-

Figure 10. The averages of 95% confidence regions for
α1(u), α2(u) and α3(u), where solid curves are the estimated

curves of α1(u), α2(u) and α3(u).

tions of nonparametric components. A computational effi-
cient MCMC method which combines the Gibbs sampler
with Metropolis-Hastings algorithm is implemented to si-
multaneously obtain the Bayesian estimates of unknown pa-
rameters. A simulation study and a real data analysis of
Boston housing data are used to show the efficiency of the
proposed Bayesian approach. The results show that the de-
veloped Bayesian method is highly efficient and computa-
tionally fast.

Furthermore, there are several interesting issues that
merit further research. Specific considerations are as fol-
lows:(i)Comparing to classical mean regression, quantile re-
gression possesses much more flexibility in distribution of
random error so that it is robust to non-normal errors and
outliers. Therefore, how to combine quantile regression and
spatial autoregressive models warrants a future investiga-
tion. Thus, the proposed method does not depend on the
normality assumption of random errors; (ii) The covariate
selection is an important issue in spatial analysis. In par-
ticular, in a Bayesian framework, Park and Casella (2008)
proposed a BLasso by imposing the double exponential prior
on the regression coefficients and the gamma distribution
on the shrinkage parameter. It is interesting to extend the
BLasso approach to spatial autoregressive models;(iii) A
possible extension of the current model is considering when
covariates are missing under different missingness mecha-
nism.
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